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ALGEBRA, GEOMETRY AND TOPOLOGY

A Note on Perturbed Soft S-Metric Space

Sebuhi Abdullayeva, Çiğdem Gündüzb, Sadi Bayramova

aBaku State University, Baku, Azerbaijan
bKocaeli University, Faculty of Arts and Sciences, Department of

Mathematics, Kocaeli, Türkiye
(e-mail: sebuhi abdullaye@mail.ru)

Over the past few years, generalized metric structures have gained con-
siderable interest due to their extensive applications and flexibility in fixed
point theory and various branches of mathematics. Specifically, soft S-metric
spaces [1] generalize classical metric spaces in a flexible manner. In addi-
tion to soft S-metric spaces, perturbed metric spaces [2] have also received
increasing attention in the literature. In light of these developments, we de-
fine a new generalized distance structure termed a perturbed soft S-metric
space, which unifies the essential features of perturbed metric spaces and soft
S-metric spaces within a common framework. In this research, we present the
basic definitions of the newly introduced space and investigate several of its
topological and analytical properties, such as convergence, Cauchy sequences,
and completeness. As an additional contribution, we investigate several fixed
point theorems in this space and obtain corresponding fixed point results. We
support the obtained results with several illustrative examples. Owing to its
flexible and versatile nature, this new generalized distance structure has signif-
icant potential for applications in generalized metric space theory and related
fields and is expected to make a valuable contribution to the existing literature.

References

[1] C. Gunduz Aras, S. Bayramov, V. Cafarli, A Study on Soft S-Metric Spaces,
Communications in Mathematics and Applications, 2018, 9(4), 713-723.
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An Extension of the Narayana Sequence to Non-Integer
Indices

Furkan Arikan, Orhan Dişkaya

Mersin University, Mersin, Türkiye
(e-mail: furkanarikan5858@gmail.com)

This paper presents an extension of the Narayana sequence to non-integer
indices by adapting Halsey’s construction for the Fibonacci sequence. A Narayana
function is introduced, and its fundamental properties are established (1).
Based on this construction, Bunder’s results on Halsey’s Fibonacci function
are reformulated and extended to the Narayana function. In conclusion, vari-
ous identities and algebraic properties of Halsey’s Fibonacci function have been
correlated with the Narayana sequence. The proposed framework provides a
natural extension of the Narayana sequence beyond integer indices and offers a
basis for further investigations into the algebraic properties of Narayana-type
sequences (2).

References

[1] E. Halsey, The fibonacci number Fu where u is not an integer, The Fi-
bonacci Quarterly, 1965, 3(2), 147-152.

[2] N. W. Bunder, On Halsey’s fibonacci function, The Fibonacci Quarterly,
1975, 13(2), 209-210

Computable and Non-Computable Real Numbers

Marat Arslanov

Kazan Federal University
(e-mail: Marat.Arslanov@kpfu.ru)

Real numbers are represented typically by Dedekind cuts, Cauchy sequences
of rational numbers and binary or decimal expansions. The effectivization of
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these representations leads to equivalent definitions of computable real num-
bers. The notion of computable numbers was first explored by Alan Turing
in his famous paper ”On computable numbers, with an application to the
”Entscheidungsproblem”. Proceedings of the London Mathematical Society,
42(2):230-265, 1936”, where also the notion of Turing machine is introduced.

According to Turing, the computable numbers may be described briefly
as the real numbers whose binary expressions are calculable by finite means.
In other words, a real number x ∈ [0; 1] is called computable if there is a
computable function f : N → {0, 1} such that

x =
∑
n∈N

f(n) · 2−(n+1) = 0.f(0)f(1)f(2)... . . .

In my talk, I’m going to speak about the possibilities of computer representa-
tion of noncomputable real numbers: real numbers that are approximable in
limit by computable functions, computable functions, with a certain probabil-
ity calculating uncomputable real numbers, and so on.

Some Remarks on Uniform Algebras Valued
Composition Operator

Ali Babaeva, Vafa Mammadovaa, Zumrud Panahovab, Eminaga
Mamedova

aInstitute of Mathematics, Baku, Azerbaijan
bAzerbaijan State Pedagogical University, Baku, Azerbaijan

(e-mail: a.babayev49@gmail.com, vafa.mamedova@yahoo.com,
zumrudpanahova@gmail.com, eminm62@gmail.com)

1. Introduction. Theory of uniform algebras is a part of the theory of
commutative Banach algebras, the latter created by I. Gelfand in the 1940s.
This theory has been rapidly developing since then. Shilov’s articles (1950s)
should be mentioned as one of the first works in this direction. R. Arens, V.
Zinger, A. Gleason, E. Bishop, J. Verner, etc. also largely contributed to the
development of this theory.

Banach algebras date back to the 1930s when von Neumann introduced a
special type of algebras. In 1939-1941, Gelfand created the theory of commu-
tative Banach algebras. In 1943, Gelfand and Naimark introduced the concept
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of C∗- algebras based on the special role of involution. In particular, the fol-
lowing theorems have been proved:

1. (Commutative case, Gelfand-Naimark). Every commutative C∗-algebra
can be identified with the algebra C0 (Ω) of continuous functions defined on
some locally compact space with the accuracy of isometric *-isomorphism of
algebras.

2. (Non-commutative case, Gelfand-Naimark). Any C∗-algebra can be
identified with some operator algebra with the accuracy of isometric *- iso-
morphism of algebras.

2. Useful informations. Let us introduce some needful information
which will be used in this report.

A topological space X is said to be completely regular if for arbitrary x
in X and any closed subset A of X not containing x there exist a continuous
function f : X → [0, 1] , such that f(x) = 1 and f(y) = 0 for all y in A.
A Banach function algebra on a compact Hausdorff space X is a Ba-
nach algebra A consisting of continuous functions on X such that A separates
points of X and contains the constant functions. A uniform algebra on a
compact Hausdorff space X is a uniformly closed subalgebra of C(X), which
contains the constants and separates the points of X. Two points S0(A(X))
of a topological space S0(A(X)) are called compactly connected if there
exists a connected compact set S(A(X)), such that it contains both of these
points. A subset K of X is called a peak set for A if there is an f ∈ A such
that f ≡ 1 on K and |f (x)| < 1 for x /∈ K. If K = {x0}, then x0 is called a
peak point. Let A(X) be a uniformly closed subspace of C(X) (in particular,
a uniform algebra). A closed subset E ⊂ Xis called a peak set with respect
to A(X), if there exists a sequence {fn} ⊂ A(X) such that ∥fn∥ = fn(x) = 1
for all n, for all x ∈ E and moreover, outside any neighborhood of the set
E the sequence {fn} tends to 0uniformly. A peak set consisting of only one
point is called a peak point with respect to A(X). Denote the set of all
peak sets with respect to A(X) by S(A(X)), and the set of all peak points
with respect to A(X) by S0(A(X)). We will assume that the set S0(A(X))
is dense in S(A(X)) and the number of the compactly connected components
of S(A(X)) is finite. Let A(X) be a uniformly closed subspace of C(X) (in
particular, a uniform algebra). A mapping φ : X → X is called a compositor
on A(X), if f ◦φ ∈ A(X), wheneverf ∈ A(X). A function u ∈ C(X) is called
a multiplicator with respect to A(X) if u · f ∈ A(X) for all functions
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f ∈ A(X). We denote the set of all compositors on A(X) by CA(X), and the
set of all multiplicators with respect to A(X) by MA(X).

Convention. We will only consider the following case: let C (X) be a
Banach algebra of continuous functions, A = A (X) ⊂ C (X) be a subalgebra,
and C (X,A) be the algebra of A-valued continuous functions on X with the
norm ∥h∥C(X.A) = sup

x∈X
∥h (x)∥C(X). Also, let φ : X → X be a self-mapping of

X, and u ∈ C (X,A) be a given function. Consider the weighted composition
operator T : C (X,A)→ C (X,A) defined as follows:

(T · f)(x) = u(f ◦ φ)(x), f ∈ C(X,A), u ∈MA(X), φ ∈ CA(X). (1)

In the sequel, by s (u) we will denote s (u) = {x ∈ X : ∃u−1 (x)}.
We assume that

∀x ∈ X ⇒ u (x) = 0 ∨ ∃u−1 (x) .

We will also assume that φ
∣∣
s(u) is a continuous function on s (u). From the

classical facts it follows that s (u) is an open set of X. And if for ∀x ∈ X ⇒
u (x) = u (x0), then
∀g (.) ∈ C (X, A (X))⇒ u (x) g (x) = u (x0) g (x) ∈ C (X,A (X))
i.e. in A (X) multiplication by “constant function” is possible.
3. Main results. In [1] the following statements are obtained.
Theorem 1. Let the operator T defined by (2.1) be a compact operator.

Then for any compactly connected component K ⊂ s (u) and for any peak set
E with respect to A (X), we have either φ (K) ⊆ E, or φ (K)

⋂
E = ∅.

Our main aim is the following theorems.
Theorem 2. Let X be some compact set, C (X) is a uniform algebra.

Then for compactness of C (X)-valued weighted composition operator (for en-
domorphism) T : C (X, C (X))→ C (X, C (X)) : T = u (f ◦ φ)
it is necessary and sufficient: for arbitrary compact subset K ⊂ s (u) the set
φ (K) will be a finite set.

Theorem 3. Let X be a local connected compact set. C (X,A) is a topo-
logical space of all continuous A-valued functions with compact-open topology,
where A = A (X) is a subalgebra of C (X), and T = u (f ◦ φ) is a A-valued
weighted composition operator. And also assume that for arbitrary compact
set P ⊂ X, which non intersected with S0 (A (X)) the restriction of A (X) on
the C (P ), is a compact operator. Then for compactness of the operator T it
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is necessary and sufficient: for each connected compact component K ⊂ s(u)
either φ (K) is a finite set, or φ (K) ⊆ X\S0 (A).

Theorem 4. Let X be local connected set. A (X) ⊂ C (X) is a subspace
from Theorem 3.3 and the peak point set S0 (A (X)) ⊂ X coinsides with topo-
logical boundaries of ∂X(i.e. S0 (A (X)) = ∂X), and let G = X\S0 (A (X)) is
nonempty. Then for compactness of the weighted composition operator T it
is necessary and sufficient : for arbitrary compact connected subset K ⊂ s (u)
will be satisfied the following relation: φ (K) ⊂ X\S0 (A (X)).

References

[1] Shahbazov A., Panahova Z., Mammadova V. Transactions of Pedagogical
University, 72(3), (2024), 10-18.

The Concept of Quantity and Equality in the Works of
Nasir Al-Din Al-Tusi

Rena Babayevaa, Sabir Mirzoevb, Eminaga Mamedova

aInstitute of Mathematics, Baku, Azerbaijan
bBaku State University, Baku, Azerbaijan

(e-mail: renababayeva1427@gmail.com, eminm62@gmail.com)

In this report we briefly study al-Tusi’s views concerning quantity and
equality. A precise understanding of some of his views is impossible without
studying his philosophical and logical heritage. In this respect, in our opinion,
the following works may be regarded as useful sources:

1. “Tajrid al-i‘tiqad” is considered his main philosophical work. The book
consists of six sections. The first two sections are devoted to questions of
natural philosophy and contain al-Tusi’s views on the Universal, matter, the
construction of matter, substances, accidents, questions of motion, time, space
and many others. The work was commented on by many scholars. Among
these commentaries the commentary of Hilli (al-Hasan ibn Yusuf al-Mutahhar
al-Hilli, d. 1322), a student of al-Tusi, is widely known under the title “Kashf
al-murad fi sharh tajrid al-i‘tiqad” [1].
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2. “Sharh al-Isharat wa al-Tanbihat” [2] is a commentary by al-Tusi on Ibn
Sina’s treatise “The Book of Directives and Remarks”.

3. “Asas al-Iqtibas” is considered the main work of al-Tusi on logic.

4. “Tajrid al-Mantiq” (“The Abstraction of Logic,” in Arabic) [3] is a
summary of the course of logic. There are Hilli’s commentaries on this work
under the title “Al-Jawhar al-Nazid fi Sharh Mantiq al-Tajrid” (“Systematic
Foundations of Explanations of the Logic of Abstraction”) [4].

In parallel with this, we compare al-Tusi’s main theses with Hegel’s theses
based on [5] and al-Farabi’s theses based on [6].

We would like to draw attention to one fundamental difference in the views
of al-Farabi, al-Tusi and Hegel. It is revealed in questions of equality.

In the chapters [3, 4] the following is found about definitions: “Essential
accidents can be determined only by recalling what they manifest themselves
in” [4, p. 347]. In Hilli’s commentaries there is: “as, for example, when we
wish to define equality, in its definition we take what it manifests itself in —
that is, quantity. Equality is quantitative compatibility (commensurability)”.
Thus, for Tusi equality is a quantitative relation. Consequently, equality is a
quantitative characteristic, not a qualitative characteristic.

As is known, Euclid’s axioms of order and equality are the following [8,
Book I]: For convenience we shall write A > B(A = B) if the measure A is
greater than (equal to) the measure B, and union (disjunction) and equivalence
are expressed respectively by ′′∨′′ and ′′ ⇔′′.

1. A = B,C = B ⇒ A = C.2 − 3.A = B ∨ C ⇒ A + C = B + C (in
Tusi this is in one proposition [9]). 4. A ̸= B ∨ C ⇒ A ± C ̸= B ± C.
5.A = B ⇒ 2A = 2B.6.A = B ⇒ A/2 = B/2. 7. Things coinciding with one
another are equal to one another. 8. The whole is greater than the part, i.e.
A ⊃ B ⇒ A > B

In Tusi [9] there is an additional proposition 4’: A+C = B+C ∨A−C =
B−C ⇒ A = B. Among these axioms there is no discrete axiom of reflexivity,
i.e. A = A.

Hegel has the following thesis: “Quantity, taken in its immediate relation to
itself, or, in other words, its immediate attraction determined by equality with
itself, is a continuous quantity; but taken in another way, as containing in itself
the determined one, it is a discrete quantity”. Yet the first quantity is also
discrete, for it is only the continuity of many; and the second is also continuous
and not continuous, for it is like the identity of many ones, like a unit. Note 1)
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It does not follow, therefore, that continuous and discrete quantities should be
considered as species, one of which does not possess the definition of the other;
in fact, they differ from one another only by the fact that the same whole is
once posited under one of its determinations, and another time under another.
([5], p. 246). The phrases “... equality with itself ...” and “the One as identical
to many ones, as a unit” define the reflexivity of the concept of equality. That
is, the concept of quantity is a class factor of mutually comparable quantities.
Therefore every quantity is equal to itself.

In the thesis cited above, al-Farabi’s academic continuous quantities, as
concepts, act as expressions of the material. They are a generalized image of
the real in the imagination, i.e. an ideal model of single things in consciousness.
In this case the objects themselves are not identified. Therefore the property
of reflexivity is not taken as an axiom for the relation of equality.

As an example, let us turn to proposition 5 from [8].

Proposition 5. In isosceles triangles, the angles at the base are equal to
one another; and, when the equal straight lines are produced, the angles under
the base will also be equal to one another.

In other words, if ABC is an isosceles triangle with base BC, then angles
B and C are equal. Before this, proposition 4 is proved: if two triangles have
two sides respectively equal to two sides and the angle contained by the equal
straight lines equal to the corresponding angle, then the bases will be equal,
one triangle will be equal to the other, and the remaining angles subtended by
the equal sides will be equal respectively. (Criterion of equality of two triangles
by two sides and the angle between them.).

One might expect the application of Proposition 4 to prove Proposition 5
among al-Tusi’s comments in [9]. Starting from the fact that triangles ABC
and ACB are equal to one another, and therefore angles B and C must be
equal to one another. That is, one would only have to refer to the reflexivity
of the relation of equality of figures.

Thus, the relation of equality in al-Tusi also does not possess the property
of reflexivity.
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Some Relations Between Trigonometric Functions and
Algebraic Polynomials

Elmaga Gasymov, Arifa Kerimova

Baku State University, Baku, Azerbaijan
(e-mail: elmagagasymov@gmail.com, kerimovaarifa79@gmail.com)

In the paper using trigonometric functions some high-order algebraic poly-
nomial is constructed. All the roots of this polynomial are found and it is
factorized into elementary factors. Using this factorization we obtain a suit-
able formula for finding some trigonometric products.

Using mathematical induction method we prove [2] the following.
Theorem 1. For any natural number n the following identities hold:

sin(2n+ 1)φ = sinφ
n∑
k=0

ak sin
2k φ,

cos(2n+ 1)φ = cosφ
n∑
k=0

bk cos
2k φ, (1)
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where φ is arbitrary angle, ak,bk are some numbers and an = bn = (−1)n22n; a0 =
2n+ 1 ; b0 = 1

Let

E2n+1(t) = t
n∑
k=0

akt
2k, (2)

where ak is from (1) (E2n+1(t) is Elmaga polynomial)
From the method of determining the polynomial E2n+1(t) we obtain the

following identity
E2n+1(sinα) = sin(2n+ 1)α, (3)

where α is arbitrary angle.
Let’s consider the equation

sin(2n+ 1)α = 0. (4)

From (4) we get

(2n+ 1)α = kπ, k = 0,±1,±2, ....

Therefore, numbers tk defined by formulas

t0 = 0, tk = sin
kπ

2n+ 1
, k = 1, 2, ..., n;

tn+s = − sin
sπ

2n+ 1
, s = 1, 2, ..., n; (5)

are the roots of the equation

E2n+1(t) = 0. (6)

From the algebra course it is known [1] that if t0, t1, .., t2n are the roots of
algebraic equation (6) then for any t the identity

E2n+1(t) = an(t− t0)(t− t1)...(t− t2n). (7)

holds.
Taking (5) into account in (7) we get the identity

E2n+1(t) = ant

n∏
k=1

(
t− sin

kπ

2n+ 1

)(
t+ sin

kπ

2n+ 1

)
. (8)
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Thus we prove the following
Theorem 2. For polynomial E2n+1(t) defined by formula (2) the identity

(8) holds.
Assuming t = sinα in (8) and using the identity (3) we get

sin(2n+ 1)α = an sinα
n∏
k=1

(
sinα− sin

kπ

2n+ 1

)(
sinα+ sin

kπ

2n+ 1

)
.

From here

sinα
n∏
k=1

(
sin2 α− sin2 kπ

2n+ 1

)
=

(−1)n

22n
sin(2n+ 1)α.(9)

Thus the following theorem is proved.
Theorem 3. For the product

sinα
n∏
k=1

(
sin2 α− sin2 kπ

2n+ 1

)
, (10)

the identity (9) holds, where n is arbitrary natural number, α is arbitrary
angle.

Formula (9) can be used for finding product (10) and also for finding values
of trigonometric functions

For example, at n = 2 the identity (9) takes the form:

sinα
(
sin2 α− sin2 360

) (
sin2 α− sin2 720

)
=

1

16
sin 5α. (11)

Using formula

sin 5α = sinα
(
16 sin4 α− 20 sin2 α + 5

)
from (11) we get

5x− 4x2 =
5

4
, (12)

where x = sin2 360.
Solving quadratic equation (12) we find

sin 360 =

√
5−
√
5

8
.
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Curvature Properties of the Fiberwise Berger type
Deformed Sasaki Metric on the Coframe Bundle

Habil Fattayev

Baku State University, Baku, Azerbaijan
(e-mail: h-fattayev@mail.ru)

Great interest in the Sasaki metric [1] and in the differential-geometric
structures associated with it led to the idea of constructing new modifications
of the Sasaki metric in fiber bundles (see, for example, [2], [3]). The main
goal of this talk is to define the fiberwise Berger type deformed Sasaki metric
on linear coframe bundle of a Riemannian manifold and study its curvature
properties.

Let (M,φ, g) be an almost anti-para-Hermitian manifold and F ∗(M) be
its coframe bundle [4]. A fiberwise Berger type deformed Sasaki metric is a
Riemannian metric BSg on the linear coframe bundle F ∗(M) such that

BSg(HX,HY ) = V (g(X, Y )) = g(X,Y ),

BSg(Vαω,HY ) = 0,

BSg(Vαω, Vβθ) = 0, α ̸= β,

BSg(Vαω, Vαθ) = g−1(ω, θ) + δ2g−1(ω,Xαφ)g−1(θ,Xαφ)

for all X, Y ∈ ℑ1
0(M) and ω, θ ∈ ℑ0

1(M), where δ is some constant [5].
The basic properties of the Levi-Civita connection BS∇ of the metric BSg

are investigated, and the components of the Riemannian curvature tensor of the
linear coframe bundle F ∗(M) with the metric BSg are calculated. In particular,
the following theorem is proved.
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Theorem. Let (M,φ, g) be an anit-para-Kahler manifold and BS∇ be the
Levi-Civita connection of the linear coframe bundle F ∗(M) equipped with the
metric BSg. The particular values of components for different indices are then
found to be

BSΓkij = Γkij,
BSΓ

kγ
ij = 1

2
Xγ
mR

m
ijk ,

BSΓkijβ = 1
2
Xβ
mR

k jm
· i · , BSΓ

kγ
ijβ

= −δβγΓ
j
ik,

BSΓkiαj =
1
2
Xα
mR

k im
· j · , BSΓ

kγ
iαj

= 0,

BSΓkiαjβ = 0, BSΓ
kγ
iαjβ

= 0 for α ̸= β, BSΓkiαjα = 0,

BSΓ
kγ
iαjα

= δ2

1+δ2g−1(Xα,Xα)
gsjφisX

γ
mφ

m
k .
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A k-Valued Discrete-Probability Logic of Event
Formulas Without Combinatorial Explosion

Vagif Jabbarzade

Azerbaijan State Pedagogical University, Baku, Azerbaijan
(e-mail: jabbarzade@gmail.com)

This work is a continuation of the work in [2-3].
Consider an experiment S [1] having various outcomes, and suppose that

the complete list of possible outcomes and their probabilities is known in ad-
vance. We consider the case in which the set of distinct outcomes is finite.
The distinct outcomes are called elementary events and are denoted by ωi
(i = 1, 2, . . . , n). The set of elementary events, denoted by the capital Greek
letter Ω = {ω1, . . . , ωn}, is called the probability space. It is assumed that
each outcome ωi (i = 1, 2, . . . , n) can take three values:

• if φ(ωi) = 0, the elementary event ωi did not occur;

• if φ(ωi) = 1, the elementary event ωi occurred with probability P (ωi1) ≥
0;

• if φ(ωi) = 2, the elementary event ωi occurred with probability P (ωi2) ≥
0.

P (ωi1) + P (ωi2) = P (ωi), P (ω1) + · · ·+ P (ωn) = 1.

Lukasiewicz ogical operations, adapted from [5] by replacing 1/2 with 2 for
convenience in further data processing.

Remark 1. In the realization of experiment S, exactly one of the elemen-
tary events ωi (i = 1, 2, . . . , n) can occur. That is, if φ(ωi) = 1 or 2 for some
i, then φ(ωj) = 0 for every j ̸= i.

Definition 1.

1. Any elementary event ωi ∈ Ω (i = 1, 2, . . . , n) is an event formula.

2. If A is an event formula, then ¬A is an event formula.

3. If A and B are event formulas, then (A ∨ B) and (A ∧ B) are event
formulas.
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4. An event formula can be obtained only by applying rules 1, 2, and 3.

The set of all event formulas of the three-valued Lukasiewicz logic is denoted
by SF3E.

Let B be a formula of events of rank m, composed of the non-fictitious
elementary events ωk1 , . . . , ωkm .

Algorithm for computing the probability of an event formula B
(Lukasiewicz). [*]

Definition 2-5.

P (B(1)) =
m∑
i=0

P (ωk2i+1
)
∣∣ (in the (2i+ 1)-st row, φ(B) = 1

)
.

SUEE(B(1)) =
m⋃
i=0

{ωk2i+1
}
∣∣ (in the (2i+ 1)-st row, φ(B) = 1

)
.

P (B(2)) =
m+1∑
i=1

P (ωk2i)
∣∣ (in the (2i)-th row, φ(B) = 2

)
.

SUEE(B(2)) =
m+1⋃
i=1

{ωk2i}
∣∣ (in the (2i)-th row, φ(B) = 2

)
.

The probability of the formula of events B is P (B) = P (B(1)) + P (B(2)).
If every value in the column φ(B) of the table equals 0, then P (B(1)) =

P (B(2)) = P (B) = 0.
Property 1. For any event formula B, 0 ≤ P (B) ≤ 1. The validity of this

inequality follows from the algorithm for computing P (B).
Property 2. For any event formulas A and B, and for each r ∈ {1, 2},

P (A(r) ∨B(r)) = P (A(r)) + P (B(r))− P (A(r) ∧B(r)).

The proof of these equalities follows from the proof of equality (5).
Property 3. Hence, for each r ∈ {1, 2}, if SUEE(A(r) ∩B(r)) = ∅, then

P (A(r) ∨B(r)) = P (A(r)) + P (B(r)).

Proofs of Properties 1–3 are given in [2].
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Definition 6. If SUEE(Q(r)) ⊆ SUEE(B(r)), then we say that the event
formula B(r) probably logically follows from the event formula Q(r) with prob-
ability P (Q(r)), where r ∈ {1, 2}.

Definition 7. If SUEE(Q
(r)
1 ∧ · · · ∧ Q

(r)
m ) ⊆ SUEE(B(r)), then we say

that the event formula B probably logically follows from the event formulas

Q
(r)
1 , . . . , Q

(r)
m with probability P (Q

(r)
1 ∧ · · · ∧Q

(r)
m ), where r ∈ {1, 2}.

Definition 8. L′
3 =

(
{0, 1, 2},Ω, SF3E,P

)
is called a three-valued prob-

abilistic logical space of Jan Lukasiewicz, where SF3E is the set of all event
formulas of the three-valued Lukasiewicz logic.

Remark 2. A table of formulas with m variables in the three-valued
Lukasiewicz logic consists of 3m rows, whereas a table of event formulas in the
three-valued probabilistic logic of event formulas of Jan Lukasiewicz with m
variables consists of 2(m+ 1) rows.

Conclusion. In this paper, a three-valued logic of events is constructed
that does not lead to a combinatorial explosion. A k-valued logic of events can
be constructed in a similar manner for k = 2 and k ≥ 4. In k-valued logic,
given m events, the event table contains (k − 1)(m + k − 2) rows, avoiding
combinatorial explosion, instead of km rows.
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Topologies on Locally Finite Graphs

Ljubǐsa Kočinac

University of Nǐs, 18000 Nǐs, Serbia
(e-mail: lkocinac@gmail.com)

We consider two topologies on the vertex sets V(G) of simple locally finite
graphs. The first topology, called P-topology, is given on an undirected graph
G, and the second topology, called F -topology, is defined on a directed graph
G. Several properties of these topologies are established. An application of the
F -topology to the cardiovascular system is presented.
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In this work, we consider uniform structures in the superextension of topo-
logical space X.

Let X be a non-empty set, and α and β are covers of the set X. It is said
that α is inscribed in the cover of β, if for any A ∈ α there exists B ∈ β, such
that A ⊂ B, and write α ≻ β.

Let α be the cover of the set X and Y ⊂ X. The set α(Y ) =
⋃
{A ∈ α :

A∩Y ̸= ∅} is called the star set with respect to the cover α. If Y = {x}, then
we will write α(x) instead of α({x}).
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Next, put α△ = {α(x) : x ∈ X}, α⋆ = {α(A) : A ∈ α}. They say that a
cover α is star inscribed in β, if α△ ≻ β. If α⋆ ≻ β, then they say that α is
strongly star inscribed in β (see [1]).

Definition 1 [1]. Let X be a nonempty set. A family U of coverings of a
set X is called uniformity on X if the following conditions are satisfied:

(1) If α ∈ U and α is inscribed in some cover β of the set X, then β ∈ U .
(2) For any α1 ∈ U , α2 ∈ U there exists α ∈ U , which is inscribed in α1

and α2.
(3) For any α ∈ U , there exists β ∈ U strongly star inscribed in α.
(4) For any x, y of a pair of different points of X, there exists α ∈ U such

that no element of α contains both x and y.
The pair (X, U) is called a uniform space.
For any uniformity of U on X, the family
τU = {O ⊂ X : for each x ∈ O exists α ∈ U such that α (x) ⊂ O} is a topol-

ogy on X and the topological space (X, τU) is a T1-space. The topology of τU
is called the topology generated or induced by the uniformity of U .

A system ξ = {Fα : α ∈ A} of closed subsets of a space X is called linked,
if any two elements of ξ intersect.

Any linked system can be upgraded to a maximal linked system (MLS).
But such upgrade, as a rule, is not one valued. A linked system of space is
MLS, if and only if it possesses the following completeness property [2]: ”If a
closed set A ⊂ X intersects with every element of ξ, then A ∈ ξ”.

We denote λX as the set of all MLS of the space X.
For the close set A ⊂ X we consider A+ = {ξ ∈ λX : A ∈ ξ}.
For the open set U ⊂ X we consider

O (U) = {ξ ∈ λX : there exists F ∈ ξ such that F ⊂ U} .

The family of sets of the form O (U) covers the set λX (O (X) = λX). So,
it forms an open prebase of the topology on λX. The set λX, equipped with
this topology, is called as the superextension of the space X [2].

Let X be topological space and λX be its superextension. MLS ξ ∈ λX is
called compact, if it contains at least one compact element, and is denoted by
CMLS.

The space λcX = {ξ ∈ λX : ξ is CMLS} we call as compact super kernel
(or compact superextension) of the topological space X.
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It is clear that λcX ⊂ λX. We see that λ∗X ⊆ λcX ⊆ λX for topological
T1-space X.

If the space X is compact, then we have the equality λcX = λX. If the
space X is discrete, then we have another equality λ∗X = λcX.

The basement of the CMLS ξ in X is the family
F (ξ) = {F ∈ ξ : F is a compact} [3].

Let (X, U) be a uniform space and λX is the superextension of the space
(X, τU).

For each α ∈ U , put P (α) = {⟨α′⟩ : α′ ⊆ α}, where

⟨α′⟩ = {ξ ∈ λX : ∀A ∈ α′, ∃F ∈ ξ : F ⊂ A} .

Proposition. If B is the base of a uniform space (X, U), then P (B) =
{P (α) : α ∈ B} forms a base of some uniformity λU on λX .

Remark. Let λcX be the compact super kernel of the uniform space
(X, U). For each α ∈ U , put K (α) = {⟨α′⟩ : α′ ⊆ α andα′ − finite}. Note
that K (α) is the cover of the set λcX.

A finite sequence {A1, A2, ... , An} of subsets of a set X is called linked if
Ai ∩ Ai+1 ̸= ∅ of each i = 1, 2, ..., n− 1 [1].

Corollary. If the uniform space (X, U) is metrizable, then its superexten-
sion (λX, λU) is also metrizable.

Theorem 1. A uniform space (X, U) is uniformly paracompact if and
only if a uniform space (λcX,λcU) is uniformly paracompact.

Theorem 2. A uniform space (X, U) is uniformly P−paracompact if and
only if a uniform space (λcX,λcU) is P−uniformly paracompact.

Theorem 3. A uniform space (X, U) is uniformly B−paracompact if and
only if a uniform space (λcX,λcU) is B−uniformly paracompact.

Theorem 4. A uniform space (X, U) is uniformly A−paracompact if and
only if a uniform space (λcX,λcU) is A−uniformly paracompact.

Theorem 5. A uniform space (X, U) is uniformly I−paracompact if and
only if a uniform space (λcX,λcU) is I−uniformly paracompact.

Theorem 6. A uniform space (X, U) is uniformly R−paracompact if and
only if a uniform space (λcX,λcU) is R−uniformly paracompact.
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The Banach-Mazur game is one of the most fundamental topological games
and provides a game-theoretic characterization of Baire spaces. The Ba-
nach–Mazur game is an infinite two-player game in which the players alter-
nately choose nested non-empty open sets. Classical examples, such as the
space of rational numbers and complete metric spaces, show that how the
existence of winning strategies depend on the underlying topology.

We define the Banach–Mazur game on a bitopological space and discuss the
relationship between the existence of winning strategies and the Baire property
with respect to the two topologies.

Acknowledgment. This work is supported by the Scientific Research
Projects Coordination Unit of Hacettepe University (Project No: FHD-2025-
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[1] R. Telgársky, Topological Games: On the 50th Anniversary of the Banach-
Mazur Game, Rocky Mountain J. Math. 1987, (17) 227–276.

[2] L.F. Aurichi, R.R. Dias, A minicourse on topolgical games, Topology and
its Appl. 2019, (258) 305–335.

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 23

Homology Theory of Soft Sets in the Category of
Shostak Topological Spaces

Kamala Veliyevaa, Nuride Museyibovab, Sadi Bayramovc

aAzerbaijan State Oil and Industry University, Baku, Azerbaijan
bAzerbaijan State Pedagogical University, Baku, Azerbaijan

cBaku State University, Baku, Azerbaijan
(e-mail: kamala.valiyeva@asoiu.edu.az, nuride.museyibova@adpu.edu.az,

baysadi@gmail.com)

Let SS(XE) be a family of soft sets overX. A mapping τ : SS (XE)→ [0, 1]
is called the Shostak topology on X if it satisfies the following conditions:

1. τ
(
Φ̃
)
= τ

(
X̃
)
= 1,

2. τ (FE
⋂
GE) ≥ τ (FE) ∧ τ (GE) , ∀FE, GE ∈ SS (XE)

3. τ

(⋃
i

(Fi)E

)
≥ ∧

i
τ ((Fi)E) ,∀ (Fi)E ∈ SS (XE)

The triplet (X,E, τ) is called Shostak topological space of soft sets and
denoted by SHTS.

Let {(FE)} be a family of soft sets and
⋃
(FE) = X̃. ∀r ∈ [0, 1] τ (FE) ≥ r

α =
{
(F i

E)i∈I
}
is open covering of (X,E, τ r) soft topological space. For each

α
nerv (X, τ r) =

(
{nervα}α∈(F i

E)
,
{
pβα : nervβ → nervα

}
α≺β

)
(1)

be the inverse system of simplicial complexes.
Let Z be the group of integers. If we apply the homology functor Hq for

the inverse system (1), then we obtain the following inverse system of groups:

Hq

(
nerv

(
X̃, τ r

)
;Z
)
=
(
{Hq (nervα, Z)}α∈(F i

E)
,
{
Hq

(
pβα
)}

α≺β

)
.

Definition 1. The group Hq

((
X̃, τ r

)
;Z
)
= lim←−Hq (nervα;Z) is said to

be the r-level homology group of Shostak topological space (X,E, τ). Since
τ r ⊂ τ s for r ≥ s, the inverse system (1) is a subsystem of the following system

nerv
(
X̃, τ s

)
=
(
{nervα}α∈(F i

E)
,
{
pβα : nervβ → nervα

}
α≺β

)
.
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Let (X,E, τ) be the Shostak topological space, FE ∈ XE a soft set. If

τ (FE) = 1, we say
(
X̃, FE

)
as a pair of Shostak topological spaces. The

morphism f :
(
X̃, FE

)
→
(
Ỹ , GE

)
is a gp-map if f : X̃ → Ỹ such that

f (FE) ⊂ GE. The pairs of all Shostak topological spaces and their morphisms
constitute a category. We denote this category as SHTS2.

Let
(
X̃, FE

)
be a pair of Shostak topological spaces. For ∀r ∈ [0, 1], let

us take arbitrary as an open covering α =
{
(F i

E)i∈I
}
of the space (X,E, τ r).

Since τ (FE) = 1, FE ∈ τ r and the family α
⋂
FE is an open covering of soft set

FE over the space (X,E, τ r). Then the pair (α, α
⋂
FE) is an open covering of

pairs of Shostak topological spaces.
Definition 2. The group

Hq

(((
X̃, FE

)
, τ r
)
;Z
)
= lim←−Hq

((
nervα, nerv

(
α
⋂

FE

))
;Z
)

is said to be the r-level homology group of the pair
(
X̃, FE

)
and the group

Hq

(
X̃, FE;Z

)
= lim−→Hq

((
X̃, FE

)
, τ r;Z

)
is said to be the homology group of

the pair
(
X̃, FE

)
.

It is obvious that Hq : SHTS
2 → Group is a functor.

For the pair
(
X̃, FE

)
, let i : FE → X̃, j : X̃ →

(
X̃, FE

)
be the embedding

maps. For every α ∈
{
(F i

E)i∈I
}
, the mappings i, j induces the simplicial

mappings

iα,r : nerv
(
α
⋂

FE

)
→ nervα, jα,r : nervα→

(
nervα, nerv

(
α
⋂

FE

))
.

Theorem 1. Hence for every α ∈
{
(F i

E)i∈I
}
, we obtain the following exact

sequence of homology groups:

...← Hq

(
nervα, nerv

(
α
⋂

FE

))
← Hq (nervα)← Hq

(
nerv

(
α
⋂

FE

))
← ...

(2)
We denote this sequence as H (nervrα). If we take the limit, then

lim−→
r

lim←−
α

H (nervrα) is

...← Hq

(
X̃;Z

)
← Hq (FE;Z)← Hq+1

(
X̃, FE;Z

)
← Hq+1

(
X̃;Z

)
← ...
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Consequently, we obtain a sequence of homology groups of Shostak topological

spaces
(
X̃, FE

)
, this sequence is generally not exact.

Theorem 2. Let
(
X̃, FE

)
be a pair of Shostak topological spaces and (UE)

a soft set such that τ (UE) = 1. The embedding map f : (U c
E, FE ∧ U c

E) →(
X̃, FE

)
induces isomorphism of homology groups f∗q : Hq (U

c
E, FE ∧ U c

E) →

Hq

(
X̃, FE

)
.

For adding homotopy, define unit interval in SHTS. Let (I, τe) be unit interval
in Euclide topology. We define Shostak topology (I, τ) by the formula E = {∗},
F∗

τ (F∗) =

{
1, if F is open
0, if other

and we say (I, τ) as Shostak unit interval. Then for ∀r ∈ [0, 1], (I, τ r) = (I, τ)

Theorem 3. If f, g :
(
X̃, τ

)
→
(
Ỹ , τ ′

)
are homotopic maps, then

f∗q = g∗q = Hq

(
X̃, τ ;Z

)
→ Hq

(
Ỹ , τ ′;Z

)
.

Theorem 4. Assume that
(
X̃, τ

)
topological spaces are a soft topological

space then homology groups of topological spaces are same with homology
groups of soft topological spaces.
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COMPUTATIONAL MATHEMATICS AND
MATHEMATICAL MODELING
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We present the PDQ-CN scheme, a numerical method for the reaction–
diffusion model of secondary dengue virus (DENV) infection proposed by Elaiw
and Alofi, in which polynomial differential quadrature (PDQ) on Chebyshev–
Gauss–Lobatto nodes discretizes the spatial derivatives and a Crank–Nicolson
(CN) scheme advances the solution in time; the resulting bilinear reaction
terms are linearized using the Rubin–Graves technique, so that each time step
reduces to a single monolithic linear solve rather than a nonlinear iteration.
The PDQ-CN scheme reproduces all four analytical equilibria of the model
to within 0.002% relative error, attains a measured temporal order of 1.997–
2.032, and shows spatial errors falling more than eight orders of magnitude
by N = 21 nodes, which already matches an N = 161 reference to within
floating-point precision at roughly 1/145th the computational cost.
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This paper proposes a numerical approach for the simulation and analysis of
transient fluid flow in interconnected pipeline networks characterized by com-
plex topological configurations. The flow dynamics are described by a system
of hyperbolic partial differential equations that model the unsteady motion of a
compressible fluid within each pipeline segment. Special consideration is given
to the formulation and numerical treatment of coupling conditions at network
junctions, where the continuity and conservation laws based on Kirchhoff-type
principles must be satisfied.

The governing equations are discretized using an implicit finite-difference
scheme, resulting in systems of algebraic equations for each time step. To
efficiently solve these systems over networks with arbitrary connectivity, a
generalized sweep algorithm is developed for interconnected pipeline segments.

Consider a pipeline network consisting of several linear segments connected
at nodes. The unsteady motion of fluid in each segment is described by a
system of hyperbolic partial differential equations representing conservation of
mass and momentum. For clarity and simplicity in presenting the numerical
schemes, let us consider an oil pipeline consisting of five sections, the structure
of which is shown in Fig. 1.

Fig.1. Scheme of the oil pipeline with five sections

The arrows in the figure formally indicate the assumed (not necessarily
actual) direction of oil flow.
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Let the set of segments be denoted by S: S = {s1, s2, ..., sK} and the set
of vertices by V . The numbers in square brackets correspond to the numbers
of the vertices (nodes), while the numbers in parentheses denote the segment
numbers.

The linearized system of differential equations describing the unsteady
isothermal laminar flow of a liquid with constant density ρ in the s-th lin-
ear section of an oil pipeline of length ls and diameter ds can be written in the
following form [1]:

−∂P
s(x, t)

∂x
=

ρ

As
∂Qs(x, t)

∂t
+ 2as

ρ

As
Qs(x, t),

−∂P
s(x, t)

∂t
= c2

ρ

As
∂Qs(x, t)

∂x
, x ∈ (0, ls), t ∈ (0, T ], s ∈ S.

(1)

where P s(x, t) and Qs(x, t) are respectively the pressure and the flow rate of
the fluid at time t at point x ∈ (0, ls) of the s-th pipeline segment; c is the speed
of sound in the medium; and As− is the cross-sectional area of the pipeline
segment.

Assume that the kinematic viscosity coefficient γ does not depend on pres-
sure; then the corresponding condition 2a = 32γ

d2
= const is sufficiently accurate

for the laminar flow regime.
At internal junctions vj ∈ V , boundary conditions enforce: mass con-

servation (sum of inflows = sum of outflows) and pressure continuity across
connected segments.

Mathematically, for vertex vj ∈ V connected to segments in sets Ij (incom-
ing) and Oj (outgoing):∑

i∈Ij

Qi(vj, t)−
∑
o∈Oj

Qo(vj, t) = Qext
j (t), t ∈ [t0, T ], (2)

P i(vj, t) = P o(vj, t), i ∈ Ij, o ∈ Oj, t ∈ [t0, T ], (3)

These nonlocal boundary conditions couple the subsystems and make the nu-
merical solution more complex.

At boundary vertices (inlet/outlet points), operational conditions are pre-
scribed either as: Pressure control:

P (vb, t) = Pb(t), t ∈ [t0, T ]. (4)

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 29

Flow control:
Q(vb, t) = Qb(t), t ∈ [t0, T ]. (5)

Due to the extended operation of the pipeline before [τ, T ], i.e. before mon-
itoring begins, the initial state P s(x, t0), Q

s(x, t0) is not exactly known [6].
Instead, it is assumed to belong to a set of admissible initial states defined by
parameter λ = {λ1, λ2, ..., λr} ∈ R:

P s(x, t0) = Ps(x;λ), Q
s(x, t0) = Qs(x;λ). (6)

The functions Qs(x, λ), Ps(x, λ), λ ∈ R are assumed to be given. We will
assume that the functions defining the initial state of the process and the
boundary conditions satisfy all the conditions required for the existence and
uniqueness of the solution of the corresponding boundary value problem.

To numerically solve the formulated boundary value problem (1)-(6) with
non-separated boundary conditions, the implicit finite difference method [2] is
applied to each pipeline segment. Nonlocal boundary conditions at junctions
are handled by a sweeping algorithm [3]. This decouples the global system into
smaller local systems that can be solved in parallel, improving computational
efficiency for networks with many segments. Numerical experiments are carried
out.

The obtained results show that the proposed numerical method provides an
effective tool for analyzing transient processes in complex pipeline networks.
The use of an implicit grid scheme ensures numerical stability even for rela-
tively large time steps. By appropriately defining the node connectivity and
boundary conditions, the same computational framework can be applied to
large-scale pipeline systems with arbitrary topology.
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The rapid development of the global economy, the intensification of com-
petition, and the limitation of resources make it essential in the modern era
to increase the efficiency of logistics systems. In making scientifically justified
decisions for optimizing logistics processes, mathematical modeling methods,
models, and algorithms play a crucial role.

In particular, the application of mathematical models in areas such as trans-
portation, warehousing, inventory management, and supply chain planning
expands the potential to reduce operational costs, minimize time losses, and
improve service quality.

The integration of digitalization and big data technologies into logistics in-
troduces new opportunities, as well as new challenges, for data-driven decision-
making and process optimization. Therefore, the topic remains highly relevant
and carries significant practical importance in modern management systems.

1.The concept of a mathematical model. A mathematical model is
a simplified representation of complex reality, in which events and processes
are described through mathematical means — such as functions, variables,
equations, constraints, and parameters. Mathematical modeling is used to
analyze, predict, and optimize the behavior of real logistics systems.

In logistics, mathematical models are generally developed in the following
forms:

1. Analytical models – models that represent system behavior through
mathematical equations, particularly linear and nonlinear programming mod-
els.

2. Stochastic models – models that take into account random variables and
probability distributions (for example, in inventory management).

3. Simulation models – models that imitate the operation of a system on
a computer, suitable for studying complex and non-deterministic processes.
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4. Algorithmic models – models constructed based on specific procedures
and computational sequences, such as shortest-path or transportation prob-
lems.

The use of such models makes it possible to replace intuition-based decision-
making with scientifically grounded approaches, enabling more precise and
objective analysis of logistics processes.[1].

2. General linear programming model. The foundation of most
static logistics problems lies in linear programming (LP). This model can be
expressed in the following general form:

Minimize (or Maximize) Z =
m∑
i=1

n∑
j=1

cijxij

subject to:
n∑
j=1

aijxij ≤ bi, i = 1, 2, . . . ,mxij ≥ 0,∀i, j

where:

1. (xij) - the quantity of goods transported or allocated from source i to
destination j ;

2. (cij) - the unit cost of that operation (e.g., transportation or production);

3. (bi) - the available resources or supply capacity of source i ;

4. The objective function (Z) represents the total cost (to be minimized) or
total profit (to be maximized).

This formulation provides a mathematical foundation for many logistics op-
timization problems, especially in areas such as supply allocation, distribution
planning, and resource balancing [2].

3.Dynamic models:description and general concept
Dynamic models describe the states of logistics systems that change over

time.In these models, the decision variables depend on time (t), and the main
objective is to ensure the optimal performance of the system within a specific
time interval.

4.Monte Carlo simulation
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The Monte Carlo method performs mathematical analysis of stochastic
processes through a large number of random samples.

Steps:
1. Identify the probability distributions P (xi) of the random variables;
2. Generate numerous random realizations ξ1, ξ2, . . . , ξn from these dis-

tributions;
2. Calculate the objective function for each realization Zi = f(x, ξi);
3. Find the average value as the overall result:

E[Z] ≈ 1

N

N∑
i=1

f(x,ξi)

5.Dynamic model for inventory management
In a supply chain, the inventory level management can be represented dy-

namically as follows:

It+1 = It +Qt −Dt

Objective function:

Minimize Z =
T∑
t=1

(ChIt + CoQt)

This model is used to determine the optimal ordering times and quantities,
so that the total cost of inventory management (including storage and ordering
expenses) is minimized.
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Abstract. This paper establishes the discrete Lyapunov stability and
global exponential decay of a three-dimensional Godunov-type finite-volume
difference scheme. For quasilinear symmetric hyperbolic systems with dissipa-
tive boundary conditions, we prove energy nonincrease using a fully discrete
energy framework.

1. Introduction. Multidimensional quasilinear hyperbolic systems model
transport phenomena where discrete stability preservation under nonlinear
boundary conditions is a critical challenge. This paper addresses this gap
by establishing a direct discrete Lyapunov-based energy mechanism for fully
discrete 3D Godunov-type schemes.

2. Continuous and Discrete Problem Setup
2.1. Continuous System
Let Ω ⊂ R3 be a bounded domain with a piecewise smooth boundary

∂Ω ∈ C1, and let QT = Ω× (0, T ). We consider the 3D quasilinear symmetric
hyperbolic system:

A0(u)
∂u

∂t
+ A1(u)

∂u

∂x
+ A2(u)

∂u

∂y
+ A3(u)

∂u

∂z
= f(x, y, z, t, u)

where u(x, y, z, t) ∈ Rm is the unknown vector, Ak(u) ∈ Rm×m are sym-
metric matrices (Ak = ATk ), and A0(u) is strictly positive definite, satisfying
⟨A0(u)ξ, ξ⟩ ≥ α0|ξ|2 for α0 > 0.

On the boundary ∂Ω, we impose quasilinear dissipative boundary condi-
tions B(u)u = 0, such that the normal flux matrix

An(u) =
3∑

k=1

nkAk(u)
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(with outward normal n) satisfies the dissipativity inequality:

⟨An(u)u, u⟩ ≤ 0, (x, y, z) ∈ ∂Ω
For strictly dissipative boundaries, there exists δ > 0 such that ⟨An(u)u, u⟩ ≤

−δ|u|2, yielding an exponential decay of the continuous energy

E(t) =

∫∫∫
Ω

⟨A0(u)u, u⟩dxdydz

2.2. Fully Discrete 3D Godunov Discretization
We introduce a uniform grid with spatial steps hx, hy, hz and time step

τ , defining unijk ≈ u(ihx, jhy, khz, nτ). The conservative 3D Godunov-type
difference scheme is expressed as:

un+1
ijk − unijk

τ
+
F n
i+ 1

2
,j,k
− F n

i− 1
2
,j,k

hx
+
Gn
i,j+ 1

2
,k
−Gn

i,j− 1
2
,k

hy
+
Hn
i,j,k+ 1

2

−Hn
i,j,k− 1

2

hz
= fnijk

where F,G,H represent numerical fluxes computed via localized Riemann
solvers. Utilizing the numerical viscosity approach, the interface flux can be
decomposed as:

F n
i+ 1

2
,j,k

=
1

2

(
F (unijk) + F (uni+1,j,k)

)
− 1

2
Dx
i+ 1

2
,j,k

(uni+1,j,k − unijk)

where Dx, Dy, Dz ≥ 0
are the numerical diffusion matrices ensuring discrete scheme stability.
3. Discrete Lyapunov Stability Analysis
3.1. Discrete Functional and Main Theorems
We construct the discrete Lyapunov functional (discrete energy) mimicking

the continuous framework:

En =
∑
i,j,k

⟨A0(u
n
ijk)u

n
ijk, u

n
ijk⟩hxhyhz

Owing to the positive definiteness of A0(u), the discrete energy norm sat-
isfies α0∥un∥2h ≤ En ≤ β0∥un∥2h.

Theorem 1 (Discrete Lyapunov Stability). Let the numerical fluxes be
consistent, conservative, and monotone, and let the multidimensional Courant-
Friedrichs-Lewy (CFL) condition hold:
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τ

(
λmax
x

hx
+
λmax
y

hy
+
λmax
z

hz

)
≤ CCFL < 1

Assuming sufficiently small initial data ∥u0∥h ≤ ε, the discrete functional sat-
isfies En+1 ≤ En for all n ≥ 0, demonstrating that the scheme is nonincreasing
and Lyapunov stable.

Theorem 2 (Discrete Exponential Stability). Under the conditions of The-
orem 1, if the discrete boundary flows satisfy a strict dissipativity constraint∑
∂Ωh

⟨F̂ nunijk, u
n
ijk⟩ ≤ −δ

∑
∂Ωh

|unijk|2 for δ > 0, then there exist grid-independent

constants γ > 0 and C > 0 such that:

En ≤ CE0e−γt
n

, tn = nτ

Conclusion. We established a rigorous fully discrete Lyapunov stability
analysis for a 3D Godunov-type scheme under quasilinear dissipative boundary
feedback. The validated global energy decay mechanism provides a solid math-
ematical foundation for extending stable multidimensional solvers to higher-
order unstructured meshes.
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In this paper we consider the Cauchy problem{
ut = uq div

(
|x|n|∇u|p−2∇u

)
+ C (T0 + t)l uβ, (x, t) ∈ RN × (0, tf ],

u(x, 0) = u0(x) ≥ 0, x ∈ RN .
(1)

Where q ∈ R \ {1}, p ≥ 2, n ∈ (−N,∞), β > 1, l > −1, C, T0, tf > 0, N ≥ 1,

0 ≤ u0 ∈ L1(RN) ∩ L∞(RN).

The equation (1) included many known equations, such as the porous
medium equation, p-Laplacian equation, heat equation [2], [3], Leibenson equa-
tion, Boussinesq equation in filtration of liquid and gas, and so on [1], [5].

We denote BR = {x ∈ RN : |x| < R}, QR = BR × (0, tf ), and the weighted
Sobolev space relevant to the diffusion operator is

W 1,p(BR; |x|n) =
{
u ∈ Lploc(BR) : ∥∇u∥Lp(BR;|x|n) <∞

}
.

Definition 1. A measurable function u ≥ 0 is an energy solution of (1) on
QR if:

1. u ∈ L∞(0, tf ;L
r(BR))∩Lp(0, tf ;W 1,p(BR; |x|n)) for some r ≥ max{1, 1−

q};

2. u1−q ∈ L1(QR) and |x|n|∇u|p−1 ∈ L1(QR);

3. for every φ ∈ C∞
c (BR × [0, tf )):

−
∫
QR

u1−q

1− q
φt dxdt =

∫
BR

u1−q0

1− q
φ(·, 0) dx−

∫
QR

|x|n|∇u|p−2∇u · ∇φdxdt

+ C

∫
QR

(T0 + t)luβ−qφdxdt.
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Theorem 1. Let r ≥ max{1, 1− q}.

1. Subcritical (β < βc): If ∥u0∥Lsc (RN ) is sufficiently small, then the energy

solution of (1) satisfies supt>0 ∥u(·, t)∥Lr(RN ) <∞ for every r.

2. Supercritical (β > βc): For any nonnegative nontrivial u0 ∈ L1 ∩ L∞,
there exist initial amplitudes A∗ > 0 such that for u0 = Aϕ with A >
A∗ the regularized solution satisfies ∥uε(·, t)∥L∞(BR) → ∞ in finite time

(blow-up within [0, tf ]).

3. Critical (β = βc): Every nonnegative nontrivial solution of the regularized
problem blows up; no global bound of the form 1 holds for any nontrivial
u0.

Where sc = 1 + N(β−βc)
(1+l)(p−n) and βc = 1 + (1 + l)

(
q + p − 2 + p−n

N

)
- the critical

Fujita exponent [4].
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In recent years, various aspects of biological populations have been in-
tensively studied by many authors [3-9]. The first mathematical models of
biological populations were studied in [1-2], where the following estimate was
established c ≥ cmin = 2sqrt(kD) for a speed c of wave type solution for the
following semi linear parabolic equation.

ut = Duxx + ku(1− u)

where scalar function u(x, t) is subject to specified initial and boundary con-
ditions, and k,D are positive constants. This equation historically has been
studied as a model for the spread of a favorable gene in a diploid popula-
tion, originally introduced by R.A. Fisher (see [1], [2]). A similar heuristic
conclusion, based on genetics, was also proposed by A.N. Kolmogorov, I.G.
Petrovskii and N.S. Piskunov in [2], which provided the foundation for a more
rigorous analytical approach to Fisher’s equation. In this work, we consider
the following Cauchy problem for a doubly nonlinear parabolic equation with
variable density in nondivergent form in the domain Q = (t > 0, RN)

|x|−l∂u
∂t

= un∇
(
D|x|qum−1|∇uk|p−2∇u

)
+k1(t)|x|−lu(1−uβ), β ≥ 1, (1)

u(0, x) = u0(0, x), x ∈ RN . (2)
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is considered. This mathematical model, particularly for specific values of the
numerical parameters characterizing the nonlinear medium, can be used to
model biological populations, processes such as viral spread, nonlinear diffu-
sion, heat conduction, and the filtration of liquids and gases (see [5, 6] and
references therein). Based on an approximate self-similar approach and the
comparison principle, we prove global solvability, obtain Fujita-type estimates
for both the solutions and the free boundary (front), and establish properties
such as the finite speed of perturbation and spatial localization. Additionally,
the problem of finding an initial approximation is solved for the slow diffusion,
fast diffusion, and critical cases. Finally, estimates for the solution for the slow
diffusion case are established. This mathematical model, particularly for spe-
cific values of the numerical parameters characterizing the nonlinear medium,
can be used to model biological populations, processes such as viral spread,
nonlinear diffusion, heat conduction, and the filtration of liquids and gases (see
[5, 6] and references therein).

Based on an approximate self-similar approach and the comparison prin-
ciple, we prove global solvability, obtain Fujita-type estimates for both the
solutions and the free boundary (front), and establish properties such as the
finite speed of perturbation and spatial localization. Additionally, the problem
of finding an initial approximation is solved for the slow diffusion, fast diffu-
sion, and critical cases. Finally, estimates of the solution for the slow diffusion
case are established. Using the replacements

u(t, x) = ū(t)w(τ(t), φ(x)),

where

τ(t) =

∫
[ū(t)] k(p−2)+m+n−1 dt,

and

φ(x) =
p− q − l

p
|x|

p
p−q−l , if p > q + l,

For the slow diffusion case k(p − 2) +m + n − 1 > 0, the fast diffusion case
k(p − 2) + m + n − 1 < 0, and the critical case k(p − 2) + m + n − 1 = 0,
it is easy to verify that equation (1) is transformed into the following radially
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symmetric form:

∂w

∂τ
= wnφ 1−s ∂

∂φ

(
Dφ s−1wm−1

∣∣∣∣∂wk∂φ

∣∣∣∣p−2
∂w

∂φ

)
− b(τ)wβ,

w(0, x) = w0(0, x), x ∈ RN .

(3)

where

s =
p(N − l)
p− q − l

, N > l, p > q + l,

and the function b(τ) is defined by

b(τ) = k1(t) [ū(t)]
β−k(p−2)−m−n+1.

The reduction of the initial problem (1) to (3) makes it possible to study the
qualitative properties of problem (1) more easily. In the case k(p−2)+m+n−
1 > 0, using the self-similar approach [6] for the principal part of equation (3),
we construct the following Zeldovich–Barenblatt type solution

u(t, x) = (T + t)−
s

p+(k(p−2)+m+n)s (a− ξp/(p−1))+, ξ = φ(|x|)[τ(t)]−1/p, a > 0

where

φ(|x|) = p− q − l
p

|x|
p

p−q−l , p > q + l,

with the property of finite-speed propagation of the population.
Based on the constructed Zeldovich–Barenblatt type solution, the finite-

speed propagation property and spatial localization of the solution are estab-
lished.

u(t, x) = (T+t)−s/p exp

[
−k p−2

(
ξ

p

) p
p−1

]
, s =

p(N − l)
p− q − l

, N > l, p > q+l,

u(t, x) = (T + t)−1/p exp

[
−k p−2

(
ξ

p

) p
p−1

]
, if p = q + l.

ξ =
φ(x)

(T + t)1/p
, φ(|x|) = p− q − l

p
|x|

p
p−q−l , if p > q + l,
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φ(|x|) = ln(|x|), if p = q + l.

The following estimate for the wave speed c(t) is established

c(t) =
d|x(t)|
dt

∼= 2
[
k1Dk

p−2
]1/p

t(
2
p
−1),

It is shown that the Malthus population model described by equation (1), by
constructing the Zeldovich–Barenblatt type exact solution, possesses the finite-
speed propagation property and spatial localization. The numerical analysis
of the considered problem is also discussed.
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Mathematical Modeling of Coupled Diffusion Systems
With Convective Transfer

Mirsaid Aripov, Dilobar Nigmanova, Mohidil Rahmonova

National university of Uzbekistan, Tashkent, Uzbekistan
(e-mail: dill198912@gmail.com)

Consider the following Cauchy problem in the domain Q = {(t,x) : t >
0, x ∈ RN } for the double nonlinear degenerate parabolic systems.

∂u

∂t
= un div

(
vm1−1|∇uk|p−2∇u

)
+ div(c(t)u) + γ1(t)u

p1vq1 ,

∂v

∂t
= vn div

(
um2−1|∇vk|p−2∇v

)
+ div(c(t)v) + γ2(t)u

p2vq2 .

(1)

u(0, x) = u0(x) ≥ 0, v(0, x) = v0(x) ≥ 0, x ∈ RN . (2)

where numbers n > 0, pi, qi, p, mi, i = 1, 2 are the given numerical parameters,
0 ≤ u0(x), v0(x) ∈ C(RN), the function 0 < c(t) is the speed of convective
transfer, 0 < γi(t) ∈ C(0,∞). The system of equations of non-divergent form
is often used to describe various physical phenomena, such as the diffusion
process for biological species, resistive diffusion phenomena in magnetic fields
without force, flux shortening, the spread of infectious diseases, etc. (see [1–9]
and citations therein).

The system (1) in the domain where u(t, x) ≡ 0 and v(t, x) ≡ 0 are degen-
erate type parabolic systems. Therefore, for the solution of the system (1) may
have place phenomena of the finite speed of a propagation (FSP), i.e., there are
the functions l1(t), l2(t), that u(t, x) ≡ 0 and v(t, x) ≡ 0 when |x| ≥ l1(t) and
|x| ≥ l2(t). In the case l1(t), l2(t) <∞ for ∀t > 0 solution of the problem (1)
is called a space localization of a perturbation (SLP). The surfaces |x| = l1(t)
and |x| = l2(t) are called a free boundary or a front.
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A nonlinear splitting algorithm [1] is used to reduce system (1) to a self-
similar form.

First, we solve the auxiliary system

dū

dt
= v̄ q1 ,

dv̄

dt
= ū q2 . (3)

which admits solutions of the form

ū(t) = A1(T + t)n1 , v̄(t) = A2(T + t)n2 , T > 0. (4)

Here, the functions ū(t) and v̄(t) represent the contributions of the source or
absorption terms to the solution of system (1).

Using the solutions (4), we introduce the transformation

u(t, x) = ū(t)w(τ(t), x), v(t, x) = v̄(t) z(τ(t), x), (5)

where τ(t) is a new time variable determined by the nonlinear splitting algo-
rithm.

Furthermore, we seek a self-similar solution in the form

w(τ(t), x) = f1(ξ), z(τ(t), x) = f2(ξ), (6)

where ξ = |x| τ−1/p.
Substituting (5) and (6) into system (1), we obtain the following self-similar

system:

fn1 ξ
1−N d

dξ

(
ξN−1fm1−1

1

∣∣∣∣dfk1dξ
∣∣∣∣p−2

df2
dξ

)
+
ξ

p

df1
dξ

+
α1

1− (k(p− 2) +m1 − 1)α1

(f1 + εf p11 f
q1
2 ) = 0,

fn2 ξ
1−N d

dξ

(
ξN−1fm2−1

2

∣∣∣∣dfk2dξ
∣∣∣∣p−2

df2
dξ

)
+
ξ

p

df2
dξ

+
α2

1− (k(p− 2) +m2 − 1)α2

(f2 + εf p21 f
q2
2 ) = 0.

(7)

For computational goal it is important to investigate the qualitative prop-
erties of solutions such us global solvability, the condition of arising blow up
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solution, properties of finite speed of perturbation, space localization, estimate,
asymptotic of solution, to find an exact solution (if it possible) depending on
the value of numerical parameters of the considered problem.

In this talk, we demonstrate the capabilities of self-similar and approxi-
mately self-similar approaches for studying nonlinear reaction–diffusion sys-
tems with time-dependent convective transfer and a source. The influence of
the system parameters on the evolution of the process is investigated. Esti-
mates of weak solutions are established for the cases of slow diffusion, fast diffu-
sion, and the critical case, corresponding to the conditions k(p−2)+mi+n−1 >
0, k(p − 2) + mi + n − 1 < 0, k(p − 2) + mi + n − 1 = 0, respectively. The
asymptotic behavior of the self-similar solution is analyzed. It is shown that
finite speed of propagation, localization of solutions, and finite-time blow-up
occur for certain parameter values. Numerical results illustrating the theoret-
ical analysis are also presented.
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The construction of high-accuracy difference schemes with minimal sten-
cils is a priority area in modern numerical methods theory. The numerical
study of mathematical models of complex nonstationary processes, such as
nonstationary parabolic equations, Sobolev-type pseudoparabolic equations,
convection-diffusion equations, etc., occupies a special place. Initial-boundary
value problems for these equations arise in the study of environmental prob-
lems related to the description of pollutant spread in the atmosphere and water
bodies, and the modeling of groundwater contamination. This paper considers
a multidimensional parabolic equation with constant coefficients:

∂u

∂t
= Lu+ f(x, t), u(x, 0) = u0(x), u|Γ = µ(x, t), (1)

Lu =
p∑

k=1

∂2u
∂xk

–– is the p dimensional Laplace operator.

To approximate the spatial variables of problem (1), a high-accuracy finite
difference method is used [1]. As a result, we obtain the Cauchy problem for
a system of large-dimensional ordinary differential equations:

D̄
duh(t)

dt
+ Āuh(t) = f̄h(t), uh(0) = uh,0, (2)
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where f̄ =

(
f +

p∑
α=1

h2α
12
Λαf

)j+1/2

, uh(t) ∈ Hh approximates u(x, t) at fixed

nodes x = (i1h1, i2h2, ..., iphp), D̄ ≡ D +
p∑

α=1

h2α
12
Λα , Ā = A−

p∑
α=1

h2α
12

∑
β ̸=α

ΛαΛβ ,

D ≡ E, A = −Λ, Λ =
p∑

α=1

Λα , Λαuhα = uhα,x̄αxα , A ∈ Hh. Here, Hh =
◦
W 1

2 (ω̄h)

- is a subspace of discrete functions uhα , approximating H Hilbert space.
The initial and boundary conditions are approximated exactly.
To approximate problem (2), a piecewise polynomial finite element method

of fourth-order accuracy is used [2]:

D̄yt − (τ 2/12)Āẏt + Āy(0.5) = φ1, γD̄ẏt + αĀyt + βĀẏ(0.5) = φ2, (3)

y0 = uh,0, ẏ0 = u̇h,0,

where y ∈ Hh, φ1 = 1
τ

tn+1∫
tn

f̄(t)dt, φ2 = 12
τ3

tn+1∫
tn

f̄(t)
(
s1ϑ

(1)
2 + s2ϑ

(3)
2

)
dt, s1 =

15γ− 35α/3, s2 = 140γ− 350α/3, ϑ
(1)
2 = t− (tn + τ/2), ϑ

(3)
2 = τ(ξ3− 3ξ2/2+

ξ/2), ξ = (t− tn)/τ , u̇h,0 = D̄−1(f 0
h − Auh,0).

The parameters of scheme (3) obey the fourth-order approximation condi-
tion α + β = γ, α, β, γ = O(τ 2).

As a result of the study, schemes of fourth-order accuracy in all variables,
i.e., ∥y − u∥ = O(|h|4 + τ 4), were constructed. Stability conditions and a pri-
ori estimates for the solution in the class of smooth solutions were obtained.
Convergence and accuracy theorems were proven. Based on the proposed algo-
rithm, numerical results were obtained on test problems, confirming theoretical
conclusions. The numerical results are compared with those of known methods,
and the advantages of the constructed numerical algorithms are indicated.
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Numerical Study of the Gilson–Pickering Equation for
Nonlinear Plasma Wave Dynamics

Sumita Dahiya, Suhana Chaudhary, Priyanka Yadav
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This study investigates the Gilson–Pickering equation governing the nonlinear
propagation of waves in ionized gas media and presents a robust mathematical
framework capable of describing different nonlinear regimes. The wave prop-
agation process is influenced by the combined effects of nonlinear convection,
dispersion, and dissipation arising from charged particle interactions, colli-
sional, and inertial effects. The interaction of charged particles in such media
governs the formation and propagation of localized and oscillatory wave pat-
terns. To better understand the associated nonlinear wave dynamics, a phase
plane analysis is presented to investigate the equilibrium structure and qual-
itative behavior of the resulting dynamical system. The accurate simulation
of such nonlinear wave phenomena demands reliable and efficient numerical
schemes. The proposed approach obtains the numerical solution of the gov-
erning equation by combining a Crank–Nicolson time semi-discretization with
an improvised cubic B-spline spatial collocation method. The conserved quan-
tities are further examined to evaluate the stability and physical consistency of
the proposed numerical approach. The numerical results confirm the accuracy
and stability of the approach and demonstrate its effectiveness in capturing
nonlinear plasma wave propagation dynamics.

Keywords: Nonlinear dispersive waves, ionized gas media (plasma), Gilson–
Pickering equation, wave dynamics, Fourier spectral analysis
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Local Stability and the Emergence of Stable Two-Cycles
in a Nonlinear Difference System
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We investigate the discrete-time tumor-immune interaction model
Xn+1 = Xn + rXn

(
1− Xn

K

)
− αXnYn

1 + βXn

,

Yn+1 = Yn +
sXnYn
1 + βXn

− δYn,
(1)

where Xn and Yn denote tumor burden and effector immune-cell level. We
assume r,K, α, s > 0, β ≥ 0, and 0 < δ < 1. A Lyapunov-type combina-
tion, Vn = Xn + (α/s)Yn, gives boundedness for every trajectory that remains
nonnegative.

The equilibria are E0 = (0, 0), E1 = (K, 0), and

E∗ = (X∗, Y ∗), X∗ =
δ

s− δβ
, Y ∗ =

rs(K −X∗)

αK(s− δβ)
.

The coexistence equilibrium is biologically admissible exactly when

E∗ > 0 ⇐⇒ sK

1 + βK
> δ. (2)
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Moreover, E0 is always unstable. At E1, the eigenvalues are 1 − r and 1 +
sK/(1 + βK)− δ. Resolving the boundary r = 2 by the second iterate on the
invariant line Y = 0 gives

E1 is LAS ⇐⇒ 0 < r ≤ 2,
sK

1 + βK
< δ. (3)

Thus, existence of E∗ and immune-direction stability of E1 are separated by
the same threshold with opposite strict inequalities.

For E∗, let D = s − δβ, A = K − 2X∗, and B = D(K − X∗)/s. The
Jury–Schur criterion yields

A < (1− δ)B, 0 < r < r∗, r∗ =
4K

(2− δ)B − 2A
,

with positive denominator under the first inequality. For

K = 10, α = 0.1, β = 0.02, s = 0.087, δ = 0.6,

we obtain X∗ = 8 and r∗ = 580/209 ≈ 2.7751. At r = r∗, the multipliers are
−1 and 179/209, the transversality derivative satisfies b1 ≈ −0.7766 < 0, and
the cubic normal-form coefficient is l1 ≈ 0.01168 > 0. Hence a locally stable
small-amplitude period-two orbit emerges for r > r∗, so the loss of stability is
a non-degenerate supercritical flip bifurcation. The critical equilibrium itself
is nonhyperbolically locally asymptotically stable, and therefore

E∗(r) is LAS ⇐⇒ 0 < r ≤ 580

209
. (4)

Direct numerical continuation and exact Jacobian evaluation of the period-two
orbit confirm the analytical classification.
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Qualitative Properties of Solutions to a Parabolic Heat
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Consider in Q = {(x, t) : x ∈ R, t > 0} the following Cauchy problem:

|x|α1
∂u

∂t
= uβ

∂

∂x

(
|x|α2um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
+ |x|α1uq (1)

u (x, t)|t=0 = u0 (x) ≥ 0, x ∈ R. (2)

Here the parameters satisfy β < 1, m ≥ 1, p ≥ max {2, α2 − α1} , q >
1, α1 < 0, α2 < 0 and the initial function u0 (x) is assumed to be continuous,
nonnegative, and bounded. It is well known that equation (1) is degenerate,
and classical solutions may fail to exist in the cases u (x, t) = 0 or |ux| = 0.
Therefore, solutions of the Cauchy problem (1)-(2) are understood in the sense
of generalized solutions defined via integral identities. In particular, we require

0 ≤ u, |x|α2um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
∈ C (R× (t, +∞))

and equation (1) is satisfied in the integral sense. Depending on the values
of the parameters, problem (1)-(2) arises in the mathematical modeling of
heat transfer, nonlinear diffusion, chemical reactions, and biological processes.
[1]-[4].
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First, we introduce the following transformation in equation ():

y = u1−β. (3)

Under this , the Cauchy problem (1)-(2) can be rewritten in the form

(1− β)L (y) = y
β

1−β×

×

|x|α1yt −
∂

∂x

|x|α2y
m

1−β
−1

∣∣∣∣∣∂y
1

1−β

∂x

∣∣∣∣∣
p−2

∂y

∂x

+ (1− β) |x|α1y
q−β
1−β

 = 0 (4)

with the initial condition

y|t=0 = y0 (x) = [u0 (x)]
1−β, x ∈ R. (5)

Theorem 1. Suppose that at least one of the following conditions holds:

α1 < −1, µ1 > µ2, or α1 = −1, µ1 > 1,

and assume that the inequality

y (x, t) ≤ y+ (x, t) , x ∈ R,

is satisfied. Then the Cauchy problem (4)–(5) admits a global generalized
solution in the domain Q and this solution satisfies the estimate

y (x, t) ≤ y+ (x, t) = t−n1g (η) . (6)

Here, µ1 = q−β
1−β , µ2 = m+p−2

1−β + p−α2+α1

α1+1
, g (η) = A (a− ηγ1)γ2+ , γ1 = p−α2+α1

p−1
,

γ2 = (p−1)(1−β)
m−p+β+1

, a ≥ 0, η = |x|
tn2
, n1 = 1−β

q−1
, n2 = p+q−(β+m+2)

(q−1)(p−α2+α1)
and µ2− is

referred to as the Fujita-type critical exponent.
This paper investigates the properties of generalized solutions to a parabolic

heat conduction equation in no divergent form with double nonlinear source
terms. The model incorporates nonlinear diffusion with variable density and
nonlinear source functions, and for cases where classical solutions do not ex-
ist, the concept of generalized solutions in the sense of integral identities is
employed. By applying an appropriate change of variables and the method of
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self-similar solutions, the original nonlinear parabolic equation is reduced to an
ordinary differential equation. In the slow diffusion regime, the global existence
of solutions is established using the comparison principle, and a Fujita-type
critical exponent is determined. The obtained results have significant theoret-
ical importance for the numerical analysis of nonlinear models arising in heat
transfer, chemical processes, and biological systems.
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The Lauricella–Saran hypergeometric function FK(a1, a2, b1, b2; c1, c2, c3; z)
is defined as a triple power series that serves as a critical analytical tool in
mathematical physics and applied sciences. While these functions are con-
ventionally represented by power series, such representations typically possess
restricted convergence domains. Branched continued fractions (BCF) provide
a more robust alternative for approximation and analytic continuation. The
Backward Recurrence (BR) algorithm is employed to compute the n-th ap-
proximant fn of the BCF expansion for FK ratios [1]. The algorithm involves

the sequential computation of the quantities Q
(n)
k (z) for k = n−1, n−2, . . . , 0,

starting from the initial condition Q
(n)
n (z) = 1.

Q
(n)
k (z) = 1− zj(k+1) −

dk+1z3

Q
(n)
k+1(z)

, (1)

where zj(k+1) denotes the spatial variables. The index sequence j(k), which
determines the alternating subtraction of z1 and z2, is defined by:

j(k) =
1 + (−1)k+1

2
+ 1. (2)

The BCF coefficients dk are derived from the hypergeometric parameters a2, b1, c3
according to:

d2k−1 =
(a2 + k − 1)(c3 + k − 1− b1)
(c3 + 2k − 2)(c3 + 2k − 1)

, d2k =
(b1 + k)(c3 + k − a2)
(c3 + 2k − 1)(c3 + 2k)

, k ∈ N.

(3)

The n-th approximant is obtained as fn = Q
(n)
0 (z).

Theorem 1. Let the relative errors of the elements be bounded by a
constant α ∈ (0, 1). If the parameters of the hypergeometric function satisfy
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the constraints a2 ≥ 0, b1 ≥ −1, c3 > 0, c3 ≥ b1, and c3 + 1 ≥ a2, then
ΩL = {z ∈ R3 : z1 ≤ 0, z2 ≤ 0,−L ≤ z3 ≤ 0} is a set of numerical stability for

the BCF expansion (3) for any L ≥ 0. The relative error |ϵ(f)n | is bounded by:

|ϵ(f)n | ≤
α

1− α

(
1 + dL

(
2 +

α

1− α

))
1− ηn

1− η
, (4)

where η = dL/(1 + dL) and d = supk∈N{|dk|, |d̂k|}.
Theorem 2. The set of closed tridisks

Ωd,l =

{
z ∈ C3 : |z1| ≤

1− l
2

, |z2| ≤
1− l
2

, |z3| ≤
l(1− l)

2d

}
, (5)

where l ∈ (0, 1/3)∪(1/3, 1), is a set of numerical stability for the complex BCF
expansion (3). The relative error estimate is given by:

|ϵ(f)n | ≤
2α(1− l)

(1− α)(1 + l + |1− 3l|)

(
1 +

4l

1 + l + |1− 3l|

(
2 +

α

1− α

))
1− τn

1− τ
,

(6)
where the parameter τ is defined as:

τ =
4l(1− l)

(1 + l)(1 + l + |1− 3l|)− 4l(1− l)
. (7)

In this research, recurrence formulas for the relative errors of the BR-
algorithm for approximants of branched continued fraction expansions of Lau-
ricella–Saran hypergeometric function FK ratios were obtained. Using these
formulas, estimates of the relative errors were obtained, and sets of computa-
tional stability were constructed in both real and complex domains. Numerical
experiments have shown that the BR-algorithm ensures the stability of com-
putations even for high orders of approximants.
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This dissertation addresses the challenge of optimizing vehicle routes in
dynamic urban environments, where traffic conditions, customer requests, and
vehicle states change during operations. It proposes a hybrid framework,
NMFAVRK, that combines Graph Neural Networks (GNN) and a Genetic
Algorithm (GA) to solve the Dynamic Vehicle Routing Problem with Time
Windows (DVRPTW). The framework builds spatiotemporal customer repre-
sentations to extract intelligent visit priorities used to initialize and improve
the search, then reinforces them with local search and fast route repair when
unexpected events such as congestion, breakdowns, or new requests occur. Ex-
periments on the Solomon C102 bench- mark show that the system achieved a
total distance of 828.9 with a very small gap from the best-known solution and
outperformed a random GA baseline by a notable margin. It also responded to
disruptions within fractions of a second while reducing fuel consumption under
the green routing model. The results confirm that combining deep learning
with metaheuristic search improves solution quality and operational flexibility.

Dry Versus Wet Season Dynamics of Cystic
Echinococcosis: Insights from Stochastic Extinction
Analysis and Deterministic Scenario Comparison

Ibtissam Sannaky, Imane El Berrai, Khalid Adnaoui

Laboratory of Analysis, Modeling and Simulation (LAMS), Faculty of
Sciences Ben M’Scik, Hassan II University of Casablanca, P.O Box 7955

Sidi Othman, Casablanca, Morocco
(e-mail: bissamsannaky@gmail.com)

Cystic echinococcosis (CE) is a neglected zoonotic disease involving a com-
plex transmission cycle between definitive hosts (dogs), intermediate hosts
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(livestock), and humans as accidental dead-end hosts [1]. In this work, we in-
vestigate the transmission dynamics of CE through a combined stochastic and
deterministic approach. First, we analyze the stochastic behavior of the sys-
tem using continuous-time Markov chains (CTMC) and multitype branching
processes, deriving the probabilities of disease extinction and explosion within
host populations. Building on this stochastic framework, we then examine our
deterministic compartmental model [2] under two distinct parameter scenarios,
corresponding to dry and wet season conditions, in order to assess how sea-
sonal variation in key epidemiological parameters affects disease transmission
and persistence. Comparing the outputs of both scenarios reveals significant
differences in transmission intensity and the relative contribution of environ-
mental conditions to the disease’s spread among hosts. Our findings confirm
the role of humans as a dead-end host in the transmission network, while high-
lighting the importance of seasonal climatic conditions in shaping intervention
strategies. This dual approach provides a more comprehensive understanding
of CE dynamics and offers practical guidance for the timing and design of
control measures in endemic regions such as Morocco.
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Fiber-reinforced composites are widely employed in modern engineering
because of their excellent strength-to-weight and stiffness-to-weight charac-
teristics. The presence of holes, cavities, and other geometric discontinuities
often results in localized stress concentrations that require accurate numerical
prediction. While the convergence properties of quadrilateral finite elements
are well documented [1], their accuracy in analyzing elliptical cavities in trans-
versely isotropic composites has been studied to a lesser extent [2,3]. To val-
idate the numerical formulation, a benchmark cantilever plate subjected to a
uniformly distributed load was first analyzed, and the finite element results
were compared with the corresponding analytical solution. The numerical re-
sults obtained for successive mesh refinements are presented in Table 1.

Table 1: Numerical results of the benchmark problem.
2*Mesh 2*No.of elements Linear element (Q4) Quadratic element (Q8)

Displacement

v
(

p
Eh

) Stress
σx

(
p
h

) Displacement

v
(

p
Eh

) Stress
σx

(
p
h

)
2× 1 2 152.533 6.667 214.994 11.833
2× 2 4 156.155 6.834 221.119 12.449
3× 2 6 184.360 8.938 223.092 12.678
4× 3 12 200.797 10.340 224.813 13.396
6× 4 24 213.086 11.699 224.974 14.176
8× 5 40 218.304 12.476 – 14.613

24× 12 288 224.956 15.094 – –
Exact solution [4] – 225.000 15.100 225.000 15.100

The results presented in Table 1 demonstrate that both formulations con-
verge toward the analytical solution as the mesh is refined. However, Q8
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elements achieve engineering accuracy on substantially coarser meshes. The
benchmark confirms the correctness of the finite element implementation and
illustrates the superior convergence characteristics of quadratic interpolation.

In order to investigate the influence of mesh refinement on the accuracy
and convergence of the finite element solution, a numerical experiment was
conducted. A rectangular plate, clamped along its left edge and subjected to
a uniformly distributed load of P = −1MPa on its right edge, was analyzed.
The geometrical and material properties of the plate are as follows: L =
12m, H = 6m, t = 0.1m, E = 2 × 105MPa, µ = 0.3 Here, L and H
denote the plate length and height, respectively, t is the plate thickness, E is
Young’s modulus, and µ is Poisson’s ratio.

A rectangular boron–aluminum composite plate containing a centrally lo-
cated elliptical cavity is considered. The cavity geometry is described by
x2/a2+y2/b2 = 1, where a and b denote the semi-major and semi-minor axes of
the ellipse. The cavity aspect ratio is defined as λ = a/b. The following values
were investigated: λ = 1, 2, 4, and 6. The reinforcing boron fibers are oriented
along the x-axis. The elastic properties of the transversely isotropic composite
are E1 = 220 GPa, E2 = 27.5 GPa, G12 = 28.5 GPa, ν12 = 0.23. A uni-
form tensile stress is applied to the plate boundaries. To accurately capture
stress gradients near the cavity boundary, locally refined quadrilateral meshes
were employed. The cavity perimeter was discretized using 64 finite elements.
The stress concentration factor was evaluated as Kt = σmax/σ0, where σmax

is the maximum stress at the cavity boundary and σ0 is the applied nomi-
nal stress. The calculated stress concentration factors and relative errors for
different cavity geometries are summarized in Table 2. The numerical results

Table 2: Effect of cavity aspect ratio on stress concentration
λ = a/b Reference Kt Q4 Kt Q8 Kt Q4 Error (%) Q8 Error (%)

1 3.00 2.71 2.93 9.67 2.33
2 5.00 4.62 4.95 7.60 1.00
4 9.00 8.01 8.84 11.00 1.78
6 13.00 11.32 12.76 12.92 1.85

reported in Table 2 indicate a substantial increase in stress concentration with
increasing cavity aspect ratio [2]. As the cavity becomes more elongated,
stress gradients near the cavity tips become increasingly localized, resulting
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in larger approximation errors for low-order finite elements. The accuracy of
the Q4 element deteriorates progressively as λ increases. In contrast, the Q8
element maintains stable accuracy throughout the investigated range of cavity
geometries. For the most elongated cavity (λ = 6), the relative error of Q4
reaches approximately 13%, whereas the Q8 error remains below 2%. These
results demonstrate that higher-order interpolation becomes increasingly ad-
vantageous as the severity of the stress concentration increases. A comparative
study of Q4 and Q8 quadrilateral finite elements was carried out for stress-
concentration problems in transversely isotropic composites. The results show
that Q8 elements converge considerably faster than Q4 elements, while the
benchmark analysis confirms the accuracy of the developed finite element for-
mulation. The stress concentration factor increases from 3 to 13 as the cavity
aspect ratio rises from λ=1 to λ=6. At the same time, the relative error of Q4
elements grows to approximately 13%, whereas the Q8 error remains below
2.5% for all considered cavity geometries. The influence of elliptical cavity as-
pect ratio on the accuracy of stress-concentration prediction in a transversely
isotropic boron–aluminum composite was quantitatively assessed. The results
indicate that quadratic quadrilateral elements provide more accurate and reli-
able solutions for composite structures containing elongated cavities and other
geometric stress concentrators.
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Applications of Functional Analysis in Physics
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Functional analysis constitutes the mathematical foundation of modern
quantum mechanics. At the beginning of the twentieth century, the develop-
ment of quantum theory created the necessity to investigate operators acting
on infinite-dimensional spaces, which, in turn, stimulated the rapid develop-
ment of functional analysis. In quantum mechanics, the states of physical
systems, observable quantities, and their time evolution are described within
the framework of functional analysis.

Mathematical Foundations of QuantumMechanics. Hilbert Spaces
and Quantum States.

In quantum mechanics, the state of a physical system is represented by a
wave function, which is an element of a complex Hilbert space. A Hilbert
space is a complete inner-product space.

Let H be a Hilbert space. Then every quantum state is represented ψ ∈ H
by a vector and satisfies the normalization condition

∥ψ∥ = 1.

The Hilbert space most frequently used in quantum mechanics is L2(Rn),
which consists of all square-integrable functions.

The inner product is defined by

L2(Rn) =

{
f :

∫
Rn

|f(x)|2dx <∞
}
.

and the corresponding norm is given by

⟨f, g⟩ =
∫
Rn

f(x)ĝ(x)dx.

∥ f ∥=
√
⟨f, g⟩.
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Physical observables and operators. In quantum mechanics, every
physical observable is associated with a linear operator.

For example,

1. the position operator (Qψ)(x) = xψ(x),;

2. the momentum operator (Pψ)(x) = −iℏdψ
dx
,;

3. the energy operator (Hamiltonian) H = T + V .

Here,

T = − ℏ2

2m
∆

denotes the kinetic energy operator.
One of the fundamental properties of these operators is self-adjointness.
If A = A∗ then the spectrum of the operator consists entirely of real num-

bers, thereby guaranteeing that physical measurements yield real-valued re-
sults.

Dirac notation
Dirac’s bra–ket notation, which is closely connected with functional analy-

sis, is widely employed in quantum mechanics.
The state vector is written as ⟨|ψ⟩
The inner product is denoted by ⟨ϕ|ψ⟩
The normalization condition is expressed as ⟨ψ|ψ⟩ = 1.)
Time evolution of quantum systems
The time evolution of a quantum state is governed by the Schrödinger

equation

iℏ
∂ψ

∂t
= Hψ

whose solution is written in the form ψ(t) = e−itH/ℏψ0

where U(t) = e−itH/ℏ is a unitary operator group.
The theory of semigroups and operator exponentials in functional analysis

provides the theoretical foundation for the existence and uniqueness of these
solutions.

Spectral methods
Spectral methods are among the most powerful tools of functional analysis

in physics and applied mathematics.
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Spectral decomposition theorem
According to the spectral theorem, for a self-adjoint operatorA =

∫
σ(A)

λdE(λ)

where E(λ) is the spectral measure.
This theorem represents the infinite-dimensional generalization of matrix

diagonalization.
Fourier method If Aϕn = λnϕn then the solution can be represented in

the form

u =
∞∑
n=1

cnϕn

This approach is widely applied to the study of: heat conduction, wave
propagation, quantum mechanics, acoustics, electromagnetic fields.

Advantages of spectral methods Spectral methods
1. provide high computational accuracy;
2. combine analytical and numerical techniques;
3. enable the solution of complex boundary-value problems;
4. facilitate the determination of the energy levels of quantum systems;
5. are extensively applied in numerous branches of engineering and physics.
Modern applications
Spectral methods are widely employed in the following fields:quantum field

theory, nuclear physics, plasma physics, optics, astrophysics, nanoscale sys-
tems, photonic crystals, quantum computing.
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In this paper, we investigate the Cauchy problem in the domain Q =
{(t, x) : t > 0, x ∈ R+} for a system of nonlinear degenerate parabolic
equations with exponentially time-dependent coupling absorption terms:

x−n1
∂u

∂t
= frac∂∂x

(
x−n2um1−1∂u

∂x

)
− x−n3eα1tvk1 ,

x−n1
∂v

∂t
=

∂

∂x

(
x−n2vm2−1 ∂v

∂x

)
− x−n3eα2tuk2 ,

(1)

u(0, x) = u0(x) ≥ 0, v(0, x) = v0(x) ≥ 0, x ∈ R+, (2)

where mi > 1, ki > 1, αi > 0 (i = 1, 2) are given numerical parameters. The
functions u = u(t, x) ≥ 0 and v = v(t, x) ≥ 0 are the unknown solutions of
the system. The coefficients x−ni , ni ≥ 0, i = 1, 2, 3, describe the influence
of the inhomogeneous medium. The problem (1)-(2) can be interpreted as
a mathematical model describing diffusion and absorption processes of two
interacting substances, species, or quantities evolving in a nonlinear medium [1,
2]. The system incorporates both self-diffusion effects and mutual interactions
between the components, which are governed by nonlinear and time-dependent
mechanisms [1, 2, 5]. A common and effective approach for studying solutions
of such problems is based on self-similar analysis.

Below we provide a method of nonlinear splitting [1, 3, 4] to construct self-
similar equation. For construction of the self-similar solutions of the system
(1) u(t, x), v(t, x) in the form:

u(t, x) = u(t)w(x, τ(t)), v(t, x) = v(t)φ(x, τ(t)). (3)

The time-dependent factors are chosen as

u(t) = A1e
a1t, v(t) = A2e

a2t,
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where

Ai =
(
aia

ki
3−i
) 1

kik3−i−1 , ai =
kiα3−i − αi
kik3−i − 1

, kiα3−i > αi, kik3−i > 1, i = 1, 2.

To ensure the invariance of system (1) under the self-similar transformation
(3), the corresponding scaling exponents must satisfy a compatibility con-
dition linking the nonlinear diffusion terms of both equations. In particu-
lar, the requirement that the diffusion operators retain the same homogene-
ity under the similarity scaling leads to the relation (α1 + k1α2) (m1 − 1) =
(α2 + k2α1) (m2 − 1) . Furthermore, balancing the amplitudes of the rescaled

variables gives rise to the proportionality coefficient l =
A

m1−1
2

A
m2−1
1

, which connects

the similarity constants A1 and A2. Using these compatibility conditions, one
derives the parameters d1 =

1
(m1−1)

, d2 =
l

(m2−1)
, which appear in the rescaled

time-dependent correction terms of the self-similar formulation [5]. Substitut-
ing the similarity representation (1) into system (3) then yields the transformed
system 

∂w
∂τ

= xn1 ∂
∂x

(
x−n2wm1−1 ∂w

∂x

)
− d1τ−1

(
w + xµφk1

)
,

∂φ
∂τ

= xn1 ∂
∂x

(
x−n2φm2−1 ∂φ

∂x

)
− ld2τ−1

(
φ+ xµwk2

)
,

(4)

where

τ(t) =

{
Ami−1
i

e(αi+kiα3−i)(mi−1)t

(αi + kiα3−i) (mi − 1)
, at (αi + kiα3−i) (mi − 1) > 0,

µ = n1 − n3, i = 1, 2.

We seek the self-similar solution of system (4) in the following form:

w(τ, x) = f(ξ), φ(τ, x) = ϕ(ξ), ξ =
x

τ
1
σ

, σ = 2 + n2 − n1. (5)

Substituting (4) into (5), we obtain the following self-similar system:
ξn1

d

dξ

(
ξ−n2fm1−1 df

dξ

)
+
ξ

σ

df

dξ
− d1

(
f + ξµϕk1

)
= 0,

ξn1
d

dξ

(
ξ−n2ϕm2−1dϕ

dξ

)
+
ξ

σ

dϕ

dξ
− ld2

(
ϕ+ ξµfk2

)
= 0.

(6)
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Suppose that for system of equations (6) the following conditions are fulfilled:

f ′(0) = 0, ϕ′(0) = 0. (7)

Theorem 1.Let h1 > 0 and h2 > 0. Then the compactly supported solution
of problem (6), (7) has the following asymptotic behavior as ξ → a1/σ:

f(ξ) = B1Θ1(a− ξσ)c1(1 + o(1)), ϕ(ξ) = B2Θ2(a− ξσ)c2(1 + o(1)), (8)

where the coefficients ci =
1

mi−1
, hi = kic3−i − ci + 1, Θi =

(
1

ciB
mi−1
i σ2

)ci
, Bi >

0, i = 1, 2. Thus, the theorem characterizes the principal asymptotic profile
of the solution near the free boundary. The results obtained for problem
(7)-(8) were applied within the framework of the research project funded by
the Ministry of Higher Education, Science and Innovation of the Republic
of Uzbekistan under the research grant AL-9224104601, titled “Mathematical
modeling of processes described by nonlinear, divergent, and non-divergent
parabolic equations and systems”.
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In this work, in the domain Q = {(t, x) : t > 0, x ∈ R} we consider the
Cauchy problem for a system of nonlinear parabolic equations not in divergence
form: 

|x|ℓ∂u
∂t

= uα1
∂

∂x

(
um−1∂u

∂x

)
− |x|ℓvβ1 ,

|x|ℓ∂v
∂t

= vα2
∂

∂x

(
vm−1 ∂v

∂x

)
− |x|ℓuβ2 .

(1)

{
u(0, x) = u0(x) ≥ 0,

v(0, x) = v0(x) ≥ 0.
(2)

where β1 > 1, β2 > 1, m > 1, α1 > 1, α2 > 1, ℓ > 0 are numerical parameters,
u = u(t, x) ≥ 0, v = v(t, x) ≥ 0 are the solutions.

In this paper, we study a nonlinear parabolic system of equations in non-
divergence form with variable density. Such systems naturally arise in the
mathematical modeling of combustion processes and heat transfer. The qual-
itative properties of solutions to nonlinear parabolic systems of this type have
been investigated by various authors [1, 2].

Here, we introduce the notations:

µi1 =
1− αi

(αi +m− 1)2
, µi2 =

B1−αi−m
i

(ℓ+ 2)2(αi +m− 1)
, µi3 = −

diB
βi
3−i

(ℓ+ 2)2Bαi+m
i

,

ζi =
βi

α3−i +m− 1
− 1

αi +m− 1
+1, γ = n1(α1+m−1)+1, bi = AiBi (i = 1, 2).

Let y(η) = y0 + o(1), z(η) = z0 + o(1) as η → +∞ and the equality
n2(α2 +m− 1) = n1(α1 +m− 1) is performed.
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Theorem 1. Let ζ1 = 0, ζ2 > 0. The compactly supported solution to
problem (1)-(2) has the following asymptotic behavior as x→ a

1
2 (t− T ) γ

2 :

uA(t, x) ≃ b1(T − t)−n1

(
a− γxℓ+2

Aα1+m−1
1 (T − t)γ

) 1
α1+m−1 (

y0 + o(1)
)
,

vA(t, x) ≃ b2(T − t)−n2

(
a− γxℓ+2

Aα2+m−1
2 (T − t)γ

) 1
α2+m−1 (

z0 + o(1)
)
.

(3)

where 0 < y0 < +∞ and 0 < z0 < +∞ are the solutions of the following
nonlinear algebraic system:

µ11ω
α1+m
1 + µ12ω1 = 0,

µ21ω
α2+m
2 + µ22ω2 + µ23ω

β2
1 = 0.

(4)

When an exact solution cannot be obtained explicitly, deriving estimates or
determining the asymptotic behaviour of the solution is an important mathe-
matical result. Therefore, this work constructs an asymptotic representation of
self-similar solutions for a nonlinear parabolic system in non-divergence form
()-(). In addition, the system of equations is solved numerically, and the corre-
sponding graphical representations are constructed. The results obtained are
used to analyze the qualitative properties of the solutions.
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In this study, a Hantavirus infection model incorporating predators of mice
is formulated and analyzed. The populations are divided into susceptible mice,
infected mice and predators of mice. Mathematical analysis and numerical sim-
ulations are performed to clarify the characteristics of the proposed Hantavirus
infection model. The existence, uniqueness, non-negativity and boundedness
of the solutions are examined. The basic reproduction number is identified.
The local and global stability of the equilibrium points of the model is studied.
The mathematical proof of the existence of forward bifurcation is given. The
theoretical findings are illustrated by numerical simulations. The impact of
predators of mice on the stability of the Hantavirus infection model is studied.
The results suggest the possibility of control of the spread of the epidemic by
introducing predators in a suitable way so that such control does not kill all
the mice but lowers the epidemic spread.

Sequential Fixed-Width Confidence Intervals for
Right-Censored Data via Averaged Stochastic

Approximation

Nargiza Nurmukhamedova, Nargiza Boltaeva
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Let X1, X2, . . . be i.i.d. lifetimes with density f(·; θ0), θ0 ∈ R, censored
on the right by independent times Ci, so that one observes Yi = min(Xi, Ci)
and δi = 1{Xi ≤ Ci}. Let ψ(y, δ, θ) be the censored score (the conditional
expectation of the full-data score given (Y, δ)), with Eθ0ψ(Y, δ, θ0) = 0 and
Fisher information I = Eθ0 [ψ(Y, δ, θ0)2] > 0. We address the construction of a
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fixed-width confidence interval of half-width ε and level γ for θ0 from a data
stream, when I depends on the unknown censoring law and must be estimated
online.

We run the projected Robbins–Monro recursion with gain γn = c/n and its
Polyak–Ruppert average,

θn+1 = ΠK

[
θn +

c
n
ψ(Yn+1, δn+1, θn)

]
, θ̄n =

1

n

n∑
k=1

θk, (1)

together with the recursive information estimate În = n−1
∑n

i=1 ψ(Yi, δi, θ̄i−1)
2.

With a = Φ−1((1 + γ)/2) and a floor ι ∈ (0, I), define the stopping time and
the interval

Nε = inf
{
n ≥ n0 : n ≥

a2

(În ∨ ι) ε2
}
, I(Nε) = [θ̄Nε − ε, θ̄Nε + ε]. (2)

The controlling scale is the asymptotic variance I−1, not the information: the
Chow–Robbins optimal nonrandom size is nε = a2I−1/ε2, so a rule using În in

place of Î−1
n stops a factor I2 too early.

The averaged estimator is asymptotically linear with the efficient influence
function ψ̃θ0 = I−1ψ(·, θ0), hence asymptotically efficient in the Hájek–Le Cam
sense; its limiting variance I−1 attains the convolution bound. Our main result
is the following.

Theorem 1. Under standard regularity conditions and the gain condition
cI > 1

2
, the procedure (1)–(2) is asymptotically consistent and asymptotically

efficient in the Chow–Robbins sense; that is, for every γ ∈ (0, 1),

lim
ε→0

P{θ0 ∈ I(Nε)} = γ,
Nε

nε
−→ 1 a.s. and in mean. (3)

The proof rests on an asymptotically linear (Bahadur) representation θ̄n−
θ0 = Pnψ̃θ0 + Rn with

√
nRn → 0, whose remainder is controlled almost

surely through the martingale structure of the score; the random-index passage
uses Anscombe’s theorem, and the stopping-time efficiency follows from the
strong consistency of În. A distinctive feature is that stopping-time efficiency
Nε/nε → 1 holds for every gain c > 0, whereas the gain condition cI > 1

2
governs coverage only. A simulation study on censored exponential models
confirms the theory and quantifies the finite-sample coverage as a function of
cI.

September 9-12, 2026 Baku, Azerbaijan



70 Modern problems of Mathematics and Mechanics

References

[1] Y.S. Chow, H. Robbins, On the asymptotic theory of fixed-width sequential
confidence intervals for the mean, Annals of Mathematical Statistics, 1965,
36, 457–462.

[2] B.T. Polyak, A.B. Juditsky, Acceleration of stochastic approximation by
averaging, SIAM Journal on Control and Optimization, 1992, 30(4), 838–
855.

[3] A.W. van der Vaart, Asymptotic Statistics, Cambridge University Press,
Cambridge, 1998.

Mathematical Modeling of Production Efficiency Under
Different Constraints

Aygun Omarovaa, Tofiq Orujovb

aInstitute of Mathematics, Baku, Azerbaijan
bMingachevir State University, Mingachevir, Azerbaijan

(e-mail: orudjova.aygun@gmail.com)

The efficient allocation of limited production resources is one of the princi-
pal problems in mathematical economics. In modern enterprises, several prod-
ucts are manufactured simultaneously while sharing common financial, labor,
and material resources. Consequently, minimizing the production cost of each
product separately does not necessarily lead to the minimum total production
cost. Mathematical optimization methods provide an effective framework for
solving such problems under various technological and economic constraints.

One of the most powerful techniques for constrained optimization is the
method of Lagrange multipliers. This method transforms a constrained opti-
mization problem into an unconstrained one by incorporating the constraints
into the objective function. Suppose a firm produces n products using m lim-
ited resources. Let ci = fi(q1i, q2i, . . . , qmi) denote the production cost of the
i-th product, where qhi represents the amount of the h-th resource allocated
to that product. The optimization problem is to minimize
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n∑
i=1

ci

subject to the resource constraints

n∑
i=1

qhi = Qh, h = 1, . . . ,m.

The corresponding Lagrange function is

L =
n∑
i=1

ci +
m∑
h=1

λh

(
n∑
i=1

qhi −Qh

)
,

where λh are the Lagrange multipliers. The necessary optimality conditions
are obtained from

∂L

∂qhi
= 0.

The resulting multipliers determine the marginal value (shadow price) of
each limited resource and characterize the economically optimal distribution
of production inputs.

Another important class of optimization problems concerns maximizing
production revenue. Assume that two products are produced using the same
limited resources and that their production functions are

x1 = F1(x3, x4), x2 = F2(x5, x6).

If p1 and p2 denote the corresponding product prices, then the objective is
to maximize

p1x1 + p2x2

subject to technological and resource constraints. Application of the Lagrange
multiplier method leads to the conditions

p1
∂F1

∂x3
= p2

∂F2

∂x5
,

p1
∂F1

∂x4
= p2

∂F2

∂x6
.
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These equalities imply that, at the optimum, the marginal productivity of
each common production factor is identical in all production activities.

A more general optimization problem involves maximizing a production
function

y = F (x1, x2, . . . , xn)

under the budget constraint

p1x1 + p2x2 + · · ·+ pnxn = C.

The corresponding Lagrange function is

Φ = F (x1, . . . , xn)− λ(p1x1 + · · ·+ pnxn − C).

The optimality conditions become

∂F

∂xi
= λpi, i = 1, . . . , n.

Thus, the marginal productivity of every production factor is proportional
to its price, providing an economically justified criterion for efficient resource
allocation under limited financial resources.

The considered mathematical models demonstrate that the method of La-
grange multipliers is an effective analytical tool for solving production plan-
ning problems. It allows the determination of optimal production strategies,
minimizes production costs, maximizes enterprise revenue, and improves the
efficiency of resource utilization. The proposed approach can be successfully
applied in industrial enterprises, regional economic planning, and decision-
support systems.
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Fiber composites are widely used in engineering because of their high stiff-
ness and strength to weight ratios. However, holes, cutouts, and service-
induced defects act as stress concentrators that can initiate damage. In anisot-
ropic composites, stress redistribution is strongly affected by fiber–matrix in-
teraction, requiring accurate prediction of localized stresses and plastic zones
for reliable structural assessment [4].

This study investigates elastoplastic deformation and stress localization
in transversely isotropic composites containing elliptical holes and straight
cracks. The material is modeled as an equivalent homogeneous continuum with
effective transversely isotropic properties. Elastoplastic behavior is described
within the small-deformation framework using an iterative procedure based on
Ilyushin’s theory [1].

Table 3: Mesh convergence study
Mesh Type Elements Nodes σmax (MPa) Error
M1 HEX8 248 387 83.1 5.6%
M2 HEX8 1024 1458 86.7 1.5%
M3 HEX8 4096 5625 88.0 0.2%

The boundary-value problem is solved by the finite element method using
eight-node isoparametric hexahedral elements (HEX8) with local mesh refine-
ment near holes and crack tips. The formulation is validated against a bench-
mark problem of a boron–aluminum composite plate with a central circular
hole. Close agreement with published explicit-fiber solutions [2,3] confirms
the applicability of the homogenized approach to highly reinforced compos-
ites. Consistent with previous finite-element studies of composite structures
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Figure 1: Distribution of stress intensity near an elliptical hole (r2/r1 = 1/8).

containing discontinuities [5], a convergence analysis for a plate with an ellip-
tical hole demonstrates monotonic convergence and mesh-independent results
through substantial error reduction under mesh refinement (Table 1).

Parametric simulations were performed to quantify the influence of the
ellipse aspect ratio (r2/r1) on stress localization. The results show that the
opening geometry governs both the magnitude and distribution of stresses.
For circular and moderately elongated holes, maximum stress intensities occur
near the upper and lower portions of the contour. As the opening becomes
flatter, the localization pattern shifts toward the lateral boundaries. Figure 1
illustrates the stress-intensity distribution near an elliptical hole with (r2/r1 =
1/8). Elevated stress concentrations are localized at the lateral boundaries
due to increased contour curvature. These regions represent potential sites of
matrix–fiber debonding and damage initiation.

A localization transition is observed for highly flattened openings (r2/r1 <
0.2), where elevated shear stresses spread along a large portion of the hole
boundary. The results indicate that stress localization depends not only on
defect size but also on its geometry. As the hole becomes flatter, the region
of maximum shear stress expands significantly, increasing the susceptibility of
the matrix to damage.

Elastoplastic analyses of plates containing elliptical holes and straight cracks
reveal substantial stress redistribution due to matrix yielding. Compared with
elastic solutions, plastic deformation reduces peak stress intensities by approx-
imately 20–25% while enlarging the affected region. For elliptical holes, plas-
tic zones are concentrated near the upper and lower portions of the contour,
whereas in cracked plates they develop mainly along the crack faces, while the
highest stresses remain localized at the crack tips.

The study presents a validated three-dimensional elastoplastic finite-element
framework for transversely isotropic fiber composites with geometric stress con-
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centrators and, for the first time, quantitatively characterizes the influence of
ellipse aspect ratio on shear-stress localization and matrix–fiber debonding in
boron–aluminum composites. A localization transition is identified for highly
flattened openings (r2/r1 < 0.2), critical debonding-prone regions are deter-
mined through shear-stress analysis, and elastic and elastoplastic stress redis-
tribution mechanisms are systematically compared for structures containing
holes and cracks.

The results demonstrate that defect geometry is a governing factor in stress
localization. Flattened elliptical holes produce extended regions of elevated
shear stress along their lateral boundaries, whereas cracks generate highly
concentrated stress fields confined to crack tips. Matrix plasticity causes sig-
nificant stress redistribution and reduces peak stress intensity by 20–25%, en-
abling more realistic identification of regions prone to debonding and damage
initiation. The proposed methodology is applicable to the design and integrity
assessment of composite structures containing holes, cutouts, and crack-like
defects.
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We consider the inverse source problem with respect to the parabolic equa-
tion:

∂v(x,t)
∂t

= a (x, t) ∂
2v(x,t)
∂x2

+ a1 (x, t)
∂v(x,t)
∂x

+ a2 (x, t) v (x, t)+

+f (x, t) +
L∑
s=1

Bs (x, t)Cs (x) ,

(x, t) ∈ Ω = {(x, t) : 0 < x < l, 0 < t ≤ T} ,

(1)

under the following initial-boundary conditions and additional conditions:

v (x, 0) = φ0 (x) , x ∈ [0, l] , (2)

v (0, t) = ψ0 (t) , v (l, t) = ψ1 (t) , t ∈ [0, T ] , (3)

v (x, t̄s) = φ1s (x) , x ∈ [0, l] , t̄s ∈ (0, T ] , s = 1, ..., L. (4)

Here, L > 0 is a given integer; t̄s ∈ (0, T ] , s = 1, ..., L are given instants of
time; given functions a0 (x, t) > 0, a1 (x, t), a2 (x, t), f (x, t) , Bs (x, t), φ0 (x),
ψ0 (t) , ψ1 (t), and φ1s (x) , s = 1, ...L are continuous with respect to x and t;
Bs (x, t) are linearly independent functions differentiable with respect to t, and

a2 (x, t) ≤ 0, Bs (x, t) ≥ 0, ∂Bs(x,t)
∂t

≥ 0. Functions φ0 (x) , φ1s (x) , ψ0 (t) and
ψ1 (t) satisfy the consistency conditions:

φ0 (0) = ψ0 (0) , φ0 (l) = ψ1 (0) ,
φ1s (0) = ψ0 (t̄s) , φ1s (l) = ψ1 (t̄s) , s = 1, ..., L.

The problem (1)-(4) consist in finding the unknown continuous L-dimensional

vector function C (x) = (C1 (x) , ..., CL (x))
T and the respective solution of

the boundary value problem v (x, t), which is twice continuously differentiable
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with respect to x and once continuously differentiable with respect to t for
(x, t) ∈ Ω, satisfying conditions (1)-(4).

We propose an approach to the numerical solution to problem (1)-(4), based
on using the method of lines and the special representation of the solution. The
problem (1)-(4) reduces to a system of ordinary differential equations with
unknown parameters. To determine these parameters, a method is proposed
based on the results by author [1, 2].

In the domain Ω, let us set up the lines xi = ihx, i = 0, 1, ..., N, hx = l/N .
On these lines, we define functions vi (t) = v (xi, t) , t ∈ [0, T ] , i = 0, 1, ..., N ,
for which according to (2)-(5)

vi (0) = φ0 (xi) = φ0i, i = 0, ..., N, (5)

v0 (t) = ψ0 (t) , vN (t) = ψ1 (t) , t ∈ [0, T ] , (6)

vi (t̄s) = φ1s (xi) = φ1s,i, t̄s ∈ (0, T ] , s = 1, ..., L, i = 0, ..., N. (7)

On the lines x = xi, we approximate the derivatives ∂v/∂x, ∂2v/∂x2 with the
use of central difference schemes and we use the notations

ai (t) = a (xi, t) , f i (t) = f (xi, t) , a1i (t) = a1 (xi, t) , a2i (t) = a2 (xi, t) ,
Bsi (t) = Bs (xi, t) , Csi = Cs (xi) , s = 1, ..., L, i = 1, ..., N − 1.

Then we obtain the system of ordinary differential equations of (N − 1)th order

with unknown (identified) vector of parameters Cs = (Cs1, ..., Cs,N−1)
T :

v̇ (t) = A (t) v (t) + f (t) +
L∑
s=1

EsB(t)Cs, t ∈ (0, T ] , (8)

v (0) = φ0, (9)

v (t̄s) = φ1s, s = 1, ..., L, (10)

where v (t) = (v1 (t) , ..., vN−1 (t))
T , Bs (t) = (Bs1 (t) , ..., Bs,N−1 (t))

T , φ0 =

(φ01, ..., φ0,N−1)
T , φ1s = (φ1s,1, ..., φ1s,N−1)

T , EsB(t) is (N − 1)-dimensional
square matrix whose i-th element on the principal diagonal is equal to the i-th
component of vector Bs (t), i. e. Bsi (t); all the other elements are zero. The
matrix A is a square (N − 1)-dimensional three-diagonal matrix with known
elements and the vector f (t) is an (N − 1)-dimensional vector of known ele-
ments.
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The following theorem holds. Denote by 0(N−1)×(N−1) zero (N − 1)- dimen-
sional square matrix.

Theorem. Let αs (t), s = 1, ..., L, which is a square matrix function and
γ (t), which is a vector function of dimension (N − 1), be solution of the fol-
lowing Cauchy problems:

α̇s (t) = A (t)αs (t) + EsB(t), αs (0) = 0(N−1)×(N−1), s = 1, ..., L, (11)

γ̇ (t) = A (t) γ (t) + f (t) , γ (0) = φ0. (12)

Then for an arbitrary constant (N − 1)-dimensional vector Cs the solution to
the Cauchy problem (11), (12) is the following vector-function:

v (t) =
L∑
s=1

αs (t)Cs + γ (t) . (13)

To determine αs (t) , s = 1, ..., L, we solve independently the matrix Cauchy
problem (11), and to find vector-function γ (t), we solve the Cauchy prob-
lem (12), and by using condition (10) and representation (13), we obtain the
equality

v (t̄s) = φ1s =
L∑
s=1

αs (t̄s)Cs + γ (t̄s) , s = 1, ..., L, (14)

which is a system of algebraic equations of (N − 1)th-order from which one
can find the required vector Cs, s = 1, ..., L.

The results of numerical experiments on test problems will be presented in
the report.
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In the present work, we study the following problem posed in the domain:
Q+ =

{
(x, t) : x ∈ RN

+ , 0 < t < T
}


uit = ∇ (|∇uimi |pi∇uimi) , x ∈ RN

+ , 0 < t < T,

− |∇uimi |pi ∂ui
mi

∂x1
= uqii+1, uk+1 = u1, x1 = 0, 0 < t < T,

ui(x, 0) = ui0(x), x ∈ RN
+ ,

(1)

here, mi and pi denote numerical parameters characterizing the nonlinear
properties of the medium and are assumed to satisfy the following condition:
pi >

1
mi
− 1, qi > 0, ui0(x)−continuous, nonnegative, and bounded functions,

where −|∇umi
i0 |

pi ∂umii0

∂x1
= uqi(i+1)0, x1 = 0, and for some. Since the system of

equations (1) is degenerate, it may not possess a classical solution whenever
ui (x, t) = 0 or |∇umi

i | = 0. Therefore, we consider a weak solution of prob-
lem (1) in the class |∇umi

i |
pi∇umi

i ∈ C
(
RN

+ × (0, +∞)
)
, 0 < umi

i ∈ C (Q) ,
(i = 1, 2, ..., k) which satisfies the system of equations (1) in the sense of the
corresponding integral identity, or equivalently, in the sense of distributions
[1]-[2].

Problem (1) describes a wide range of physical and biological processes
occurring in multicomponent nonlinear media encountered in the natural sci-
ences. In particular, for different values of the numerical parameters, it mod-
els cross-diffusion processes, heat transfer between different bodies, combustion
phenomena, the polytropic filtration of liquids and gases, as well as population
dynamics of biological species and various other processes [3]-[6].

Theorem 1. Assume that the condition min {Nβi − αi} > 0 holds. Then
the solution to problem (1) exists globally, where
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αi + 1 = βi + (αimi + βi) (pi + 1), (αimi + βi)(pi + 1) = αi+1qi.
In this work, we investigated the conditions for the global-in-time existence

of solutions to a nonlinear heat propagation problem in an inhomogeneous
medium under the slow diffusion regime, as well as the asymptotic behavior of
self-similar solutions.
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The boundary value problems for semi-linear Helmholtz equation use in hy-
drogeology to describe steady-state groundwater flow in leaky aquifers, where
interaction between groundwater and soil water (or surface water) occurs[1,2].
In this context, it models the exchange of water between a shallow aquifer and
an overlying source (like surface water or infiltrating soil water). This work de-
voted to construct a probabilistic model for solving boundary value problems
for the semi-linear (Quadratic non-linear) Helmholtz equation. Probabilistic
representations of problem solving in the form of the mathematical expecta-
tion of some random variable are obtained. In accordance with probabilistic
representation, branching processes are constructed and modeling formulas are
specified for each of the branching processes. It has been proven that the con-
structed branching processes degenerate with probability one and the average
number of particles of each n-th generation is less than or equal to one [3,4].
For the considered problems, unbiased estimates were constructed on the tra-
jectories of the corresponding random processes. Unbiased estimates which
constructed on the trajectories of a branching process with a limited average
number of branches, easily modeled in computer and has limited variance [5,6].
Based on the proposed estimates, computational experiments were carried out.
The results of the computational experiment show that using the constructed
algorithm it is possible to solve semi-linear problems that occur in practice.
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A state of unstable equilibrium in a broad class of dynamical systems (DSs)
is extremely sensitive to initial conditions. In the late 19th century, Henri
Poincaré demonstrated that the instability of such systems gives rise to funda-
mentally new problems - problems whose solutions lie beyond the scope of the
Newtonian dynamics established three centuries earlier. It turned out that,
in this context, the temporal evolution of an individual trajectory originat-
ing from a specific point in phase space can be replaced by a statistical or
probabilistic description - specifically, by a cloud or ensemble of particles char-
acterized by varying initial conditions (initial sets of the dynamical system, as
illustrated by Fig. 1)), which furthermore undergo changes in shape as they
evolve over time.
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Fig. 1. Evolution of initial sets for a splitting quadratic DS, defined as
circles within a characteristic parallelepiped whose vertices coincide with the
DS equilibrium points. The attractor is located at the leftmost vertex.

A new physics of populations or ensembles has emerged from the work of I.
R. Prigogine; this approach replaces stable dynamical systems and reversible
processes with more realistic, unstable DS, the states of which are governed
by randomness, fluctuations, bifurcations and dissipative structures [1]. The
deterministic approach to solving complex problems essentially drives the un-
restricted use of idealizations, constraints, and mathematical approximations -
often disregarding the physical essence of the process - thereby simplifying the
solution to the level of stable, reversible, and linear problems. As is well known,
the Buckley-Leverett theory of isothermal two-phase incompressible fluid flow
raises numerous questions and doubts among specialists and scientists due to
the incorrectness of the results obtained - specifically, the emergence of a dis-
continuity and the non-uniqueness of the water saturation parameter [2]. The
proposed new solution method - utilizing the theory of separable (splitting) au-
tonomous quadratic polynomial DSs for processes occurring under conditions
of unstable equilibrium - has made it possible to solve the practical problem at
hand and to define the role of the control parameter [3-6]. The discriminants
DO,W,G of the quadratic polynomial DS were defined as control parameters for
each of the phases - oil, gas, and water. Using the absolute values of these
discriminants in conjunction with their signs made it possible to diagnose and
predict premature, catastrophic water and gas breakthrough into oil-producing
wells, as exemplified in Fig. 2. Presented below are four fragments from the 27
classes of the discriminant criterion for three-phase flow, along with the corre-
sponding well operating mode optimization strategies, formulated as follows:
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1. At DO < 0, DW > 0, DG > 0 (solution family D−++), oil production
shows an upward trend, while water and gas production show a downward
trend.

2. At DO > 0, DW < 0, DG < 0 (solution family D+−−), oil production
shows a downward trend, while water and gas production are rising; dis-
placement front instability can trigger water and gas breakthrough.

3. At DO < 0, DW < 0, DG < 0 (solution family D−−−), oil, water and gas
productions show an upward trend.

4. At DO > 0, DW > 0, DG > 0, (solution family D+++), oil, water and gas
productions show an downward trend.

Fig. 2. Dynamics of oil, gas, and water production and dynamics of the
three-phase flow discriminant for well No. 07808.
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The solutions of boundary value problems for two-parameter singularly
perturbed differential equations typically exhibit the presence of two bound-
ary layers. Due to these layers, conventional numerical methods often fail to
provide accurate and efficient solutions for such problems. In the present work,
a spectral-grid method is proposed for the numerical solution of this class of
problems. Problems of this type are generally referred to as two-parameter
singularly perturbed boundary value problems [1]. Numerous studies have
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been devoted to the numerical solutions of these particular type. For exam-
ple, a B-spline collocation method [2] on a similar mesh was developed and
demonstrated its second-order convergence. Although several methods have
been developed to solve such types of problems, there is still a lack of numer-
ical approaches that ensure high accuracy for singularly perturbed problems
involving small parameters. Therefore, in this paper, a spectral-grid method
is proposed for the numerical solution of two-parameter singularly perturbed
differential equations [3, 4].

Statement of the problem
Consider the following two-parameter singularly perturbed differential equa-

tion with small parameters in the highest derivatives:

−εu′′(x)− µu′(x) + u(x) = e1−x, x ∈ [0, 1], (1)

subject to the boundary conditions

u(0) = u(1) = 0, (2)

where ε and µ are small positive parameters.
To numerically model the differential problem (1)-(2), we employ the spectral-

grid method based on the first-kind Chebyshev polynomials as basis functions.
Typically, when analyzing the convergence and accuracy of numerical methods,
an exact analytical or test function is used for verification [4]. According to
this approach, an auxiliary analytical function ue(x) satisfying the boundary
conditions (2) is chosen. Substituting it into equation (1) allows us to compute
the corresponding right-hand side function f(x). The considered problem is
then solved using the spectral-grid method, and the obtained numerical solu-
tion is compared with the chosen analytical test function.

Discussion of Results
The singularly perturbed problem (1)-(2) was solved using the spectral-grid

method [3]. Table 1 presents the computed values of the maximum absolute
error at the Chebyshev collocation nodes. The maximum absolute error is
evaluated using the following expression:

∆ = max
0≤l≤pj

∣∣∣ue(x(j)l )− ua(x(j)l )
∣∣∣ , j = 1, 2, . . . , N, (3)

where ue and ua denote the exact and approximate solutions, respectively.
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The nodes of the first-kind Chebyshev polynomials are defined by

x
(j)
l = cos

(
πl

pj

)
, l = 0, 1, . . . , pj, j = 1, 2, . . . , N. (4)

Furthermore, let 0 < ε, µ ≪ 1 be the perturbation parameters. The total
number of Chebyshev polynomials used in the approximation is given by M =∑N

j=1(pj + 1), where pj (j = 1, 2, . . . , N) denotes the number of Chebyshev
polynomials employed in the jth subinterval.

From the results presented in Table 1, it can be observed that increasing
the number of grid elements, as well as refining the grid near the boundaries or
boundary layers, leads to a noticeable accumulation of Chebyshev nodes. This
refinement results in a significant reduction of the maximum absolute error.
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Inverse and ill-posed problems constitute an important branch of modern
mathematical physics and applied mathematics. Their theory provides the
mathematical foundation for numerous imaging techniques, including com-
puterized tomography, seismic imaging, hydroacoustics, and non-destructive
testing, where an unknown function must be reconstructed from indirect and
often noisy measurements. The theory of regularization for ill-posed problems
was established by Tikhonov [1], who proposed stable approximation methods
for unstable inverse problems, while Lavrentiev [2] developed the concept of
conditional well-posedness under a priori constraints.

Let
LH = R× [0, H], H > 0,

and let u = u(x, y) be an unknown function. For x ∈ R and 0 < 2r ≤ H,
define the circular arc

Υ(x, r) =
{
(ξ, η) ∈ LH : (x− ξ)2 + (r − η)2 = r2, 0 ≤ η ≤ 2r ≤ H

}
.
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We consider the circular arc transform∫
Υ(x,r)

u(ξ, η) dσ = f(x, r), (1)

where f is the measured data and dσ denotes the arc-length element.
Applying the Fourier transform with respect to the variable x, introducing

the new variable y = 2r, and performing an Abel-type transformation, equa-
tion (1) is reduced to a Volterra integral equation of the second kind. Since
Volterra equations possess a triangular structure, this reduction immediately
implies uniqueness of the solution in the class of sufficiently smooth functions.

Define

φ̂(λ, y) =
1

y
f̂
(
λ,
y

2

)
,

and

q̂(λ, τ) =
1

2
φ̂(λ, τ) + τ

∂φ̂(λ, τ)

∂τ
.

Theorem 1. Assume that the measured data f are sufficiently smooth
and satisfy the compatibility conditions ensuring that the function q̂ is well
defined and belongs to L2. Then the circular arc transform (1) admits at most
one solution. Moreover, the Fourier transform of the solution is represented
by

û(λ, y) =
2

π
√
y

y∫
0

cosh
(
λ
√
y(y − τ)

)
√
y − τ

q̂(λ, τ) dτ. (2)

Formula (2) reveals the ill-posed nature of the inversion problem. Indeed,
the factor

cosh
(
λ
√
y(y − τ)

)
grows exponentially as |λ| → ∞, leading to a severe amplification of high-
frequency perturbations in the measured data. Consequently, direct inversion
is unstable and requires regularization.

For α > 0, we introduce the Gaussian regularized reconstruction

ûδα(λ, y) =
2e−α

2λ2

π
√
y

y∫
0

cosh
(
λ
√
y(y − τ)

)
√
y − τ

q̂δ(λ, τ) dτ. (3)
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Let
ΩH,y0 = {(x, y) : x ∈ R, y0 ≤ y ≤ H} , 0 < y0 < H.

Theorem 2. Suppose that

uxx ∈ L2(ΩH,y0),

and the noisy data satisfy
∥qδ − q∥L2 ≤ δq.

Then, for every α > 0, the regularized solution (3) satisfies the estimate

∥uδα − u∥L2(ΩH,y0
) ≤

4
√
H

π
√
y0

exp

(
H2

4α2

)
δq + α2∥uxx∥L2(ΩH,y0

). (4)
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The mathematical model studied in this work is closely connected with in-
verse problems arising in seismic imaging, where wave propagation in layered
media is approximated by piecewise linear ray trajectories due to reflection and
refraction. Related models also appear in X-ray and emission tomography [1],
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photoacoustic and thermoacoustic imaging[2], Compton scattering tomogra-
phy[3], ultrasound and optical tomography[4], as well as non-destructive test-
ing. In all these applications, the measured data are represented by weighted
integral transforms of an unknown function defined over prescribed families of
curves.

Let LH = R× (0, H), with H > 0, and assume that the unknown function
u = u(x, y) is an element of the Sobolev spaceW 2

2 (LH). For each point (x, y) ∈
LH , we define the broken-line trajectory:

S(x, y) = {(ξ, η) ∈ LH : |x− ξ| = y − η, 0 < η ≤ y} ,

which consists of two straight-line segments issuing from the point (x, y).
Let the weighted broken-ray transform of the unknown function u be de-

fined by ∫
S(x,y)

(y − η)u(ξ, η)ds = f(x, y), (1)

where f(x, y) represents the measured transform and ds denotes the differential
arc length along the curve S(x, y). The corresponding inverse problem is to
determine the function u(x, y) in LH from the knowledge of the transform
f(x, y).

Theorem 1. Assume that f ∈ W 4
2 (LH). Then equation (1) has a unique

solution u ∈ W 2
2 (LH). This solution is characterized by the Poisson equation

∆u(x, y) =

√
2

4

(
∂2

∂x2
− ∂2

∂y2

)2

f(x, y),

where ∆ is the Laplace operator. In addition, the solution depends continuously
on the data in the sense that

∥u (x, y)∥W 2
2
≤ C∥f (x, y)∥W 4

2

where C > 0 is a positive constant independent of the function f .
After deriving the explicit inversion formula, the inverse problem is reduced

to the solution of a Poisson-type equation. Although this equation admits an
analytical representation, different reconstruction techniques exhibit different
numerical characteristics in terms of stability, computational efficiency, and
sensitivity to measurement noise. Therefore, it is reasonable to investigate
several reconstruction algorithms based on the same mathematical model.
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This manuscript aims to assess the applicability of a variant of the cubic
B-spline collocation method to handle nonlinear partial differential equations
of higher orders, usually more than two. For this purpose, two different ver-
sions of the Benjamin–Bona–Mahony–Burgers equation are taken into account
and numerically simulated using the proposed method. The time derivatives
in the governing equation are approximated by employing the Crank–Nicolson
scheme, while the improvised cubic B-spline collocation method is designed to
approximate the spatial derivatives. The nonlinearity in the governing equa-
tion has been dealt with using the Rubin–Graves method. The techniques that
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are employed ensure that the resulting matrix remains diagonally dominant
and the boundary conditions are implemented with ease. The von Neumann
analysis technique is used to establish stability. The conserved quantities are
calculated to verify that the conservation laws are maintained as expected
from the theory. The numerical results confirm the accuracy and effectiveness
of the approach for both versions of the BBM–Burgers equation and confirm
its suitability for solving nonlinear problems of higher order in both space and
time.

Keywords: Flood prediction, Benjamin–Bona–Mahony–Burgers equation,
improvised cubic B-spline collocation approach, Crank–Nicolson scheme, Rubin–
Graves method, von Neumann analysis.
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When using remote sensing methods, as a rule, the characteristics associ-
ated with the object are measured, not the characteristics of the object being
studied. [1,2,3]. It should be noted that there are a large number of pre-
processing methods and algorithms for remotely sensed data. [4,5,6] The rapid
development of computer science and the wide capabilities of various software
systems (e.g. Matlab, Math-ematics, Mapple, etc.) have made it possible to
use satellite data in various identi-fication and recognition problems or have
stimulated the improvement of the ac-curacy of solution algorithms. The ac-
curacy of the solution to the problem usually depends on many factors. Some
of these factors are mentioned in the present work. Also, this paper presents a
method for refining low-resolution images with high-resolution images. In the
present work, for simplicity, it is assumed that one pixel in a low-resolution
image covers 4 (four) pixels in a high-resolution image. Here, low and high
resolution images of the same area selected for testing are shown in RGB for-
mat respectively. Here, the rule for mapping any pixel (i, j) of a low-resolution
image to pixels of a high-resolution image is given. The deter-mination of the
brightness values in the pixel determined by the inversion rule was performed
by applying a neural network. In the neural network under con-sideration,
the spectral values of the brightness value of each of the four pixels associated
with it (adjacent) and taken as input data were taken. The ”logsig” acti-vation
function was also used in this neural network. The brightness values in the
image obtained using the neural network were compared with the brightness
val-ues of a previously taken low-resolution image. It should be noted that the
com-parison between brightness values was performed in the BLUE, GREEN
and RED spectral channels. it is shown that the number of pixels containing
errors (difference between brightness values greater than 15) does not exceed
3% of the total number of pixels
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The Radon transform, which assigns to a function its integrals over straight
lines, plays a fundamental role in integral geometry, inverse problems, and
mathematical physics. Its classical theory forms the analytical basis of X-
ray tomography and has led to numerous generalizations involving integration
over more general families of curves and surfaces. Such generalized transforms
arise naturally in applications ranging from medical imaging and geophysics
to non-destructive testing and scattering theory [1]–[3].

First, let’s give definitions and basic properties:
Definition 1.Let A : Ω→ C be a holomorphic function, where Ω ⊂ C is a

domain. For τ ∈ R and φ ∈ [0, 2π) define the family of level curves

Γ(τ,φ) =
{
z ∈ Ω : Re

(
e−iφA(z)

)
= τ
}
. (1)

For a function f ∈ C∞
0 (Ω), the A(z)-tomographic transform is defined by

TAf(τ, φ) :=

∫
Γ(τ,φ)

f(z)ds, (2)

where ds denotes the Euclidean arc length element along Γ(τ,φ).
Remark 1.If A(z) = z, then the family Γ(τ,φ) reduces to the family of

straight lines in the plane, and TA coincides with the classical Radon transform.
For nonlinear choices of A(z), the family Γ(τ,φ) gives rise to geometrically
nontrivial level curves, including lemniscate-type configurations.

Regularity assumptions and injectivity
Assumption 1.We assume that the family of curves Γ(τ,φ) is regular in the

following sense:
(i) for each the (τ, φ) set Γ(τ,φ) is a smooth curve in Ω;
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(ii) the parametrization of the family (τ, φ)→ Γ(τ,φ) is nondegenerate;
(iii) the associated canonical relation of the transform TA satisfies the Bolker-

type condition. Under these assumptions, the operator TA can be treated as a
Fourier integral operator of Radon type.

Theorem 1.Under Assumption 1, the A(z)-tomographic transform

TA : C∞
0 (Ω)→ C∞

0 (R× [0, 2π))

is injective. More precisely, if TAf(τ, φ) = 0 for all (τ, φ) ∈ R × [0, 2π), then
f ≡ 0 in Ω.

Normal operator and ellipticity Lemma 1. Under Assumption 1, the
normal operator NA = T ∗

ATA is a pseudo-differential operator of order −1 on
Ω. Moreover, is elliptic. Its principal symbol has the form

σ(NA)(z, ξ) ∼ cA(z, ξ) |ξ|−1 (3)

where cA(z, ξ) is a smooth non-vanishing function on the relevant cotangent
bundle.

Corollary 1. Under Assumption 1, there exists a pseudo-differential op-
erator Q ∈ Ψ1(Ω) such that

QNA = I +K,

where K is a smoothing operator. This follows from the standard elliptic
parametric construction for NA.
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The paper sets and studies the problem of synthesizing the control of the
power of heat sources located at the ends of a rod using the values of current
and past measurements. It is necessary to determine the optimal constant val-
ues of the coefficients involved in the formulas for these dependencies. These
coefficients act as feedback parameters. Determining the values of these coef-
ficients leads to the minimization of a finite-dimensional function in the space
of constant values of the feedback parameters. Gradient type methods were
used to minimize the function. For this purpose, analytical formulas for the
gradient components of the objective function were obtained. The proposed
approach is illustrated with exam-ples of solving test problems.

Let us consider the IBVP of controlling the heating process of a rod:

ut (x, t) = a2uxx (x, t)− λ0 [u (x, t)− θ] , x ∈ (0, l) , t ∈ (0, T ] , (1)

u (x, 0) = b (x) = b = const, x ∈ [0, l] , (2)

ux (0, t) = λ1 (u (0, t)− ϑ1 (t)) , t ∈ (0, T ] , (3)

ux (l, t) = −λ2 (u (l, t)− ϑ2 (t)) , t ∈ (0, T ] . (4)

Here u (x, t) denotes the rod temperature at point x at time t; θ is the ambient
temperature; T is the process duration; the coefficients a2, λ0, λ1, λ2 are given.

The control ϑ1 (t) and ϑ2 (t) are piecewise continuous functions and satisfy
to technological constraints:

ϑ1 ≤ ϑ1 (t) ≤ ϑ1, ϑ2 ≤ ϑ2 (t) ≤ ϑ2, t ∈ [0, T ] .

and the parameters ϑ1, ϑ1, ϑ2, ϑ2 are given.
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The rod temperature is uniform along its length but not exactly known
b ∈ B describes its possible values with density ρB (b) ≥ 0. The ambient
temperature is constant, θ (t) = θ = const, t ∈ [0, T ] is also unknown and
described by a set θ ∈ Θ with density ρΘ (θ) ≥ 0, where∫

B

ρB (b) db = 1

∫
Θ

ρΘ (θ) dθ = 1.

It is required to determine the control action ϑ = ϑ (t) = (ϑ1 (t) , ϑ2 (t)), at
which the given functional reaches its minimum, at the final moment of time
from the given desired temperature distribution along the rod U (x), x ∈ [0, l]
over all permissible external temperatures θ and initial conditions b:

J (ϑ) =

∫
Θ

∫
B

I (ϑ; b, θ) ρB (b) ρΘ (θ) dbdθ, (5)

I (ϑ; b, θ) =

l∫
0

µ (x) [u (x, T ;ϑ, b, θ)− U (x)]2 dx+ ε∥ϑ (t)− ϑ̂∥2L2[0,T ]
. (6)

Here u (x, t;ϑ, b, θ) is the solution of the IBVP (1)–(4) for the admissible initial

condition b and ambient temperature θ; ε, ϑ̂ are the regularization parameters
of the functional; µ (x) ≥ 0, x ∈ [0, l] is the given weight function.

Let there be N moving sensors measuring the temperature along the rod to
provide boundary control feedback. The movements is controlled by Cauchy
problems defined by nonlinear differential equations [1, 2]:

ξ̇i (t) = fi (ξi (t) , ωi (t) , t) , t ∈ (0, T ] , i = 1, 2, . . . , N,

ξi (0) = ξ0i ∈ [0, l] , i = 1, 2, . . . , N.

Here, ξi (t) denotes the position of the i-th temperature sensor at time t ∈
[0, T ]; the given functions fi (·, ·, t), i = 1, 2, . . . , N are continuously differ-
entiable in the first two arguments and piecewise continuous in the third;
the controls ωi (t), i = 1, 2, . . . , N define the optimized sensor motions; ξ0i ,
i = 1, 2, . . . , N are the initial sensor positions on the rod.

Control actions on sensor movements must satisfy technological constraints:

ωi ≤ ωi (t) ≤ ωi, t ∈ [0, T ] , i = 1, 2, . . . , N.
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Let us denote by continuously measured in time by the i-th sensor temper-
ature at point ξi (t) at time t, i = 1, 2, . . . , N ,

ûi (t) = u (ξi (t) , t) , t ∈ [0, T ] , i = 1, 2, . . . , N. (7)

The values of the boundary controls ϑ1 (t), ϑ2 (t) and the sensor motion
controls ωi (t) are determined from measurements at the current and past
time moments, and are assumed to depend linearly on the process state at the
controlled points:

ϑ1 (t;k) =
N∑
i=1

k1i [ûi (t)− U (t)] + k4i [ûi (t−∆)− U (t−∆)] , t ∈ [0, T ] ,

ϑ2 (t;k) =
N∑
i=1

k2i [ûi (t)− U (t)] + k5i [ûi (t−∆)− U (t−∆)] , t ∈ [0, T ] ,

ωi (t;k) = k3i [ûi (t)− U (t)] + k6i [ûi (t−∆)− U (t−∆)] , t ∈ [0, T ] ,

here, k = (k1i , k
2
i , k

3
i , k

4
i , k

5
i , k

6
i ), i = 1, 2, . . . , N are the gain coefficients.

In the case of continuous measurement (7) of the heating process, the min-
imized functional (5), (6) is written as:

J (k) =

∫
Θ

∫
B

I (k; b, θ) ρB (b) ρΘ (θ) dbdθ,

I (k; b, θ) =

l∫
0

µ (x) [u (x, T ;k, b, θ)− U (x)]2 dx+ ε∥k− k̂∥2R6N .
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On Stabilization of Solutions to
Benjamin-Bona-Mahony-Burgers Equation

Aygun Abdullayeva, Atif Namazov

Azerbaijan Technical University, Baku, Azerbaijan
(e-mail: atif.namazov@aztu.edu.az)

We study the problem of interior stabilization of solutions to Benjamin-
Bona-Mahony Burgers (BBMB) equation.

vt − bvxxt − νvxx − αv + vvx + f(v) = h0(x), x ∈ (0, L). (1)

under homogenous Dirichlet’s boundary conditions

v(0, t) = v(L, t) = 0, t > 0, (2)

where b > 0, ν > 0, α > 0 are given parameters h0 ∈ L2(0, L) is a given source
term and f(·) ∈ C1(R) is a given nonlinear term that satisfies the conditions

f(0) = 0, f ′(s) ≥ 0, ∀s ∈ R

We establish global stabilization of solutions for the (BBMB) equation us-
ing finite parameter feedback control algorithms, which employ finitely many
Fourier modes and finitely many volum elements. Specifically we discuss the
problem of global stabilization to a given steady state solution of initial bound-
ary value problem (1)-(2).
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Inverse Problem for Burgers-Type Parabolic Equation

Adalat Akhundova, Areste Habibovab, Nahid Pashaevc
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cLankaran State University, Lankaran, Azerbaijan
(e-mail:adalatakhundov@gmail.com, ahabibova@beu.edu.az,

umud-96@mail.ru)

The paper considers the inverse problem of finding the unknown coefficient
on the right-hand side of the multidimensional Burgers equation. Direct prob-
lems for the Burgers equation in one-dimensional case have been considered by
[1], while those in multidimensional case have been treated by [2] and others.

We consider the following inverse problem of finding a pair of functions{
fk(x), uk(x, t), x = 1, n

}
:

ukt −∆uk +
n∑
j=1

ujukxj = fk(x)gk(x, t), (x, t) ∈ Q = D × (0, T ], (1)

uk(x, 0) = φk(x), x ∈ D = D∪∂D, uk(x, t) = ψk(x, t), (x, t) ∈ S = ∂D×[0, T ],
(2)

T∫
0

uk(x, t)θ(t)dt = hk(x), x ∈ D (3)

where 0 < T = const, the given functions gk(x, t), φk(x), ψk(x, t), hk(x), θ(t)
satisfy the conditions:

A. gk(x, t) ∈ Cα,α/2(Q), 0 < g∗k ≤
T∫
0

|gk(x, t)| |θ(t)| dt ≤ g∗∗k , φk(x) ∈

C2+α(D), ψk(x, t) ∈ C2+α,1+α/2(S),φk(x) = ψk(x, 0), x ∈ ∂D,
hk(x) ∈ C2+α(D), θ(t) ∈ C1 ([0, T ]) , g∗k, g

∗∗
k = const, α ∈ (0, 1), k = 1, n

It is proved that problem (1)-(3) is equivalent to the problem of determining{
fk(x), uk(x, t), k = 1, n

}
from conditions (1),(2) and

fk(x) =

uk(x, T )θ(T )− φk(x)θ(0)− T∫
0

(uk(x, t)θt(t)−
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−
n∑
j=1

uj(x, t)ukxj(x, t)θ(t)

)
dt−∆hk(x)

]
/

T∫
0

gk(x, t)θ(t)dt, x ∈ D (4)

Let the pair functions
{
fk(x) ∈ Cα(D), uk(x, t) ∈ C2+α,1+α/2(Q), k = 1, n

}
be the solutions to problem (1),(2),(4). Then the solution to the problem of
finding uk(x, t), k = 1, n from (1),(2) can be represented as follows

uk(x, t) = Φk(x, t) +

T∫
0

∫
D

Gk(x, t, ξ, τ) [fk(ξ)gk(ξ, τ)−

−
n∑
j=1

uj(ξ, τ)ukξj(ξ, τ)

]
dξdτ, (x, t) ∈ Q, (5)

where

dξ = dξ1, .., dξn, Φk(x, t) = Fk(x, t)+
T∫
0

∫
D

Gk(x, t, ξ, τ) [∆F (ξ, τ)− Fτ (ξ, τ)] dξ, dτ

Fk(x, t) ∈ C2+α,1+α/2(Q), Fk(x, 0) = φk(x), x ∈ D, Fk(x, t) = ψk(x, t),
(x, t) ∈ S, Gk(x, t, ξ, τ) the Green function of the problem

wkt −∆wk = Pk(x, t), (x, t) ∈ Q,

wk(x, 0) = 0, x ∈ D, wk(x, t) = 0, (x, t) ∈ S,

Pk(x, t) = fk(x)gk(x, t)−
n∑
j=1

uj(x, t)ukxj(x, t) + ∆F (x, t)− Ft(x, t).

Definition 1. We will call the functions
{
fk(x), uk(x, t), x = 1, n

}
a gen-

eralized solution to problem (4),(5) if : 1) fk(x) ∈ C(D); 2) uk(x, t) ∈ C1,0(Q);
3) the relations (4),(5) are satisfied for these functions.

Theorem 1. Let the data of problem (4),(5) satisfy conditions A. Then,
for sufficiently small T ∗, the problem (4),(5) has at least one solution in the
sense of Definition 1 for (x, t) ∈ Q∗ = D × [0, T ∗].

The estimation of stability of the solution of inverse problems occupies a
central place in the investigation of their well- posedness.
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Define the following set:

K =
{
(f, u)|fk(x) ∈ C(D), uk(x, t) ∈ C1,0(Q) , for all (f, u) |fk(x)| ,∣∣Dl
xuk(x, t)

∣∣ ≤ c1, l = 0, 1, k = 1, n, (x, t) ∈ Q, c1 = const
}
.

Let’s assume we are given two input sets
{gik(x, t), φik(x), ψik(x, t), hik(x), θ(t), k = 1, n, i = 1, 2} .We denote problem (4),(5)
with data {gik, φik, ψik, hik, θ(t), k = 1, n, i = 1, 2} byBi, i = 1, 2. Let {f 1

k (x), u
1
k(x, t)}

and {f 2
k (x), u

2
k(x, t)} be solutions of problems B1 and B2 respectively.

Theorem 2. Let the following conditions holds: 1) the functions
{gik, φik, ψik, hik, θ, k = 1, n, i = 1, 2} satisfy conditions A; 2) solutions of prob-
lems B1 and B2 exist in the sense of Definition 1 and belong to the set K.

Then there exist a T1(0 < T1 ≤ T ) such that for (x, t) ∈ D × [0, T1] the
solution of problem (4),(5) satisfies the stability estimate

∥u1 − u2∥(0)Q + ∥f 1 − f 2∥(0)D ≤ c
[
∥g1 − g2∥(0)Q + ∥φ1 − φ2∥(2)D +

+ ∥ψ1 − ψ2∥(2.1)S + ∥h1 − h2∥(2)D
]
,

Where c > 0 depend on data of problem B1, B2 and the set K,

∥w∥(l,m)
E =

n∑
k=1

[
l∑

j=0

sup
E

∣∣Dj
xuk(x, t)

∣∣+ m∑
i=0

sup
E

∣∣∣∣∂iuk(x, t)∂ti

∣∣∣∣
]
.
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In the presented work, the solution of the problem within the nonlocal
boundary condition for a third-order ordinary, linear, constant coefficient, ho-
mogeneous differential equation with step α ∈ (0, 1) is investigated

Let us consider the following problem:

D3ay (x) + pD2ay (x) + qDay (x) + ry (x) = 0, 0 < x1 < x < x2, (1)

2∑
k=0

[
a
(1)
jk D

ky (x) /x=x1 + a
(2)
jk D

ky (x) /x=x2

]
= aj, j = 1, 3, (2)

where p, q, r, a
(1)
jk , a

(2)
jk and aj are given constants , y (x) is the sought function.

Let us find the solution to equation (1) in the form of a parameter-dependent
modified Mittag-Leffler series:

y (x) ≡ y (x, ρ) =
∞∑
k=1

ρk−1 x−1+kj

(−1 + kj)!
, (3)

where ρ is an unknown parameter. We differentiate (3) as follows:

Day (x) =
∞∑
k=1

ρk−1 x−1+(k−1)j

(−1 + (k − 1)j)!
=

x−1

(−1)!
+ρ

x−1+α

(−1 + α)!
+ρ2

x−1+2α

(−1 + 2α)!
+· · · =

= δ (x) + ρ

[
x−1+α

(−1 + α)!
+ ρ

x−1+2α

(−1 + 2α)!
+ . . .

]
= ρy (x, ρ) , (4)

in the same way,

D2jy (x) = ρ2y (x, ρ) , D3jy (x) = ρ3y (x, ρ) . (5)
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Let’s write (3)-(5) equation (1):

ρ3y (x, ρ) + pρ2 y (x, ρ) + qρy (x, ρ) + ry (x, ρ) = 0,

ρ3+pρ2 + qρ+ r = 0 (6)

Let us assume that there are three different real roots of equation (6). Let us
denote them by ρ1, ρ2 and ρ3. (ρk ∈ R, k = 1, 3, ρi ̸= ρj, i ̸= j). Then the
general solution of equation (1) is of the form

y (x) =
3∑

k=1

Cky(x, ρk). (7)

Here, Ck are arbitrary constants. We will determine the arbitrary constants
included in the general solution from the boundary conditions (2):

2∑
m=0

[
a
(1)
jm

3∑
n=1

Cnρ
m
n y (x1, ρn) + a

(2)
jm

3∑
n=1

Cnρ
m
n y (x2, ρn)

]
= aj, j = 1, 3,

2∑
m=0

3∑
n=1

Cnρ
m
n

[
a
(1)
jmy (x1, ρn) + a

(2)
jmy (x2, ρn)

]
= aj, j = 1, 3. (8)

Let’s accept that,

∆jn =
2∑

m=0

ρmn

[
a
(1)
jmy (x1, ρn) + a

(2)
jmy (x2, ρn)

]
, j = 1, 3; n = 1, 3. (9)

Then

∆ =

∣∣∣∣∣∣
∆11 ∆12 ∆13

∆21 ∆21 ∆23

∆31 ∆32 ∆33

∣∣∣∣∣∣ ̸= 0, (10)

Under condition (10), the system of linear algebraic equations (8) has a unique
solution according to Cramer’s rule.

C1 =
1

∆

∣∣∣∣∣∣
a1 ∆12 ∆13

a2 ∆22 ∆23

a3 ∆32 ∆33

∣∣∣∣∣∣ , C2 =
1

∆

∣∣∣∣∣∣
∆11 a1 ∆13

∆21 a2 ∆23

∆31 a3 ∆33

∣∣∣∣∣∣ ,
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C3 =
1

∆

∣∣∣∣∣∣
∆11 ∆12 a1
∆21 ∆22 a2
∆31 ∆32 a3

∣∣∣∣∣∣ ,
Thus, the solution to the boundary problem (1)-(2) is as follows:

y (x) =
y (x, ρ1)

∆

∣∣∣∣∣∣
a1 ∆12 ∆13

a2 ∆22 ∆23

a3 ∆32 ∆33

∣∣∣∣∣∣+ y (x, ρ2)

∆

∣∣∣∣∣∣
∆11 a1 ∆13

∆21 a2 ∆23

∆31 a3 ∆33

∣∣∣∣∣∣+
y (x, ρ3)

∆

∣∣∣∣∣∣
∆11 ∆12 a1
∆21 ∆32 a2
∆31 ∆32 a3

∣∣∣∣∣∣ , (11)

Theorem.If and p, q, r, a
(1)
jk , a

(2)
jk and aj, j = 1, 3; k = 0, 2 are real constants

given, and the boundary conditions (2) are not linearly dependent, and con-
dition (10) is satisfied, then the boundary value problem (1)-(2) has a unique
solution, and this solution is in the form (11).

Equivalence of Minimality Conditions

Narmin Aliyevaa, Yagub Aliyevb

aBaku State University, Baku, Azerbaijan
bADA University, Baku, Azerbaijan

(e-mail: mathaliyeva@gmail.com, yaliyev@ada.edu.az)

We consider the Sturm–Liouville problem

−y′′ + q(x)y = λy, 0 < x < 1, (1)

y(0) cos β = y′(0) sin β, (2)

(aλ+ b)y(1) = (cλ+ d)y′(1), (3)

where a, b, c, d ∈ R, 0 ≤ β < π, ad − bc < 0, and q ∈ C[0, 1] is real-valued.
Suppose that y(x, λ) is the solution of (1) with initial conditions

y′(0) = cos β, y(0) = sin β. (4)
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The characteristic function is defined as

ω(λ) = (aλ+ b)y(1, λ)− (cλ+ d)y′(1, λ). (5)

For convenience, we introduce the following notation: Let

ỹ1 = lim
λ→λ0

yλ(x, λ),

and y1 = ỹ1 + Cy0 for some constant C. If λ0 is an eigenvalue of multiplicity
two, then define y∗1 = y1 + C1y0, where

C1 = −
A(ŷ1)

ω′′(λ0)
2

+ A(y0)
ω′′′(λ0)

6

A(y0)
ω′′(λ0)

2

. (6)

A(y∗1) =


y∗1(1)

cλ0 + d
− cy0(1)

(cλ0 + d)2
, if λ0 ̸= −

d

c
,

(y∗1)
′(1)

aλ0 + b
− ay′0(1)

(aλ0 + b)2
, if λ0 = −

d

c
.

(7)

If λ0 is an eigenvalue of multiplicity two, then define y∗1 = y1 + C1y0, where

C1 = −
A(ŷ1)

ω′′(λ0)
2

+ A(y0)
ω′′′(λ0)

6

A(y0)
ω′′(λ0)

2

. (8)

If λ0 is a triple eigenvalue, then define y#1 = y1 + C2y0, where

C2 = −
A(ŷ1)

ω′′′(λ0)
6

+ A(y0)
ωIV (λ0)

24

A(y0)
ω′′′(λ0)

6

. (9)

Let

ỹ2 =
1

2
lim
λ→λ0

yλλ(x, λ),

and y2 = ỹ2 + Cỹ1 +Dy0 for some constant D.

A(y#1 ) =


y#1 (1)

cλ0 + d
− cy0(1)

(cλ0 + d)2
, if λ0 ̸= −

d

c
,

(y#1 )
′(1)

aλ0 + b
− ay′0(1)

(aλ0 + b)2
, if λ0 = −

d

c
.

(10)
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For convenience, we introduce the following notations: Let

ỹ1 = lim
λ→λ0

yλ(x, λ),

and y1 = ỹ1 + Cy0 for some constant C. If λ0 is an eigenvalue of multiplicity
two, then define y∗1 = y1 + C1y0, where

C1 = −
A(ŷ1)

ω′′(λ0)
2

+ A(y0)
ω′′′(λ0)

6

A(y0)
ω′′(λ0)

2

. (11)

A(y∗1) =


y∗1(1)

cλ0 + d
− cy0(1)

(cλ0 + d)2
, if λ0 ̸= −

d

c
,

(y∗1)
′(1)

aλ0 + b
− ay′0(1)

(aλ0 + b)2
, if λ0 = −

d

c
.

(12)

If λ0 is a triple eigenvalue, then define y#1 = y1 + C2y0, where

C2 = −
A(ŷ1)

ω′′′(λ0)
6

+ A(y0)
ωIV (λ0)

24

A(y0)
ω′′′(λ0)

6

. (13)

A(y#1 ) =


y#1 (1)

cλ0 + d
− cy0(1)

(cλ0 + d)2
, if λ0 ̸= −

d

c
,

(y#1 )
′(1)

aλ0 + b
− ay′0(1)

(aλ0 + b)2
, if λ0 = −

d

c
.

(14)

If λ0 is a triple eigenvalue, then define y#2 = y∗2 +D1y0 where

D1 = −
A(ŷ2)

ω′′′(λ0)
6

+ A(ŷ1)
ωIV (λ0)

24
+ A(y0)

ωV (λ0)
120

− C2
2A(y0)

ω′′′(λ0)
6

A(y0)
ω′′′(λ0)

6

. (15)

A(y#2 ) =


y#2 (1)

cλ0 + d
− cy#1 (1)

(cλ0 + d)2
+

c2y0(1)

(cλ0 + d)3
, if λ0 ̸= −

d

c
,

(y#2 )
′(1)

aλ0 + b
− a(y#1 )

′(1)

(aλ0 + b)2
+

a2y′0(1)

(aλ0 + b)3
, if λ0 = −

d

c
.

(16)

Theorem 1. If λ0 is a double eigenvalue, then A(y∗1) = 0 if and only if

C = − ω′′′(λ0)
3ω′′(λ0)

.
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Theorem 2. If λ0 is a triple eigenvalue, then A(y#1 ) = 0 if and only if

C = − ωIV (λ0)
4ω′′′(λ0)

.

Theorem 3. If λ0 is a triple eigenvalue, then A(y#2 ) = 0 if and only if

D = C2 +
ωIV (λ0)

4ω′′′(λ0)

(
C +

ωIV (λ0)

4ω′′′(λ0)

)
− ωV (λ0)

20ω′′′(λ0)
(17)
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Consider the following boundary value problem:

−y′′
+ [q(x) + 2λp(x)] y = λ2y, 0 < x < π, (1)

y
′
(0)− hy(0) = 0, y

′
(π) +Hy (π) = 0, (2)

h |y(0)|2 +H |y(π)|2 +
∫ π

0

[∣∣∣y′
(x)
∣∣∣2 + q(x) |y(x)|2

]
dx > 0. (3)

Here λ is a spectral parameter, the functions q(x) ∈ L2 [0, π] and p(x) ∈ W 1
2

[0, π] and h,H ∈ R+.
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The inverse problems play an important role in mathematics, mathemat-
ical physics and have many applications in natural sciences. Inverse spectral
problems consist in recovering operators from their spectral characteristics.
On of the methods for solving inverse problems for diffusion operators is to
utilize the zeros of the eigenfunctions. These zeros are also reffered to as nodal
points. The endeavor to reconstract the coefficients of the diffusion operator
from the asymptotic formula of the nodal points is known as the inverse nodal
problem.

In 1998, the inverse nodal problem was posed and solved for Sturm-Liouville
problems by J.R. McLauglin [1], who showed that the knowledge of a dense
subset of nodal points of the eigenfunctions alone can determine the potential
function of the Sturm-Liouville problem up to a constant. Recently, some
authors have reconstructed the potential function for generalizations of the
Sturm-Liouville and Diffusion problem from the nodal points (for example,
[2-6]).

In the presented study, necessary and sufficient conditions for solving the
inverse nodal problem for Diffusion operator on finite interval have been ob-
tained.
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Second-Order Optimality Conditions for a Variational
Problem with a Free Right Endpoint and Terminal Cost
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We consider a variational calculus problem with one fixed endpoint

J(x(·)) =
t1∫
t0

L(t, x, ẋ)dt+ l(x(t1))→ min; x(t0) = x0. (P )

Theorem 1. Necessary conditions for a weak extremum. Let x̂ ∈
C2([t0, t1],R) be a weak local minimizer of problem (P ) (x̂ ∈ wlocminP ), and
let the integrand L be two times continuously differentiable in a neighborhood of
the extended graph Γx̂, ˙̂x, i.e. L ∈ C2(O(Γx̂, ˙̂x)), and let l ∈ C2(O(x̂(t0), x̂(t1))).
Then the following conditions hold on x̂:

a) the Euler–Lagrange equation:

− d

dt
L̂ẋ + L̂x = 0,

and the transversality condition:

L̂ẋ(t1) = −l̂x(t1);

b) the Legendre condition;
c) if the strengthened Legendre condition holds, then the Jacobi condition

holds;
d) if the strengthened Legendre and strengthened Jacobi conditions hold,

then for any h0, h1 ∈ R there exists a unique solution of the Jacobi equation
such that

h(t0) = h0, h(t1) = h1,

and the following inequality holds:

P (h) +Q(h) = h1
(
L̂ẋẋḣ(t1) + L̂ẋxh(t1)

)
+ l̂′′(x̂(t1))h

2
1 ≥ 0 ∀h1 ∈ R,
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where h(t) is the solution of the Jacobi equation with boundary conditions
h(t0) = 0, h(t1) = h1.

Theorem 2. Sufficient conditions for a strong local minimum.
Let x̂ ∈ C2([t0, t1],Rn) be an admissible extremal of problem (P ), and let the
integrand L ∈ C3(V ×Rn), where V ⊂ Rn+1 is a neighborhood of the graph Γx̂.
Assume that the strengthened Legendre and Jacobi conditions hold on x̂, and
that

P (h) +Q(h) = h1
(
L̂ẋẋḣ(t1) + L̂ẋxh(t1)

)
+ l̂′′(x̂(t1))h

2(t1) ≥ 0 ∀h1 ∈ R,

where h(t) is the solution of the Jacobi equation with boundary conditions
h(t0) = 0, h(t1) = h1. Assume also that the integrand L is convex with respect
to ẋ on V , and that the terminal function l is twice continuously differentiable
at the point (x̂(t0), x̂(t1)). Then x̂ ∈ strlocminP .

Quadratic functional We consider the following problem on the repre-
sentation of a quadratic functional, which plays an important role in deriving
necessary and sufficient optimality conditions for a problem with one fixed
endpoint:

K(h) =

t1∫
t0

(Aḣ2 + 2Bhḣ+ Ch2) dt =

t1∫
t0

L̃(t, h, ḣ) dt.

We assume that A(·), B(·) ∈ C1([t0, t1]) and C(·) ∈ C([t0, t1]).
Lemma 1. On the representation of a quadratic functional Let the

strengthened Legendre and strengthened Jacobi conditions hold for the inte-
grand L̃ of the functional K. Then the functional K admits the representation

K(h) =

t1∫
t0

(Aḣ2 + 2Bhḣ+ Ch2) dt =

t1∫
t0

A
(
ḣ− u̇

u
h
)2
dt+

(Au̇
u

+B
)
h2
∣∣∣
t=t1

,

for all h ∈ C1([t0, t1]) satisfying h(t0) = 0, where u(·) is any solution of the
Jacobi equation having no zeros on (t0, t1].
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Theorem 3. On the quadratic functional in a problem with one
fixed endpoint. Let A,B ∈ C1[t0, t1], C ∈ C[t0, t1], and assume that the
strengthened Legendre condition for a minimum holds. Then:

a) if an admissible extremal x̂ exists, and the strengthened Jacobi condition
holds, and

(P +Q)(h) = h1
(
Aḣ(t1) +Bh(t1)

)
+ αh21 ≥ 0 ∀h1 ∈ R,

where h(t) is the solution of the Jacobi equation satisfying h(t0) = 0, h(t1) =
h1, then

x̂ ∈ absminP ;

b) if the Jacobi condition is not satisfied, or if the strengthened Jacobi
condition holds but (P +Q)(h) ≥ 0 is violated, then

Sabsmin = −∞.

Moreover, if an admissible extremal x̂ exists, then

x̂ /∈ wlocminP.
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The Qualitatire Property of Solutions Parabolic
Non-Linear Equations
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For smooth solutions without degenerate this type problem for non-linear
elliptic and parabolic equations in many works are considered. In the case of
linear uniform parabolic equations optimal regularity of the solution is consid-
ered in [1]. The removable results for linear equations is considered in [2].

In cylindrical domains QT = Ω × (0, T ) where Ω ⊂ Rn, n ≥ 2 is bounded
domains, following degenerate non-linear parabolic equation is considered.

ut − div
(
ω (x) |Du|p−2Du

)
= 0, u (x, t)|Γ(QT ) = h (1)

Denotes the parabolic boundary of QT by

Γ (QT ) =
(
Ω× {0}

)⋃
(∂Ω× [0, T ])

Function ω(x) is a Muckenhoupt function. Let Cω(QT ) be a weighted space,
where with norm following

∥f∥Cω(QT ) = sup
x1, x2 ∈ QT

x1 ̸= x2

|f (x1)ω (x1)− f (x2)ω (x2)|
∥x1 − x2∥a

<∞, f : QT −→ R c

where the parabolic metric is defined as

∥(x1, t1)− (x2, t2)∥a = max
(
|x1 − x2| , |t1 − t2|

1
ρ−α(2−ρ)

)
We are now ready to state our first result which concerns optimal regularity

for solutions to the problem (1)
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Theorem 1. Let’s consider problem (1) and let u(x, t) solution of this
problem. Let u ∈ Cω(QT ) and QT = Ω× (0, T ). Then

u (x, t) ∈ Cω (QT ) .

We also give removable theorem for solutions. LetHn
ω(E) denote ω-Hausdorff

measure of set E. Then we prove following removable singularities.
Theorem 2. Let QT ⊂ Rn+1 be a cylindrical domain and let E ⊂ QT be

a closed set. Assume that uω(x, t) is a weak solution to

ut − div
(
ω (x) |Du|p−2Du

)
= 0 in QT/E andthat u ∈ Cω(QT )

Assume also
Hn
ω (E) = 0.

Then the set E is removable, i.e., u(x, t) can be extended to be a weak
solution in QT .

Theorem 3. Let u solution to problem and Q
′ ⊂ Q a bounded space-time

cylinder such that Q̂
′ ∩ ∂Q = ∅. Then u ∈ Ĉω(x)(Q

′
) and

|u|Ĉω(x)(Q
′ ) = c(n, p, w(·), ω(x), Q,Q′

, osch)

Although Theorem 3 concerns optimal internal regularity, we also establish
optimal regularity prior to the initial state. In particular, in this case we prove
Ĉ?(x) - estimates for Q

′
= O

′ × (0, T ) , for each O
′ ⊂ O . Note that in this

case Q
′
is not a compact subset of Q . The result in this case is as follows.

Theorem 4. Let u solution of problem h(·, 0)?C?(x)(O) and O
′ ⊆ O,Q

′
=

O
′ × (0, T ) . Then

u ∈ Ĉω(x)(Q
′
)

and
|u|Ĉω(x)(Q

′ ) = c(n, p, ω(x), O,O
′
, osch

Q
, [h(·, 0)]Cω(x)(O))

Note that Theorem 3 implies the following result.
Applying Theorem 3, we establish precise conditions for the removability

of sets for weak solutions. We will consider the problem in the cylinders
introduced in the previous section.

Let d fixed, 0 < d < r0 and E ⊂ Rn+1 .
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L(d, w(·);E) = {Qri(xi, ti)} a family of cylindrinids such as, what E ⊆
∪Qri(xi, ti) and 0 < ri < d for i = 1, 2, ... .

Using these notations, we introduce the Hausdorff measure

H(E) = lim
δ→0

inf
L(d,w(·);E)

{
∑

rni : E ⊆ ∪Qri(xi, ti)}

where the infinimum is taken with respect to all possible coverings L(d,E) sets
E.

Theorem 5 (removable singularities). Let Q ⊂ Rn+1 cylindrical region
and E ⊂ Q closed set.

Let’s assume that u weak solution

ut − div(ω(x)|Du|p−2Du) = 0Q\E

So, that u ∈ Ĉω(x),loc(Q) .
Let us assume that H(E) = 0. Then the set E removable, i.e. u can be

extended to a weak solution in Q.
Note that in the definition of Hausdorff measure, different Hausdorff mea-

sures (and dimensions) correspond to different values of functions and metrics
for the Hausdorff measure bases. The peculiarity, in our case, is that each
time we define, we consider the metric or, equivalently, the cylinders used for
coverings and the measurable functions that are related to each other. For a
closer comparison with the situation when the standard parabolic Hausdorff
measure is used, we note that in the case of w(r) = ra, a ∈ (0, 1], we obtain

Hs
a(E) = lim

δ→0
inf

L(δ,ra,E)

{
∑

rσi : E ⊆ ∪Qrai
ri (xi, ti)}

In this case, the Lebesgue measure of the cylinder is Q
rai
ri (xi, ti) used in

coating E essentially equals r
n+a(2−p)+p
i and by the assumption of Theorem

5 for the set Hn+a
a (E) = 0. When a = 1 the standard parabolic Hausdorff

measure is considered.

Hσ(E) = lim
δ→0

inf
L(δ,r;E)

{
∑

rσi : E ⊆ ∪B(xi, ri)× (ti − r2i , ti + r2i )}

In this case, the following theorem is true.
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Inversion Formula for Solving Parametric Problems
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Coefficients Equations
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Find the solution of the equation

2∑
j=0

aj(x)
djy

dxj
− λ2y = ψ(x), x ∈ (0, 1), (1)

satisfying the conditions

Ui(y) ≡
n∑
k=0

mi∑
µ=−mi

λµ


q∑
s=0

γiµks
dky

dxk

∣∣∣∣
x=νs

+

1∫
0

γiµk (x)
dky

dxk
dx

 = γi, i = 1, 2, (2)

where aj(x), ψ(x), γ
iµ
k (x) are the known functions, γiµks, γi, νs (0 = ν0 < ν1 <

... < νq = 1) are the known numbers; n,mi, q are non-negative integers, λ is a
complex parameter.

10. Let aj(x) ∈ Cm+N+j ([0, 1]) , j = 0, 1, 2, |a2(x)| > 0 for x ∈ [0, 1],
N (N ≥ 0)- be an integer.

20. Let a2(x) = |a2(x)| e
√
−1 arg a2(x), |arg a2(x)| ≤ π

2
− 4φ for x ∈ [0, 1],

where φ
(
0 < φ ≤ π

8

)
, be a constant.
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Assume θ(x) = 1√
a2(x)

,

Rφ =
{
λ : |λ| ≥ R, |arg λ| ≤ π

4
+ φ

}
.

30. Let the functions γ
iµ(x)
k in the segment [h, 1 − h] be piecewise contin-

uous and γ
iµ(x)
k ∈!l ([0, h]

⋃
[1− h, 1]), where h(0 < h < 1), l(l ≥ 0) are some

numbers
Expanding the determinant

∆0(λ) =

∣∣∣∣ A11(λ) A12(λ)
A21(λ) A22(λ)

∣∣∣∣ ,
we have

∆0(λ) = bMλ
M + bM−1λ

M−1 + ...+ bM−Sλ
M−S +O(λM−S−1), for λ ∈ Rφ, (3)

where M (M = m1 + 2n + m2), S are some integers,bM , ..., bM−S are some
numbers .

40. Let even if one of the numbers

bM , bM−1, ..., bM−S (from(3)) (4)

be non-zero.
50. Let if n ≤ 2, then ψ(x) ∈ C ([0, 1]), while if n > 2, then ψ(x) ∈

C?−2 ([0, 1]).
We have
Theorem 1. Under the constraints 10-50 for λ ∈ Rφ the problem (1),(2)

has a unique solution and this solution is represented by the formula

y(x, λ) = δ(x, λ, γ1, γ2) +

∫ 1

0

G(x, ξ, λ)ψ(ξ)dξ+

+
n−2∑
j=0

∫ 1

0

Gj(x, ξ, λ)
dj

dξj
ψ(ξ)dξ +

n−2∑
j=0

q∑
s=0

δjs(x, λ)
djψ(ξ)

dξj

∣∣∣∣
ξ=νs

; (5)

where

δ(x, λ, γ1, γ2) =
1

∆(λ)

∣∣∣∣∣∣
0 y1(x, λ) y2(x, λ)
−γ1 U1(y1) U1(y2)
−γ2 U2(y1) U2(y2)

∣∣∣∣∣∣ ,
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G(x, ξ, λ) =
1

∆(λ)

∣∣∣∣∣∣
P (x, ξ, λ) y1(x, λ) y2(x, λ)
g1(ξ, λ) U1(y1) U1(y2)
g2(ξ, λ) U2(y1) U2(y2)

∣∣∣∣∣∣ ,
Gj(x, ξ, λ) =

1

∆(λ)

∣∣∣∣∣∣
0 y1(x, λ) y2(x, λ)

β̃
(1)
j (ξ, λ) U1(y1) U1(y2)

β̃
(2)
j (ξ, λ) U2(y1) U2(y2)

∣∣∣∣∣∣ ,
δjs(x, λ) =

1

∆(λ)

∣∣∣∣∣∣
0 y1(x, λ) y2(x, λ)

β
(1)
js (λ) U1(y1) U1(y2)

β
(2)
js (λ) U2(y1) U2(y2)

∣∣∣∣∣∣ . (6)

We have
Theorem 2. Under the constraints 10 and 20 if the function ψ(E) is price-

wise absolutely continuous in the segment [0, 1] and |ψ′(x)| ∈ Lp(0, 1), (p > 1),
then for 0 < x ≤ 1 we have the following inversion formulas

∫
L

λkdλ

1∫
0

P (x, ξ, λ)ψ(ξ)dξ =

{
0 for k = 0,

−
√
−1
(
π
2
+ 2φ

) ψ(x−0)+ψ(x+0)
2

, for k = 1,

(7)
where Lis an infinite smooth line in whose quite far part coincides with con-
tinuations of the rays arg λ = ±

(
π
4
+ φ

)
Rφ, and in (7) the line integal L is

understood in the sense of principal value
Theorem 3. Under the constraints 10-40, if ψ(x) is an absolutely integrable

function in the segment [01], we have

∫
L

λsdλ

∫ 1

0

Gj(x, ξ, λ)ψ(ξ)dξ = 0, as 0 < x < 1, j = 0, 1, ..., n− 2; (8)

s is any integer .
Theorem 4. Under the constraints 10-40 and for 0 < x < 1 we have∫

L
λsδ(x, λ, γ1, γ2)dλ = 0,∫

L
λsδji(x, λ)dλ = 0, j = 0, n− 2, i = 0, q ,

(9)

s is any integer.
We have
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Theorem 5. Under the constraints 10-40 and in the case n ≤ 2 if the
function ψ(x) is absolutely continuous in the segment [0, 1] and |ψ′(x)| ∈
Lp(0, 1), (p > 1), and in the case n > 2constraints 50, is fulfilled, then for
x ∈ (0, 1) we have the following inversion formulas∫

L

λky(x, λ)dλ =

{
0 for k = 0,

−
√
−1
(
π
2
+ 2φ

) ψ(x−0)+ψ(x+0)
2

, for k = 1,

where y(x, λ) is from (5).

On Duality of the Lagrange Problem with Discrete
Inclusions and Multiple Delays

Gülseren Çiçek

Istanbul University Faculty of Science, Istanbul, Türkiye
(e-mail: cicekgul@istanbul.edu.tr)

In many dynamic systems in nature, the change of a particle depends not
only on its current state but also on its past states. This situation is formulated
using delayed differential equations and inclusions [1, 2, 3, 4]. Besides, the
duality theory is important in the analysis of optimization and variational
problems [3, 4] . Our paper deals with the Lagrange problem with the multiple
delayed first-order differential inclusions and duality. Using the concept of
infimal convolution and convex duality functions, we construct dual problem
for the differential inclusion and prove the duality results. It is evident that
the Euler–Lagrange type inclusions are ”duality relations” for both primary
and dual problems.

We consider the following Lagrange problem with differential inclusions
involving multiple delays, labelled as (PPD):

minimize I[x(·)] =
1∫

0

g(x(t), t)dt

x′(t) ∈ F (x(t), x(t− τ1), x(t− τ2), t), a.e. t ∈ [0, 1],

x(t) = v(t), t ∈ [−τ2, 0), 1 > τ2 > τ1 > 0,

x(t) ∈ Φ(t), t ∈ [0, 1],

x(1) ∈M,

(PPD)
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where F : R3n × [0, 1] ⇒ Rn is a convex set-valued mapping, g(·, t) : Rn ×
[0, 1] → R1 ∪ {+∞} is a convex proper function that is continuous on x, the
target set M ⊂ Rn is convex, Φ(t) : [0, 1] ⇒ Rn is a given convex set-valued
mapping. Function v is a given absolutely continuous function defined on
[−τ2, 0), where τ1, τ2 are different positive real constants that 1 > τ2 > τ1 > 0
hold. The integral in cost functional I is understood in means of Lebesgue.
A feasible trajectory x(·) in the problem is taken to be an absolutely continuous
function on the time interval [−τ2, 1] together with the first order derivative
for which x′(·) ∈ Ln1 ([0, 1]).
Recall that the Hamiltonian function and Argmaximum set for the set-valued
mapping F are defined by HF (x, y, z

∗) = supz{⟨z∗, z⟩ : z ∈ F (x, y)}, z∗ ∈ Rn,
and FA(x, u; v

∗) = {v ∈ F (x, u) : ⟨v∗, v⟩ = HF (x, u, v
∗)}, respectively, and the

locally adjoint mapping(LAM) F ∗(w∗; x0) = {x∗ : (x∗,−w∗) ∈ K∗
gphF (x0)}.

The conjugate function for the Hamiltonian function, taken with a minus sign,
MF (x

∗, y∗, z∗) = inf
x,y,z
{⟨x∗, x⟩+ ⟨y∗, y⟩ −HF (x, y, z

∗)}.
Theorem 1. Suppose x̃(t), t ∈ [−τ2, 1], is an admissible trajectory for
the convex problem (PPD) and there exist absolutely continuous functions
x∗(t), ξ∗(t), µ∗(t), x∗ that satisfy the Euler-Lagrange and transversality inclu-
sions

(i)
(
− x∗′(t)− ξ∗(t+ τ1)− µ∗(t+ τ2), ξ

∗(t), µ∗(t)
)
∈ F ∗

(
x∗(t);

(
x̃(t),

x̃(t− τ1), x̃(t− τ2), x̃′(t)
)
, t
)
−
{
∂xg(x̃(t), t)−K∗

Φ(t)(x̃(t))
}
× {0} × {0},

a.e. t ∈ [0, 1− τ2),

(ii)
(
− x∗′(t)− ξ∗(t+ τ1), ξ

∗(t), µ∗(t)
)
∈ F ∗

(
x∗(t);

(
x̃(t), x̃(t− τ1),

x̃(t− τ2), x̃′(t)
)
, t
)
−
{
∂xg(x̃(t), t)−K∗

Φ(t)(x̃(t))
}
× {0} × {0},

a.e. t ∈ [1− τ2, 1− τ1),

(iii)
(
− x∗′(t), ξ∗(t), µ∗(t)

)
∈ F ∗(x∗(t); (x̃(t), x̃(t− τ1), x̃(t− τ2), x̃′(t)), t)

−
{
∂xg(x̃(t), t)−K∗

Φ(t)(x̃(t))
}
× {0} × {0}, a.e. t ∈ [1− τ1, 1],

(iv) −x∗ + x∗(1) ∈ K∗
Φ(1)(x̃(1)), x

∗ ∈ K∗
M(x̃(1)), ξ∗(1) = 0, µ∗(1) = 0,

respectively, and condition that ensures the non-emptiness of the LAM
F ∗

(v) x̃′(t) ∈ FA
(
x̃(t), x̃(t− τ1), x̃(t− τ2), x∗(t), t

)
, a.e. t ∈ [0, 1].
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Then the trajectory x̃(t) is optimal.
The proof of the theorem is analogous to the proof of Theorem 5.1[2] and

we omit it.
Later on g∗(·, t) denotes the conjugate function of the function g(·, t).

According to the convex duality, the following convex problem, denoted
(DPD), is the dual to the primary problem (PPD):

sup
x∗,u∗,ξ∗,µ∗

u∗(0)=ξ∗(1)=µ∗(1)=0

I∗(x
∗(t), u∗(t), ξ∗(t), µ∗(t)) (DPD)

where I∗ = −
∫ 1

0
g∗(u∗(t), t)dt+ ⟨x(0), x∗(0)⟩

−
∫ 1−τ2
0

MF

(
− x∗′(t)− ξ∗(t+ τ1)− µ∗(t+ τ2)− ϕ∗(t)− u∗(t), ξ∗(t), µ∗(t)

)
dt

−
∫ 1−τ1
1−τ2 MF

(
− x∗′(t)− ξ∗(t+ τ1)− ϕ∗(t)− u∗(t), ξ∗(t), µ∗(t)

)
dt

−
∫ 1

1−τ1 MF

(
− x∗′(t)− ϕ∗(t)− u∗(t), ξ∗(t), µ∗(t)

)
dt+

∫ 0

−τ2⟨v(t), µ
∗(t+ τ2)⟩dt

+
∫ 0

−τ1⟨v(t), ξ
∗(t+ τ1)⟩dt−

∫ 1

0
WΦ(t)(−ϕ∗(t))dt−WM(−ϕ∗(1) + x∗(1)),

the function v(t), t ∈ [−τ2, 0] is the initial function, x∗(t), ξ∗(t), µ∗(t), t ∈ [0, 1]
are absolutely continuous functions satisfying Lipschitz condition and u∗(t) is
a summable function.
Theorem 2. Let g be a continuous and proper, convex function, F (·, t) be a
convex set-valued mapping and Φ(t), t ∈ [0, 1],M be convex sets. Moreover,
let x̃(t) be an optimal solution of the primary problem (PPD). Then, for
the optimality of the functions {x∗(t), u∗(t), ξ∗(t), µ∗(t)} in the dual problem
(DPD), it is necessary and sufficient that the conditions (i)–(v) of the
Theorem 1 are satisfied. Besides, the optimal values in the primary (PPD)
and dual (DPD) problems are equal.
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Let the process be described by a system of differential equations

∂2u

∂t2
−

n∑
i=1

∂

∂xi

(
υ (x)

∂u

∂xi

)
= f (x, t) , (1)

in the cylinder Q = Ω × (0, T ), where u = u (x, t) is a state function of the
system, f (x, t)∈ L2 (Q), here Ω-bounded region in Rn with smooth boundry
∂Ω.

As the class of admissible controls the set
V =

{
υ (x) : υ (x) ∈ W 1

2 [Ω] , 0 < ν ≤ υ (x) ≤ µ,
∣∣∣dυ(x)dxi

∣∣∣ ≤M
}
, is taken, here

ν, µ and M - are given constant number.
Suppose that

u (x, 0) = φ0 (x) ,
∂u (x, 0)

∂t
= φ1 (x) , (2)

∂u

∂ν

∣∣∣∣
S

= 0 (3)

where ν -the exterior normal of lateral surfase S = ∂Ω × (0, T ) of cylinder
Q. We will assume that, the data of the problem satisfy conditions φ0 (x)
∈ W 1

2 (Ω),φ1 (x) ∈ L2 (Ω) are given vector functions.
If the function υ (x) is given, then it is easy to prove that [6] problem (1)-(3)

has a unique generalized solution from W 1
2 (Q).
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If υ (x) is an unknown function, then to determine υ (x) we set an additional
condition

u (x, T ) = χ (x) , (4)

where χ (x) ∈ L2(Q) given function.
We reduce this problem to the following optimal control problem: find a

function υ (x) ∈ V , that minimizes the functional

J (υ) =
1

2

∫
Ω

[u (x, T ) dt− χ (x)]2 dx+ α

2
∥υ∥2W 1

2 (Ω) (5)

together with the solution of the boundary value problem (1)-(3).
In the this work, the optimal control problem for the second order hyper-

bolic equation with the control in coefficient is studied. Existence theorem
proved and necessary condition for optimality was obtained in the form of an
integral inequality.
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Numerical Solution of the Problem of Determining the
Initial Function In a Problem for a String Vibration

Equation
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This work is dedicated to determining the numerical solution of the string
oscillation equation for the mixed problem in the initial function. This problem
reduces to the problem of minimizing a functional constructed using additional
information. The problem is solved numerically using the gradient projection
method. Not that in [2] some related problems were considered.

1. Problem statement. Let us consider a problem of finding the pair
(u(x, t), υ(x)) from the following relations:

∂2u

∂t2
=
∂2u

∂x2
+ a0(x, t)u+ f(x, t); (x, t) ∈ Q ≡ (0, l)× (0, T ), (1)

u(x, 0) = u0(x),
∂u(x, 0)

∂t
= υ(x), 0 ≤ x ≤ l, (2)

u(x, 0) = 0, u(l, t) = 0, 0 ≤ t ≤ T, (3)

u(x, T ) = φ(x), 0 ≤ x ≤ l, (4)

here u0(x, t), f(x, t), u0(x), φ(x) are the given functions.
Let us reduce this inverse problem to the following optimal control problem:

Lβ(υ) =
1

2

l∫
0

[u(u, T ; υ)− φ(x)]2 dx+ β

2

l∫
0

[υ(x)− ω(x)]2 dx (5)

Find the minimum

υ(x) ∈ V =

υ(x)/
l∫
0

υ2(x)dx ≤ r2

 (6)
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or
υ(x) ∈ V = {υ(x)/ |υ(x)| ≤M} (7)

of this functional within the constraints (1)-(3) here,
ω(x) is a given function r,M are the given positive numbers. It is considered

that all the data of the problem are rather regular.
Appllying the gradient projection method, the problem is solved numeri-

cally. If the set is in the form of (6), then in the problem (1)-(3), (5), (6) the
gradient projection method is reduced to constructing the minimizing sequence
{υ2(x)} as follows :

υk+1 (x) =



υk (x)− αkJ ′
β (υk) ,∫ ℓ

0

[
υk (x)− αkJ ′

β (υk)
]2
dx ≤ r2 for,

r
(
υk (x)− αkJ ′

β (υk)
)(∫ ℓ

0

[
υk (x)− αkJ ′

β (υk)
]2
dx
) 1

2∫ ℓ
0

[
υk (x)− αkJ ′

β (υk)
]2
dx > r2 for,

,

here, αk > 0 parameter is selected by one of the methods described in [1],
J ′
β (υ) is a gradient of the functional (5), and is determined as

J ′
β (υ) = −ψ (x, 0; υ) + β [υ (x)− ω (x)]

here, ψ (x, t; υ) is the solutions of the problem

∂2ψ
∂t2

= ∂2ψ
∂x2

+ a0ψ, (x, t) ∈ Q,
ψ (x, T ) = 0, ∂ψ(x,T )

∂t
= u (x, T ; υ)− φ (x) , 0 ≤ x ≤ ℓ,

ψ (0, t) = ψ (ℓ, t) = 0, 0 ≤ t ≤ T

that is the adjoint of the problem (1)-(3),(5),(6).
It the set V is in the form of (7) the gradient projection method in the

problem (1)-(3),(5),(7) is reduced to constructing the minimizing sequence
{υk (x)} as follows:

υk+1 (x) =


−M, υk (x)− αkJ ′

β (υk) < −M for
υk (x)− αkJ ′

β (υk) ,
∣∣υk (x)− αkJ ′

β (υk)
∣∣ ≤M for,

M, υk (x)− αkJ ′
β (υk) > M for .
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Numerical solutions of the problem. For numerical solution of the
boundary value problem (1)-(3) in the set [0, l]× [0, T ] we introduce a regular
grid domain in the form of

For numerical solution of the boundary value problem (1)-(3) in the set
[0, l]× [0, T ] we introduce a regular grid domain in the form of

ω =
{
(xi, tj) : xi = ih, tj = jτ, i = 0, nx, j = 0, nt

}
, nx = [l/h], nt = [T/τ ]

here, h, τ are the given positive numbers and are the steps of the grid.
Denote by yij = u(xi, tj) the grid function.

Approximate differential equations when the initial and boundary condi-
tions are i = 1, ...nx − 1, j = 1, ...nt :

yj+1
i − 2yji + yj−1

i

τ 2
=
yj+1
i+1 − 2yj+1

i + yj+1
i−1

h2
− aj+1

0i yj+1
i + f ji , (8)

y0i = u0i, y
1
i = u0i + τυi + 0.5τ 2

[
u′′0 (xi) + f 0

i − υiu′0 (xi)
]
, i = 0, ..., nx, (9)

yj0 = yj1, y
j
n = yjn−1, (10)

here u0i = u0(xi), a
j
0i = a1 (xi, tj), f ji = f(xi, tj), υi = υ(xi), i = 0, nx, j =

0, nt are grid functions. It is known that the approximation error of the differ-
ence boundary value problem is as O(τ 2). After simple transormations, instead
of (8) we obtain the following system of there-diagonal algebraic equations:

Aiy
j+1
i+1 − Ciy

j+1
i +Biy

j+1
i−1 = −F j

i (11)

Here we accepted the denotations

Ai = Bi =
τ 2

h2
Ci = 1 + 2

τ 2

h2
+ τ 2aj0i, F

j
i = 2yji − y

j−1
i + τ 2 f ji

References

[1] Vasil’ev, F.P. Methods for solving extremum problems Moscow: Nauka ,
1981. 400 p.

[2] Guliyev H.F., Seyfullayeva Kh.I. Optimal Control Problem for a Nonho-
mogeneous Equation of Vibrations of a Three-Layer Plate, WSEAS Trans-
actions on Systems and Control, Vol.21, No.1, 2026, pp.122-129,

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 129

An Optimal Control Problem for Unstable Parabolic
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In practice, a number of mathematical physics problems are described by
partial differential equations with nonlocal boundary conditions [1]. Optimal
control problems for processes described by these equations were considered
in [2,4]. In addition, optimal control problems for parabolic equations with
nonlocal boundary condition problem also attract attention.

Optimal control problems for stable partial differential equations is studied
in [3]. In the presented work, an optimal control problem for unstable parabolic
equation with nonlocal boundary conditions is studied. The existence theorem
is proved and a necessary condition for optimality is obtained in the form of
an integral inequality

Problem statement. Assume that in the cylinder Q = Ω × (0, T ),Ω ⊂
Rn, n = 2 or 3, the control process is described by the parabolic equation

∂u

∂t
− Au− u3 = υ(x, t), (x, t) ∈ Q = Ω× (0, T ), (1)

with initial and integral condition

u(x, 0) = φ(x), x ∈ Ω,
∂u

∂νA

∣∣∣∣
S

=

∫
Ω

K(x, y)u(y, t)dy, (x, t) ∈ S, (2)

here Au =
n∑

i,j=1

∂
∂xi

(
aij(x, t)

∂u
∂xj

)
, ∂u
∂νA

=
n∑

i,j=1

aij(x, t)
∂u
∂xi

cos(ν, xi), ν-outward

normal, aij(x, t) ∈ L∞ (Q), ∀ξ ∈ Rn,
n∑

i,j=1

aij(x, t)ξiξj ≥ α
n∑

i,j=1

ξ2i α = const >
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0 for almost everywhere (x, t) ∈ Q, vraimax
Q

∣∣∣∂aij(x,t)∂xk

∣∣∣ <∞, u(x, t) is the state

of the system, υ(x, t) is a control function, Ω ⊂ Rn is a bounded domain Ω, S =
∂Ω × (0, T ) -Q is the lateral side of the cylinder, ∂Ω-is the smooth boundary
of the domain Ω , φ(x) ∈ W 1

2 (O), K (x, y) ∈ L∞ (Ω× Ω) , K (x, y) = K (y, x),
∂K(x,y)
∂x
∈ L2 (Ω× Ω) are the given functions.

The pair (υ, u) is said to be an admissible pair, if υ(x, t) ∈ V, V close, convex
set in L2 (Q) and V ̸= ∅, u(x, t)∈ L6 (Q) and almost everywhere satisfies (1)-
(2).

It is assumed that the set of admissible pairs is not empty (3)

Suppose that in the set of admisible controls it is requried to find the
minimum of the functional

J(υ, u) =
1

6
∥u− ud∥6L6(Q) +

N

2
∥υ∥2L2(Q), (4)

here ud ∈ L6(Q) is a given function, N is a given positive number.
Theorem 1. Provided the above condiditons on the data of the problem

(1)-(4), the considered problem has an optimal pair .
Convergence of the adapted penalty method. We introduce the

following functional:

Jaε (υ, u) =
1

6
∥u− ud∥6L6(Q) +

N

2
∥υ∥2L2(Q) +

1

2e

∥∥∥∥∂u∂t − Au− u3 − υ
∥∥∥∥2
L2(Q)

+

+
1

2
∥u− u0∥2L2(Q) +

1

2
∥υ − υ0∥2L2(Q), (5)

here

υ ∈ V, u ∈ L6 (Q) ,
∂u

∂t
− Au ∈ L2 (Q) ,

u(x, 0) = φ(x),
∂u

∂νA

∣∣∣∣
S

=

∫
Ω

K(x, y)u(y, t)dy, (x, t) ∈ S, (6)

ε > 0 is a penalty parameter. The functional (5) is said to be a functional
adapted to the pair {υ0, u0} .

Assume that the pair {υε, ue} is the solution of the problem

Jaε (υε, uε)→ infJaε (υ, u) , (7)
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so that {υ, u} satisfies the conditions (6). We can prove the existence of such
a pair as in theorem 1.

Theorem 2. Assume that {υ0, u0} is an optimal pair in the problem (1)-
(4) . Then there exists such a function ψ(x, t) that the following relations are
valid :

∂u0
∂t
− Au0 − u30 = υ0(x, t), (x, t) ∈ Q = Ω× (0, T ),

u0(x, 0) = φ(x), x ∈ Ω,
∂u0
∂νA

∣∣∣∣
S

=

∫
Ω

K(x, y)u0(y, t)dy, (x, t) ∈ S,

−∂ψ
∂t
− Aψ − 3u20ψ −

∫
∂Ω

K(ξ, x)ψ(ξ, t)dξ = (u0 − ud)5, (8)

ψ(x, T ) = 0, x ∈ Ω,
∂ψ

∂νA

∣∣∣∣
S

= 0, (x, t) ∈ S, u ∈W 2,1
2 (Q) , ψ ∈ W 2,1, 6

5
2 (Q) ,

(9)∫
Q

(Nυ0 + ψ) (υ − υ0) dxdt ≥ 0∀υ ∈ V.

(8)-(9) is called adjoint problem.
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Hyperbolic equations with the with discontinuity conditions model physical
phenomena (sound, electromagnetic waves, string vibrations) with pulsed or
instantaneous effects (see [1]-[4]). Such equations make it possible to study the
propagation of waves in media where there are sharp inhomogeneities, and how,
for example, a shock wave arises, where the solution may have discontinuities.

Let us introduce the domains D1 = {(x, t) : x > 0, t > x)}, D2 = {(x, t) :
x < 0, t > −x)}, D3 = {(x, t) : , x < 0, x < t < −x)} and consider the
following problem: Find a function U(x, t) satisfying the equation

∂2U

∂x2
− ∂2U

∂t2
= f(x, t), (x, t) ∈ D1

⋃
D2

⋃
D3, (1)

and the conditions
U(x, x) = φ1(x), 0 < x <∞, (2)

U(x, x) = φ2(x), −∞ < x < 0, (3)

U(x,−x+ 0)− U(x,−x− 0) = ψ(x), −∞ < x < 0, (4)

U(−0, t) = αU(+0, t), 0 < t < +∞, (5)

U
′

x(−0, t) = βU
′

x(+0, t), 0 < t < +∞, (6)

lim
x+t→+∞

U(x, t) = 0, (7)

where α and β are constants, and φ1(x), φ2(x) and ψ(x) are given functions.
Theorem 1.Let the function f(x, t) be differentiable and f(x, t) = 0 for

t < x , and for each fixed x ∈ (−∞, ∞) the inequality

∞∫
x

dτ

+∞∫
τ

|f(τ, ξ)| dξ < +∞,
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is hold. While the functionsφ1(x), φ2(x), ψ(x) are twice differentiable and

Aφ1(0) = φ2(0), αφ1(0)− φ2(0) = ψ(0), (8)

then the solution to problem (1)-(7) can be represented in the form

U(x, t) = φ1

(
x+ t

2

)
+

1

2

+∞∫
x

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ, (x, t) ∈ D1, (9)

U(x, t) = Aφ1

(
x+ t

2

)
+Bφ1

(
t− x
2

)
+

1

2

0∫
x

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ+

+
A

2

+∞∫
0

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ +
B

2

+∞∫
0

dτ

t+τ+x∫
t−τ−x

f(τ, ξ)dξ, (x, t) ∈ D2, (10)

U(x, t) = φ2

(
x+ t

2

)
+Bφ1

(
t− x
2

)
− ψ

(
t− x
2

)
+

1

2

0∫
x

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ+

+
A

2

+∞∫
0

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ +
B

2

+∞∫
0

dτ

t+τ+x∫
t−τ−x

f(τ, ξ)dξ, (x, t) ∈ D3, (11)

where A = 1
2
(α + β) , B = 1

2
(α− β).

Let us outline the proof of the theorem. First of all, as in the work of
Levitan [5], we find that for (x, t) ∈ D1 the solution U (x, t) is represented in
the form (9). Now, let (x, t) ∈ D2. The general solution of equation (1) can
be written in the form

U(x, t) = θ1

(
t+ x

2

)
+ θ2

(
t− x
2

)
+

1

2

0∫
x

dτ

t+τ−x∫
t−τ+x

f(τ, ξ)dξ, (12)

where θ1 and θ2are arbitrary twice-differentiable functions. To determine the
functions θ1 and θ2, we use conditions (5) and (6) and obtain relation (10).
Relation (11) is established analogously.
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Dengue Fever Co-Infection Model With

Atangana-Baleanu Derivative
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(e-mail: asmahanifgcu@gmail.com)

A co-infection with Covid-19 and dengue fever has had worse outcomes
due to high mortality rates and longer stays either in isolation or at hospitals.
This poses a great threat to a country’s economy and overburdened healthcare
systems. To effectively deal with these threats, comprehensive approaches
to prevent and control Covid-19/dengue fever co-infections are desperately
needed. Thus, our focus is to formulate a new co-infection fractional model
with the Atangana-Baleanu derivative to explore the dynamics of the deadly
combination of Covid-19 and dengue fever and to suggest effective and feasible
approaches to restrict the spread of co-infection. In the first part of this paper,
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we present Covid-19 and dengue fever sub-models, as well as the co-infection
model that is locally asymptotically stable when the respective reproduction
numbers are less than unity. We establish the existence and uniqueness results
for the solutions of the co-infection model. We extend the model to include a
vaccination compartment for the Covid-19 vaccine to susceptible individuals
and a treatment compartment to treat dengue-infected individuals as optimal
control strategies for disease control. We outline the fundamental requirements
for the fractional optimal control problem and illustrate the optimality system
for the co-infection model using Pontraygin’s principle. We implement the
Toufik Atangana approximating scheme to simulate the optimality system to
measure the cost-effectiveness of the control strategies. The simulations show
the effectiveness of the implemented strategy in determining optimal vaccina-
tion and treatment rates that decrease the cost functional to a minimum, thus
significantly decreasing the number of infected humans and vectors. Addition-
ally, we visualize a meaningful decrease in infection cases with an increase in
the memory index. The findings of this study will provide reasonable disease
control suggestions to regions facing Covid-19 and dengue fever co-infection.
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Some New Results from Combining Taylor Series and
Block Pulse Functions

Yousef Jafarzadeh
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Integro-differential equations (IDEs), particularly higher-order linear Volterra
Fredholm integro differential equations, arise frequently in applied mathemat-
ics, physics, engineering, and biological modeling. Due to the simultaneous
presence of differential and integral terms, obtaining exact analytical solutions
for such equations is often difficult or impossible. Consequently, the develop-
ment of accurate and computationally efficient numerical methods remains an
important research topic. In this paper, we introduce a new hybrid numerical
method that combines the Taylor series expansion with Block Pulse Functions
(BPFs) to approximate the solution of higher-order linear Volterra–Fredholm
integro-differential equations. The proposed technique exploits the local ap-
proximation power of Taylor polynomials together with the orthogonal and
piecewise-constant structure of Block Pulse Functions. By integrating these
two approaches, the original integro-differential problem is transformed into
a system of linear algebraic equations through a matrix representation. This
transformation significantly simplifies the computational procedure and al-
lows the unknown coefficients of the approximate solution to be obtained effi-
ciently using standard numerical algorithms. The theoretical foundation of the
method is developed in detail, including derivation of the operational matri-
ces, formulation of the hybrid approximation scheme, and convergence analysis.
Several fundamental results and theorems related to the existence, uniqueness,
and convergence behavior of the approximate solution are presented. The con-
vergence analysis demonstrates that the proposed method provides accurate
approximations under suitable smoothness conditions. Numerical experiments
are conducted to illustrate the applicability and effectiveness of the technique.
The results show strong agreement between the approximate and exact solu-
tions, confirming that the hybrid Taylor–Block Pulse approach offers improved
accuracy and computational feasibility compared with several classical numer-
ical methods.
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The Green Function for a Class of Second Order
Parabolic Equations in Paraboloid Type Domains
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Let En be n- dimensional Euclidean space of the points x = (x1, .., xn), D be
bouded domain in En with the boundary ∂D ∈ C1+λ, λ > 0,morever 0 ∈ D.

Denote by Rn+1 − (n + 1) dimensional Euclidean space of the points
(x, t) = (x1, ...xn, t), R

−
n+1 = Rn+1 ∩ {(x, t) : t < 0} .The domain Q ⊂ R−

n+1

is said to be a paraboloid-type domain if its section with any hyperplane

t = τ(τ < 0) is of the form
{
x : x

2
√
−τ ∈ D

}
.

LetQT = Q∩{(x, t) : −T < t < 0} , ST = ∂Q∩{(x, t) : −T < t < 0} , DT =
Q ∩ {(x, t) := −T} , QT1,T2 = Q ∩ {(x, t) : −T1 < t < −T2} , T1 > T2 > 0.

In QT we consider the following parabolic operator

L = ∆+ µ
n∑

i,j=1

∂

∂xi

(
xixj
4(−t)

∂

∂xj

)
− ∂

∂t

here ∆ is n-dimensional Laplace operator,- 1
d2
< µ <∞, where d = sup

y∈D
|y| .
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We consider the following eigen-value problem:

n∑
i,j=1

∂
∂ξi

(B(ξ)aij(ξ)vξi) + λB(ξ)v = 0, ξ ∈ D

v|
∂D

= 0

 (1)

where ξ = (ξ1, ..., ξn), ξi =
x

2
√
−t , i = 1, ..., n, aij(ξ) = δij + µξiξ; i, j = 1, n,

B(ξ) = (1 + µ|ξ|2)−
1
µ , λ is a spectral parameter.

Theorem. Let 0 < T2 < T1 < T, 0 < T4 < T3 < T and T4 ≥ (1 + β)T1,
where β is a positive constant. Then, if (y, τ) ∈ QT1,T2 , (x, t) ∈ QT3,T4

then for the Green function P (x, t, y, τ) ≤ C1 |t|
−n

2
−λ1

4
1 |τ |

λ1
4 , where λ1 positive

eigen value of the eigen-value problem (1), the constant depneds only on n, µ, β
and domain D.
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Optimal Control Problem for Matrix Factorizations of
the Helmholtz Equation on the Plane
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cBaku State University, Baku, Azerbaijan
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The Helmholtz equation is a fundamental mathematical model describing
stationary wave phenomena in acoustics, electromagnetics, quantum mechan-
ics, and elasticity. Matrix factorization techniques provide efficient tools for
decomposing the corresponding differential operators, enabling stable numeri-
cal approximations and efficient optimization procedures. This paper discusses
an optimal control formulation associated with matrix factorizations of the
two-dimensional Helmholtz equation. The mathematical model, optimization
framework, and computational aspects are briefly analyzed.

The Helmholtz equation plays an essential role in modeling time-harmonic
wave propagation. In two spatial dimensions it is commonly written as

−∆u− k2u = f, (x, y) ∈ Ω ⊂ R2, (1)

where u(x, y) denotes the wave field, k > 0 is the wave number, and f
represents an external source. Appropriate boundary conditions complete the
mathematical formulation. The governing Helmholtz equation is given by (1).

The numerical treatment of this equation becomes increasingly difficult
for large wave numbers because of oscillatory solutions and indefinite system
matrices. Matrix factorization methods offer efficient computational strate-
gies by decomposing discretized operators into structured matrix products.
Such decompositions simplify the implementation of iterative solvers and nat-
urally integrate with optimization algorithms. These developments motivate
the investigation of optimal control problems constrained by matrix-factorized
Helmholtz operators [1, 3].
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Consider the control variable q ∈ Uad acting as either a distributed source
or a material parameter. The state equation is

A(q)u = f, (2)

where A(q) denotes the discretized Helmholtz operator after finite difference
or finite element approximation. Assume that

A(q) = LU, (3)

where L and U are lower and upper triangular matrices obtained through
matrix factorization. The state equation is formulated in (2), while the matrix
factorization is introduced in (3).

The objective is to determine an admissible control minimizing

J(u, q) =
1

2
∥u− ud∥2 +

α

2
∥q∥2, (4)

where ud is the desired state and α > 0 is the regularization parameter.
The objective functional is defined by (4).

The optimal control problem is therefore min
u,q

J(u, q) subject to A(q)u = f .

The existence of an optimal solution follows under standard assumptions
of convexity, coercivity, and bounded admissible controls [1].

Introducing the adjoint variable p, the Lagrangian functional is

L(u, q, p) = J(u, q) + pT (A(q)u− f).

The first-order necessary conditions yield

A(q)u = f, (5)

A(q)Tp = u− ud, (6)

αq +
∂A(q)

∂q

T

(pu) = 0. (7)

The first-order optimality conditions are presented in (5)-(7). The ma-
trix factorization significantly reduces computational complexity because the
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forward and adjoint systems are solved using successive triangular substi-
tutions instead of repeated inversion of the original sparse matrix. Conse-
quently, optimization algorithms such as projected gradient methods or se-
quential quadratic programming become computationally attractive.

For large-scale problems, sparse LU factorization combined with Krylov
subspace methods provides an efficient computational framework. The fac-
torized representation improves numerical stability while preserving sparsity
patterns. Moreover, preconditioning strategies derived from incomplete matrix
factorizations often accelerate convergence of iterative solvers.

The optimization process alternates between solving the state equation,
evaluating the adjoint equation, and updating the control variable until conver-
gence. Such algorithms have demonstrated effectiveness in wave propagation,
inverse scattering, and acoustic imaging applications [2].

Optimal control problems governed by the Helmholtz equation remain chal-
lenging because of the indefinite nature of the underlying operator. Matrix fac-
torization techniques provide an efficient computational mechanism for solving
both state and adjoint equations, thereby improving the overall performance
of optimization algorithms. Future research may combine hierarchical matrix
approximations, domain decomposition, and machine learning techniques to
further reduce computational costs for high-frequency wave simulations.
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Direct and Inverse Problems for a Fourth-Order
Mixed-Type Equation With Power Degeneration in a

Three-Dimensional Domain
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Let D = {(x, y)|0 < x < p, 0 < y < q}, Ω = {(x, y, t)|(x, y) ∈ D,−a < t <
b} and α, a, b, p, q are given positive real numbers. We introduce the operator

Lu =

{
ut(x, y, t) + tα[uxxxx(x, y, t) + uyyyy(x, y, t)], t > 0,

utt(x, y, t) + uxxxx(x, y, t) + uyyyy(x, y, t), t < 0.

In the domain Ω for equation

Lu = F (x, y, t), (1)

where

F (x, y, t) =

{
F1(x, y, t), t > 0,

F2(x, y, t), t < 0,

let us consider following problems:
Problem 1. Find the function u(x, y, t) from the class

u(x, y, t) ∈ C2,2,1
x,y,t (Ω̄) ∩ C2

t (Ω2) ∩ C4,4
x,y(Ω1 ∪ Ω2), (2)

which satisfies equation (1) and conditions

u(0, y, t) = u(p, y, t) = uxx(0, y, t) = uxx(p, y, t) = 0, 0 ≤ y ≤ q,−a ≤ t ≤ b,
(3)

u(x, 0, t) = u(x, q, t) = uyy(x, 0, t) = uyy(x, q, t) = 0, 0 ≤ x ≤ p,−a ≤ t ≤ b,
(4)

u(x, y,−a) = φ(x, y), (x, y) ∈ D, (5)

where F (x, y, t) is given function, Ω1 = Ω ∩ {t > 0}, Ω2 = Ω ∩ {t < 0}.
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Problem 2. Let F1(x, y, t) = f1(x, y)g1(t), and let the function g1(t) be
known. Find functions u(x, y, t) and f1(x, y), which satisfy conditions (2)-(5)
and

u(x, y, b) = ψ(x, y), (x, y) ∈ D, (6)

where F2(x, y, t) and ψ(x, y) are given functions.
Problem 3. Let F1(x, y, t) = f1(x, y)g1(t), and let the function f1(x, y)

be known. Find functions u(x, y, t) and g1(t), which satisfy conditions (2)-(5)
and

u(x0, y0, t) = h(t), 0 ≤ t ≤ b, (7)

where F2(x, y, t) and h1(t) are given functions, (x0, y0) is given point in D.
In this work, for a degenerate fourth-order mixed-type equation in a three-

dimensional domain, direct and inverse problems are solved. By applying the
method of spectral analysis, a criterion for the uniqueness of the solution to
the direct problem, was established, and the solution is constructed as the sum
of a Fourier series. The problem of small denominators arises when justifying
the convergence of the series, therefore, estimates for the separation of small
denominators from zero and their corresponding asymptotics are established.
Two inverse problems are investigated to determine the right side of an equa-
tion consisting of the product of two functions, one of which depends on the
spatial variables and the other only on the time variable.
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Boundary Value Problems for Equations Not Resolved
With Respect to the Highest Derivative

Adil Kahramanov
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The paper considers a boundary value problem for differential equations
not resolved with respect to the highest derivative. The problem is considered
in the half-space t > 0, x ∈ Rn, for regular equations. In the boundary value
problem under consideration, the highest symbol p0(ξ) can vanish and this set
defines a real surface of n or fewer dimensions. Note that S.L. Sobolev was
the first to consider the Cauchy problem for systems of equations not resolved
with respect to the highest derivatives of the unknown functions with respect
to t. Note that the boundary conditions at t=0 have a general form and
contain derivatives with respect to both t and x ∈ Rn. In the paper, algebraic
conditions for the solvability of the problem under study are derived. Correct
conditions for the solvability of the problem under study are given. Note that
the problem is studied in the class of solutions U(x, t) growing in the space H
no faster than th, eγth > 0, γ > 0.

Keywords: Green’s function, spaces H and H, algebraic solvability con-
ditions, boundary value problem, Cauchy problem.

Let a boundary value problem be given:

P

(
∂

∂ t
,

∂

i∂ x

)
u ( x, t) = f (x, t) , t > 0, x ∈ Rn (1)

with general boundary conditions of the form

U i

(
∂

∂ t
,

∂

i∂ x

)
u ( x, t)| t=0 = 0, i = 1, k, (2)

where the polynomial p(z, ξ) has orders n andm in z and ξ, respectively, k = n
is determined by the following regularity condition: the roots Z i (ξ)

(
I = 1, n

)
of the equation P(z,ξ) = 0 for ξ ∈ Rn split into two groups ReZi(ξ) = 0(j =
(1, k)), and for the second group ReZl(ξ) > 0, l = k + 1, k.
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Let the polynomial P (z, ξ) have the form:

P ( z, ξ) =
n∑
j=0

p j (ξ ) z n−j , p0 (ξ) =[ p0 (ξ)]
l p0,0 (ξ) (3)

The equation p0 (ξ) = 0 defines a real surface of n- th or fewer dimensions,
p00(ξ) does not vanish for real ξ, l is a natural number.

Theorem. Let the determinant of the system of equations p(ξ) be nonzero
for real ξ. The function f(x, t) belongs to the space H and grows there no
faster than a power of t. Each of the integrals∫ ∞

0

eτ z j (ξ )τ i
∣∣ f (ξ , t+τ )

∣∣ dτ , j = k + 1, n; i = 0, n− 1;

belongs to the space H and grows there no faster than a certain power of t.
The function f(x, t) has the form

f(x, t) =

[
p0

(
∂

i∂x1
, ...,

∂

i∂xn

)]i
B(x, t),

where the derivatives are understood in the generalized sense, and the function
B(x, t) with respect to x belongs to L2(R

n).
Then problem (1)-(2) has a unique solution u(x, t), growing no faster than

some power of t, and for each t > 0u(x, t) in H depends on f(x, t) continuously
with respect to the spaces H and H [see [6]].
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On one Boundary Value Problem for Singularly
Perturbed Quasilinear Differential Equation of
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The concept of onecharacteristic differential equation was introduced by
M.I.Vishik and L.A. Lusternik in work [6].

An equation of odd order 2k + 1 of the form

L2k+1u ≡M1(M2ku) +N2ku = f

is called one characteristic, if M1 is the first order operator, M2k is elliptic op-
erator of order 2k, and N2k is any differential operator of order 2k. Obviously,
the real characteristics of this equation are only first order characteristics of
operator M1.

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 147

In work [6] mutual degenerations of one characteristic and elliptic equations
were studied. In particular, in the square D = {(x, y)|0 ≤ x ≤ 1, 0 ≤ y ≤ 1}
the following boundary value problem was considered:

ε2
∂

∂x
(∆u)− ε∆u+ ∂u

∂x
+
∂u

∂y
+ u = f(x, y) (1)

u|Γ = 0,
∂u

∂x

∣∣∣∣
x=1

= 0. (2)

Here ε > 0 is a small parameter , Γ is a boundary of the square D, f(x, y)
is a given function. Assuming here that function f(x, y) becomes zero of the
corresponding order, they only constructed first terms of asymptotics of the
solution of the boundary value problem (1),(2) .

The authors of work [1], abandoning the condition of vanishing of f(x, y) at
x = y constructed the first terms of asymptotics of the solution of the problem
(1),(2) taking into account inner layers arising near x = y. In the same work
the asymptotics of solution of this problem was also constructed up to any
degree of small parameter.

In works [2]-[5] boundary value problems for singularly perturbed onechar-
acteristic equations were also investigated. However, in all the works men-
tioned, the boundary value problems are considered either in rectangular do-
mains or in semi-infinite and infinite regions.

In the present paper a boundary value problem for the equation (1) is
considered in curvilinear trapezoid.

Let x = φ1(y), x = φ2(y) be sufficiently smooth functions defined in [a, b]
and satisfying the following conditions:

1) φ1(y) < φ2(y) at y ∈ [a, b];
2) φ1(y) ≤ y, φ2(y) ≥ y at y ∈ [a, b]
3) φ1(a) = a, φ2(b) = b;
4) φ′

1(y) < 1, φ′
2(y) < 1 at y ∈ [a, b]

Examples of such functions include φ1(y) = y− (y−a)3, φ2(y) = (b−y)3+
y, y ∈ [a, b].

Let’s introduce some notations: Γ1 = {(x, y)|x = φ1(y), a ≤ y ≤ b} ,Γ2 =
= {(x, y)|φ1(y) ≤ x ≤ φ2(y), y = b} ,

Γ3 = {(x, y)|x = φ2(y), a ≤ y ≤ b} ,Γ4 = {(x, y)|φ1(y) ≤ x ≤ φ2(y), y = a},
Γ = Γ1Γ ∩ Γ2 ∩ Γ3 ∩ Γ4.
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In Ω = {(x, y)|φ1(y) ≤ x ≤ φ2(y), a ≤ y ≤ b} the boundary value problem
for the equation (1) is considered under the following boundary conditions:

u|Γ = 0,
∂u

∂x

∣∣∣∣
Γ3

= 0. (3)

Our goal is to construct the asymptotic expansion of the solution of bound-
ary value problem (1), (3) with respect to the small parameter. Due to this
iterative processes were carried out, and as a result, the following theorem was
proved.

Theorem. Let the function f(x, y) ∈ C2n+3(Ω), satisfy the conditions

∂if(t, x)

∂xi1∂yi2

∣∣∣∣
t=x

= 0;
∂if(φ2(y), a)

∂xi1∂yi2
= 0;

∂if(φ1(y), a)

∂xi1∂yi2
= 0;

i = i1 + i2; i = 0, 1, ..., 2n+ 3.

Then for the solution of the problem (1),(3) the following asymptotic rep-
resentation holds:

u =
n∑
i=0

εiWi +
n+1∑
j=0

εjVj +
n+1∑
j=0

εjηj + εn+1z.

Here the functions Wi are defined by the first iterative process, Vj, ηj are
boundary layer type functions, close to boundaries Γ3,Γ2 which are defined
by the other iterative processes, εn+1z is remainder term, moreover for the
function z the following estimation holds:

ε2

∥∥∥∥∥ ∂z∂x
∣∣∣∣
x=φ1(y)

∥∥∥∥∥
2

L2(a,b)

+ ε

[∥∥∥∥∂z∂x
∥∥∥∥2
L2(Ω)

+

∥∥∥∥∂z∂y
∥∥∥∥2
L2(Ω)

]
+ c1 ∥z∥2L2(Ω) ≤ c2,

where c1 > 0, c2 > 0 are constants, not depending on ε.
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Conditional Well-Posedness of an Initial-Boundary
Value Problem for a Composite Pseudohyperbolic

Equation
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In this paper, we investigate an initial-boundary value problem for a com-
posite pseudohyperbolic equation with discontinuous coefficients.

We consider the differential equation

∂

∂t
(ut (x, t)− sgn(x)uxx (x, t))− sgn(x)uxx (x, t) = f (x, t) , (1)

in the domain Ω = {(x, t) : −1 < x < 1, x ̸= 0, 0 < t < T}.
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Problem. Find a function u (x, t) in the domain Ω satisfying the equation
(1) together with the initial

u|t=0 = φ (x) , ut|t=0 = ψ (x) ,−1 ≤ x ≤ 1, (2)

boundary
u|x=−1 = u|x=1 = 0, 0 ≤ t ≤ T, (3)

and gluing

u|x=−0 = u|x=+0, ux|x=−0 = ux|x=+0, 0 ≤ t ≤ T, (4)

conditions, where φ (x), ψ (x) and f (x, t) are sufficiently smooth given func-
tions.

Pseudohyperbolic equations naturally arise in the mathematical modeling
of unsteady flows of viscous gases, convective diffusion of salts in porous media,
and the propagation of initial compression disturbances [1].

The theory of pseudohyperbolic equations has been extensively studied
because of its applications in mathematical physics and continuum mechan-
ics. Fundamental results on Sobolev-type and pseudohyperbolic equations,
including the existence, uniqueness, and stability of solutions, were obtained
by R.E.Showalter [1]. Boundary value problems for composite-type equations
with discontinuous coefficients and a variable direction of evolution were fur-
ther investigated by A.I. Kozhanov and his collaborators [2]. The theory
of ill-posed problems and conditional well-posedness was established by A.N.
Tikhonov and further developed by M.M.Lavrentev and his collaborators [3].

The main contribution of this paper is the investigation of the conditional
well-posedness of the problem (1)-(4). An a priori estimate for the solution is
established, which serves as the basis for constructing the corresponding cor-
rectness set. Within this set, the uniqueness of the solution and its conditional
stability with respect to the initial data are proved. Furthermore, a regularized
solution of the problem is constructed. An appropriate choice of the regular-
ization parameter is proposed to guarantee the continuous dependence of the
regularized solution on the perturbed initial data within the correctness set.
These results provide a rigorous theoretical foundation for the analysis and
stable approximation of the considered ill-posed problem.
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This work is concerned with sufficient optimality conditions for generalized
parabolic differential inclusions. The essential feature of the model is that
the set-valued mapping depends not only on the state variable, but also on the
first-order partial derivative of the unknown function. In a rectangular domain
D = [0, L]× [0, T ], we consider

min J [u] =

∫ ∫
D

f(u(x, t), x, t) dxdt, (1)
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subject to

ut(x, t)− uxx(x, t) ∈ F (u(x, t), ux(x, t), x, t), (x, t) ∈ D, (2)

with prescribed initial and boundary values u(x, 0) = α0(x), u(0, t) = β0(t)
and u(L, t) = βL(t). Here F : R2n ⇒ Rn is a set-valued mapping and f
is a proper convex integrand. This formulation extends earlier parabolic dif-
ferential inclusion models in which the right-hand side depends only on the
unknown function.

The main tool is the locally adjoint mapping (LAM) associated with F ,
expressed through the Hamiltonian

HF (u0, u1, v
∗) = sup{⟨v, v∗⟩ : v ∈ F (u0, u1)}. (3)

The dependence of F on ux produces an additional adjoint function. Conse-
quently, the adjoint system is not merely the classical parabolic adjoint equa-
tion, but an Euler–Lagrange type differential inclusion with an extra adjoint
component.

Theorem 1. Let f(·, x, t) be a continuous proper convex function and let
F (·, x, t) be a convex set-valued mapping. A feasible solution u of (1)-(2) is
optimal if there exist classical functions u∗ and w∗ satisfying

u∗(x, T ) = 0, u∗(0, t) = u∗(L, t) = 0, (4)

and
(−u∗t (x, t)− u∗xx(x, t) + w∗

x(x, t), w
∗(x, t)) ∈ F ∗ (u∗(x, t);

(u(x, t), ux(x, t), ut(x, t)− uxx(x, t)) , x, t)− ∂f(u(x, t), x, t)× {0}, (5)

together with the argmaximum condition

ut(x, t)− uxx(x, t) ∈ FA(u(x, t), ux(x, t);u∗(x, t), x, t). (6)

The proof follows from the Hamiltonian inequality generated by the LAM.
After comparing u with an arbitrary feasible solution and integrating over
D, the terms containing u∗ and w∗ are transformed into boundary terms.
These terms vanish by the initial-boundary conditions of the state and the
homogeneous terminal-boundary conditions of the adjoint variable. Hence
J [ũ] ≥ J [u] for every feasible ũ.
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The result also yields useful special cases. For the linear parabolic control
system

ut − uxx = Au+ A1ux +Bw, w ∈ U, (7)

the abstract condition reduces to the adjoint equation

−u∗t − u∗xx = −A∗u∗ − A∗
1u

∗
x − f ′

u(u, x, t), (8)

with homogeneous terminal-boundary conditions and the maximum condition

⟨Bw(x, t), u∗(x, t)⟩ = max
v∈U
⟨Bv, u∗(x, t)⟩. (9)

The same method can be applied to nonlinear parabolic equations and to
polyhedral parabolic differential inclusions described by finitely many linear
inequalities. In the polyhedral case, the sufficient condition takes the form of
an adjoint parabolic relation with a nonnegative multiplier, complementarity,
and conjugate boundary conditions.

The proposed approach also admits a multidimensional version with the
Laplace operator,

ut(x, t)−∆u(x, t) ∈ F (u(x, t),∇u(x, t), x, t), (10)

where the adjoint inclusion contains the divergence of the auxiliary adjoint
vector associated with∇u. Thus, the framework gives a unified construction of
sufficient optimality conditions for parabolic differential inclusions depending
on first-order partial derivatives and suggests further extensions to related
elliptic and hyperbolic models.
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Consider the multiparameter spectral problem Vi 0φi =
n∑
j=1

λjVijφi; φi ∈ Hi

i = 1; 2; ...;n
(1)

where Vi 1; ...;Vi n are bounded self-adjoint operators in a Hilbert space Hi ; i =
1; 2; ...;n, and Vi 0 are bounded-from-below, self-adjoint operators with com-
pact resolvents, defined on a dense subset in Hi domain D(Ti) ⊂ Hi . The
extension of this problem to the tensor product space H = H1 ⊗ .... ⊗ Hn is
given by {

V t
i 0φ =

∑n
j=1 λjV

t
i jφ; φ ∈ H = H1 ⊗ ....⊗Hn

i = 1; 2; ...;n
(2)

where V t
i j = I1 ⊗ .... ⊗ Ii−1 ⊗ Vi j ⊗ Ii+1 ⊗ .... ⊗ In. Separating the spectral

parameters in problem (2), we obtain{
∆iφ = λi∆0φi; φ ∈ H = H1 ⊗ ....⊗Hn

i = 1; 2; ...;n
(3)
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where the operators ∆i are the operator determinants (algebraic complements)
of the elements µi in the operator matrix

∆ =


µ0 µ1 .......... µn
V t
10 V t

1 1 ..........V
t
1n

.... ..... ...... .....
V t
n0 V t

n 1 ..........V
t
n n


Here, when computing the operator determinant, the product of operators is

understood as a tensor product. The vector λ⃗ = (λ1, ..., λn) represents the
spectral parameters.

We define the sets

MV =

{
(λ1, . . . , λn) :

n∑
j=1

λj(Vi,jφi, φi) = (Vi,0φi, φi), ∀φi ∈ Hi, i = 1; . . . ;n

}
,

(4)

MV t =

{
(λ1, . . . , λn) :

n∑
j=1

λj(V
t
i,1φi, φi) = (V t

i,0φi, φi), ,

∀φ ∈ D(V1,0)⊗ . . .⊗D(Vn,0), } , (5)

M∆ =

{
λ⃗ = (λ1, . . . , λn)

∣∣∣∣ λ⃗ =

(
(∆1 φ, φ)

(∆0 φ, φ)
, . . . ,

(∆n φ, φ)

(∆0 φ, φ)

)
,

∀φ ∈ D(V1,0)⊗ . . .⊗D(Vn,0)} (6)

as the numerical ranges of problems (1), (2), and (3), respectively.
Assume that these problems satisfy the right-definiteness condition in a

non-strict form, i.e.,

(∆0φ, φ) > 0; ∀φ ∈ H = H1 ⊗ ....⊗Hn (7)

Generally speaking, the numerical ranges MV and MV t are not convex sets,
whereas the set M∆ is convex. The following theorem holds for the numerical
ranges MV , MV t and M∆.

Theorem 1. If for each fixed parameter value λ⃗ = (λ1, ..., λn) there exists
an orthonormal basis {ek}k=1, ... ,∞ in the space Hi and bounded scalar se-

quences {γi j k}k=1, ... ,∞ depending on the parameters λ⃗ = (λ1, ..., λn) such that
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the equalities

(
n∑
j=1

λj Vij − Vi 0

)
ek = γi j kek; , i,= 1; 2; ...;n; k = 1, ... , ∞,

hold, then the numerical ranges MV , MV t and M∆ satisfy the following rela-
tions:

1. MV =MV t ⊆M∆,

2. Additionally, if condition (7) is satisfied, then convMV =M∆.

Proof. To prove this theorem, we require the following lemma.
Lemma 1. If (a) a self-adjoint operator A is defined on a dense in the H1

domain D(A) ⊂ H1 and (b) there exists an orthonormal basis {ek}k=1, ... ,∞ in

the space H1 and a bounded scalar sequence {γk}k=1, ... ,∞ such that Aek = γkek,
k = 1, ... , ∞, then the numerical ranges MA and MAt satisfy the equality
MA = MAt. Here, the operator At = A ⊗ I2 is defined on the set H =
D(A)⊗H2, where I2 is the identity operator on the Hilbert space H2.The sets

MA = {λ | λ = (Aφ1, φ1), ∀φ1 ∈ H1, ∥φ1∥ = 1} ,

MAt =
{
λ
∣∣ λ = (Atφ, φ), ∀φ ∈ H, ∥φ∥ = 1

}
are the numerical ranges (in the classical sense) of the operators Aand At,
respectively.

Proof. The proof of this lemma follows directly by computing the values
of the elements of the corresponding numerical ranges. We also note that this
lemma holds for the operators A and At = I1 ⊗ A.

We now proceed to the proof of Theorem 1. It follows from Lemma 1 that

for each fixed parameter value λ⃗ = (λ1, ..., λn), the numerical ranges (in the

classical sense) of the operators W =
n∑
j=1

λjVi j − Vi 0 and W t =
n∑
j=1

λjV
t
i j − V t

i 0

coincide. This implies that 0 either belongs or does not belong to the classical
numerical ranges of the operators W and W t simultaneously. Consequently,

λ⃗ = (λ1, ..., λn) either belongs or does not belong to the sets MV and MV t

simultaneously, meaning that MV = MV t holds. If we consider only decom-
posable tensors, when computing the elements of the numerical ranges (4) and
(6), it is easy to see that the corresponding elements of MV and M∆ are equal
on these decomposable tensors. Therefore, the inclusion MV ⊆ M∆ holds.
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Thus, we have shown that MV = MV t ⊆ M∆. Let us now prove the second
part of the theorem, namely the equality convMV =M∆.

Let σV , σV t and σ∆ denote the spectra of problems (1), (2), and (3), re-
spectively. It is known that under condition (7) and the aforementioned as-
sumptions, the spectra σV , σV t and σ∆ are discrete, real, and σV = σV t = σ∆.

Furthermore, conv σV = convMV ; conv σV t = convMV t , and conv σ∆ =
convM∆. Then, taking into account the convexity of the set M∆, we obtain
convMV =M∆. The theorem is fully proved.

On one Modular Maximin Control Problem

Akmal Mamatov

140104,University Boulevard,15, Samarkand State University named after
Sh. Rashidov, Samarkand, Uzbekistan

(e-mail: akmalmamatov1964@gmail.com)

Let τ = {τ1, τ2, ..., τl} be fixed time instants numbered in ascending order:

0 = τ1 < τ2 < ... < τl < τl+1 = t∗ <∞;

U = {u(·)|u(t) =
l∑

k=1

ukδ(t− τk),
∫ t∗

0

u(t)dt ≤ 1, u(t) ≥ 0, t ∈ T = [0, t∗]};

V = {v(·)|u(t) =
l∑

k=1

vkδ(t− τk),
∫ t∗

0

v(t)dt ≤ 1, v(t) ≥ 0, t ∈ T = [0, t∗]};

A ∈ Rn×n, D ∈ Rn×r, b, d ∈ Rn, ω, ω∗, ω
∗ ∈ Rr,Ω = {ω | ω∗ ≤ ω ≤ ω∗};

h
′
i, i ∈ I = {1, 2, ...,m}, be the i-th row of a given constant m× n matrix H;
gi, i ∈ I, be the i-th component of a given vector g, δ(t), t ∈ T, -Dirac delta
function. The following problem is considered:

J(u(·), ω) = min
v(·)∈ V

∑
i∈I

|h′

ix(t
∗)− gi| → max

u(·)∈U,ω∈Ω
, (1)

ẋ(t) = Ax(t) + bu(t) + dv(t), t ∈ T, x(0) = Dω.

For the modular maximin control problem (1), theorems are proven that serve
as a basis for developing a solution algorithm for the problem under consider-
ation.
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On the Stabilization of Generalized Solution for a
Strongly Dissipative Hyperbolic Equation With a
Nonlinear Source Term and Nonlinear Boundary
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Nonlinear hyperbolic equations constitute one of the principal research ob-
jects in mathematical physics, the theory of elasticity, acoustics, mechanics,
and engineering sciences. Such equations are widely used in the mathematical
modeling of various physical processes, and the investigation of the long-time
behavior of their solutions is regarded as one of the most important directions
in the modern theory of partial differential equations [1],[4].

In recent years, considerable attention has been devoted to the study of the
influence of boundary dissipation on the asymptotic properties of solutions
to hyperbolic equations. In particular, the presence of nonlinear boundary
conditions has a significant effect on the time evolution of the energy functional
and makes the stabilization problem substantially more complicated. When
both internal dissipative terms and nonlinear boundary dissipation are taken
into account simultaneously, the investigation of the long-time dynamics of the
system becomes of particular interest from both theoretical and applied points
of view [4].

On the other hand, the nonlinear function (f(u)) appearing on the right-
hand side of the equation represents an important mechanism that supplies
additional energy to the system or significantly influences its dynamics. In this
case, the study of the balance between the nonlinear source and the dissipative

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 159

mechanisms becomes one of the central issues in the analysis of the existence,
uniqueness, and, in particular, the stabilization of solutions as t→∞ ( [1],[4]).

Various results concerning problems of this type have been reported in the
literature. However, most of them are restricted either to linear boundary con-
ditions, to nonlinearities of particular forms, or to cases involving only internal
dissipation or only boundary dissipation. The long-time behavior of solutions
under the combined action of strong internal dissipation, nonlinear boundary
dissipation, and a nonlinear reaction term remains insufficiently investigated
and continues to be an active area of research [4].

In this paper we investigate the stabilization of generalized solutions as
t → ∞ for a nonlinear hyperbolic equation with a strong internal dissipative
term and a nonlinear boundary condition. By employing the energy method
together with a Lyapunov-type functional, we establish the monotonic decay
of the energy functional and derive sufficient conditions characterizing the
long-time behavior of generalized solutions ( [5].) Furthermore, depending
on the properties of the nonlinear boundary dissipation, a general approach is
proposed for estimating the decay rate of the energy. This approach constitutes
the principal scientific novelty of the present study.

We consider the following initial boundary value problem

utt +∆u−∆ut + f(u) = 0, (x, t) ∈ Ω× [0, T ] (1)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω (2)

u = 0, (x, t) ∈ S1 × [0, T ] (3)

∂u

∂n
+ g(ut) = 0, (x, t) ∈ S2 × [0, T ] (4)

where Ω ⊂ Rn is bounded domain with smooth boundary ∂Ω = S1

⋃
S2,

mesS2 > 0, where ∆ is the Laplace operator, u0(x) ∈ H1(Ω) is given function,
f and g are some nonlinear functions, ∂

∂n
is the external normal vector on

∂Ω. The term ∆ut in the equation characterizes strong material (viscoelastic)
dissipation. The function f(u) introduced into the equation describes the in-
ternal nonlinearity and is a continuous function satisfying certain structural
conditions.

In this paper the stabilization of solutions of the problem (1)-(4) are stud-
ied, when nonlinear boundary function has some smoothness properties.
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Here we prove the following theorem regarding the stabilization of solutions
Theorem. Let f : R→ R is local Lipschitz function and

F (s) =

∫ u

0

f(τ)dτ ≥ 0, (5)

f : R→ R is monotone increasing function and

g(s)s ≥ c |s|m , c > 0,m > 1 (6)

Then for given initial dates for generalized solution of the problem (1)-(4)
the energy function

E(t) =
1

2
∥ut∥2 +

1

2
∥∇u∥2 +

∫
Ω

F (u)dx

is monotone decreasing and

lim
t→∞

E(t) = E0 (7)

here, E0 ≥ 0, is constant.
If, in addition E0 = 0, then

lim
t→∞

[∥ut(t)∥L2(Ω) + ∥∇u(t)∥L2(Ω) = 0 (8)
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One of the urgent problems in modern mathematical physics is the qual-
itative analysis of processes described by nonlinear evolution equations. In
particular, strong internal dissipation occurring in a medium, internal nonlin-
ear forces, and nonlinear energy fluxes present on the boundary are widely
encountered in various physical, chemical, and biological systems.

We consider the following initial-boundary value problem in a bounded
domain Ω ⊂ Rn, n ≥ 2 with a smooth boundary ∂Ω:

ut −∆u−∆ut + f(u) = 0, (x, t) ∈ Ω× [0, T ] (1)

u(x, 0) = u0(x), x ∈ Ω (2)

∂u

∂n
+
∂ut
∂n

= g(u), x ∈ ∂Ω× [0, T ] (3)

where ∆ is the Laplace operator, u0(x) ∈ H1(Ω) is given function, f(u) and
g(u) are some nonlinear functions, ∂

∂n
is the external normal vector on ∂Ω.

The term ∆ut in the equation characterizes strong material (viscoelastic) dis-
sipation. The function g(u) in the boundary condition acts as a nonlinear
source entering the system from the outside, which drives the solution to grow
towards infinity. The function f(u) introduced into the equation describes the
internal nonlinearity and is a continuous function satisfying certain structural
conditions [1],[2] .
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The simultaneous presence of a strong dissipation operator, along with
internal and boundary nonlinearities in the considered model, makes the ap-
plication of the concept of classical solutions impossible [5]. For this reason,
the solution of the problem is considered as a generalized (weak) solution in
specialized Sobolev spaces (H1(Ω)).

Definition. The function u(x, t) belonging to u(x, t) ∈ L∞(0, T,H1(Ω))
with ut ∈ L2(0, T,H

1(Ω)) on the interval [0, T ] is called a general solution of
the problem if it satisfies the following integral identity for any test function
v(x, t) ∈ H1(Ω) :∫

Ω

utvdx+

∫
Ω

∇u∇vdx+
∫
Ω

∇ut∇vdx+
∫
Ω

f(u)vdx =

∫
∂Ω

g(u)vds (4)

As a result of the mathematical analysis, the character of the competition
between internal strong dissipation, internal nonlinearity f(u), and the general
boundary source g(u) has been fully described, and the following two main
theorems have been proved [2],[6].

Theorem 1. (Finite time blow up of the solution):
Assume that for the function f(u) f(u) ≤ αF (u), α > 0, where F (u) =∫ u

0
f(τ)dτ and for the function f(u) and the initial function u0(x) ∈ H1(Ω)

the inequality holds

E(0) =
1

2

∫
Ω

|∇u0|2 dx+
∫
Ω

F (u0)dx−
∫
∂Ω

G(u0)dx ≤ 0. (5)

Then the generalized solution of the problem (1)-(3) cannot exist globally and
blows up in a finite time Tmax <∞,

lim
t→Tmax

∫
Ω

∣∣u(x, t)2∣∣ dx =∞ (6)

Idea of the proof: To prove the theorem, a special functional is constructed,
and the nonlinear concavity methodology proposed by H.A. Levine is applied,
adapted to the properties of the strong internal dissipation term along with
the extended energy methodology developed by V.K. Kalantarov for Sobolev
type equations.
Theorem 2. (Global asymptotic stabilization with respect to time):
Assume that the internal nonlinearity is absorptive character (F (u) ≥ 0), the
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initial energy is positive (E(0) > 0), and the initial data lies inside the potential
well determined by the Sobolev embedding constant, i.e.,

∥u0∥H1(Ω) ≤ λ0 (7)

where λ0 is the positive constant
Then the generalized solution of the problem exists on the global time axis

([0,∞]) and stabilizes exponentially towards the trivial stationary solution
((u ≡ 0),in the norm of the space H1(Ω), as t→∞, i.e.

∥u(·, t)∥H1(Ω) ≤ C ∥u0∥H1(Ω) e
−γt (8)

where C > 0 and γ > 0 are constants.
Idea of the proof : The proof is achieved using the Lyapunov functional
method, utilizing the ability of the strong internal viscosity effect ∆ut to com-
pletely damp the energy, alongside differential inequality techniques based on
the Kalantarov Levine approaches.

In this study, the qualitative properties of generalized solutions for a parabolic
equation with strong internal dissipation, general internal f(u) and general
boundary g(u) nonlinearities were fully analyzed. The presented Theorem 1
and Theorem 2 allow predicting the role of internal viscosity, internal nonlinear
forces, and boundary effects in real physical processes, as well as determining
the long term dynamics and phase portrait of the system.
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In this work, we study the Cauchy problem for a class of nonlinear dis-
sipative hyperbolic equations. Under suitable conditions, the existence and
uniqueness of solutions are proved in appropriate functional spaces. We also
obtain energy estimates that ensure the stability of solutions and describe their
decay in time. The main methods are based on energy techniques, compactness
arguments, and Sobolev space tools.

For a quasilinear hyperbolic equation in the domain [0,∞) × Rn with an
integral nonlinear anisotropic elliptic term:

utt + ut +
n∑
i=1

(−1)liai
(
t, x, [u]l,i

)
D2li
xi
u = 0, (1)

u(0, x) = φ(x), ut(0, x) = ψ(x). (2)

We consider the Cauchy problem for the following quasilinear hyperbolic
equation: l1, . . . , ln ∈ {1, 2, . . .}. [u]l,i =

∑n
k=1 βik

∫
Rn |Dlku|2 dx,

βik ∈ R, i, k = 1, . . . , n.
In the special case where l1 = · · · = ln = 1 and [u]l,i =

∫
Ω
|∇u|2 dx, equation

(1) reduces to the well-known dissipative Kirchhoff equation.
Assume that the following conditions are satisfied:

ai(t, ξ) = 1 + a1i(t, ξ), i = 1, . . . , n,
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where the functions ai(t, ξ) are differentiable with respect to the variables t
and ξ in the domain [0,∞) × (−b, b), where b > 0. Moreover, a1i(t, ξ) is
differentiable with respect to t.

For all t ∈ [0,∞), ξ ∈ (−b, b), the following inequalities hold:

|a1i(t, ξ)| ≤ c|ξ|p, |a1i,t(t, ξ)| ≤ c|ξ|p, |a1i,ξ(t, ξ)| ≤ c|ξ|p−1,

where p > 1 and c > 0 are fixed constants.
We denote

H2 = W
(r+1)l
2 (Rn)×W rl

2 (Rn),

and define the inner product in Hr by

⟨w1, w2⟩Hr = ⟨u1, u2⟩W (r+1)l
2 (Rn)

+ ⟨v1, v2⟩W rl
2 (Rn),

where

w1 =

(
u1

v1

)
, w2 =

(
u2

v2

)
, r = 0, 1.

We denote the corresponding norm in Hr by

∥w∥Hr =
√
⟨w,w⟩Hr .

Let U r
δ denote the ball in Hr centered at zero:

U r
δ =

{
w = (v1, v2) ∈ Hr : ∥v1∥2W (r+1)l

2 (Rn)
+ ∥v2∥2W rl

2 (Rn) < δ2
}
.

Theorem 1. Assume that conditions (1) and (2) are satisfied. Then there
exists a number δ0 > 0 such that for every (φ, ψ) ∈ U1

δ0
, the Cauchy problem

(1), (2) admits a unique solution

u ∈ C
(
[0,∞);W 2l

2 (Rn)
)
∩ C1

(
[0,∞);W l

2(Rn)
)
∩ C2

(
[0,∞);L2(Rn)

)
.

Moreover, the following decay estimates hold:

∥Dαu(t, ·)∥L2(Rn) ≤ Cδ0(1 + t)−|α/l|.

Here α = (α1, . . . , αn) ∈ Nn ∪ {0} and

|α/l| = α1

l1
+ · · ·+ αn

ln
,

where Cδ0 > 0 is a constant depending on δ0.
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In this paper, we investigate a variational problem of the form

S(x(·)) =
∫ t1

t0

L
(
t, x(t), x(t− h), ẋ(t), ẋ(t− h)

)
dt→ min, (1)

x(t) = φ(t), t ∈ [t0 − h, t0], x(t1) = x1 ∈ Rn. (2)

Here Rn is the n-dimensional Euclidean space, h = const > 0, t1 − t0 > h,
x(t) ∈ KC1([t0 − h, t1],Rn), and the function

L(t, x, y, ẋ, ẏ) : I × Rn × Rn × Rn × Rn → R := (−∞,+∞)

is a given continuous function and L(t, x, y, ẋ, ẏ) = 0, ∀t > t1. Further, φ(·) ∈
C1([t0 − h, t0],Rn), where I := [t0, t1], and KC1([t0 − h, t1],Rn) is the set of
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piecewise smooth functions, that is, x(t) ∈ C([t0 − h, t1],Rn) and ẋ(·) is a
piecewise continuous function on [t0 − h, t1].

Let x(·) ∈ KC1([t0 − h, t1],Rn) and suppose that it satisfies condition (2).
Then the function x(·) is called admissible in problem (1), (2). If an admissible
function is a solution of problem (1), (2), then it is a minimum in problem (1),
(2). The following theorem is known.

Theorem [1]. Let the function L(t, x, y, ẋ, ẏ) be continuous function with
respect to all variables.

Then: (i) if an admissible function x̄(·) is a strong local minimizer in
problem (1), (2), then along the function x̄(·) the inequality

Q(t, λ, ξ; x̄(·)) ≥ 0, ∀(t, λ, ξ) ∈ I∗ × [0, 1)× Rn (3)

holds; (ii) if an admissible function x̄(·) is a weak local minimum in problem
(1), (2), then along the function x̄(·) the inequality

Q(t, λ, ξ; x̄(·)) ≥ 0, ∀(t, λ, ξ) ∈ I∗ × [0, 1)×Bδ(0) (4)

holds. Here Bδ(0) ⊂ Rn is the closed ball with center 0 ∈ Rn and radius δ.
Further, the function Q(·) is defined in work [1].

Definition 1. An admissible function x̄(·) is called an extremal in the
strong sense (in the weak sense) if inequality (3) (respectively, (4)) is satisfied
along x̄(·).

In various known works, it has been shown that problems described with
delay reflect many real processes quite fully. Therefore, the investigation of
problem (1), (2) is relevant from both the theoretical and the practical points
of view.

Our aim is to obtain sufficient conditions for extremals (in the strong and
weak senses) of problem (1), (2). Following the idea proposed in [3], one can
obtain a formula for the increment

∆S(δz(·); z̄(·)) = S(z̄(t) + δz̄(t))− S(z̄(t)),
where z̄(t) = (x̄(t), ȳ(t))T , ȳ(t) = x̄(t − h), δz(t) = z(t) − z̄(t), and function
x̄(·) is an extremal in the weak or local sense in nonsmooth problem (1), (2).

We have:

∆S(δz(·); z̄(·)) =
∫ t1

t0

[
L
(
t, z̄(t), ˙̄z(t) + δż(t)

)
− L̄(t)

+ L
(
t, z̄(t) + δz(t), ˙̄z(t) + δż(t)

)
− L

(
t, z̄(t), ˙̄z(t) + δż(t)

)]
dt, (5)
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where δz(·) ∈ KC1(I,R2n) and δz(t0) = 0.
Consider the auxiliary set of integrands of the form[arx]{

L̂(·) = L(·) + d

dt

[
aT (t)δz(t) + δzT (t)A(t)δz(t)

]
, t ∈ I

}
, (6)

where δz(·) and a(·) are 2n-dimensional piecewise smooth vector functions
such as a(t1) = 0; in addition, A(·) is a 2n× 2n-dimensional piecewise smooth
symmetric matrix function such as A(t1) = 0.

By virtue of (6), the increment (5) takes the new form

∆S(δz(·); z̄(·)) =
∫ t1

t0

{[
L
(
t, z̄(t), ˙̄z(t) + δż(t)

)
− L̄(t) + aT (t)δż(t)

]
+

+
[
L
(
t, z̄(t) + δz(t), ˙̄z(t) + δż(t)

)
− L

(
t, z̄(t), ˙̄z(t) + δż(t)

)
+

+ȧT (t)δz(t) + 2δżT (t)A(t)δz(t) + δzT (t)Ȧ(t)δz(t)
]}
dt. (7)

Applying the method of work [2] with the help of the increment formula
(7), one can obtain various sufficient conditions for the nonsmooth problem
(1), (2). The following theorem is proved.

Theorem 1. Let the integrand L(t, x, y, ẋ, ẏ) be continuous with respect
to the collection of variables. Moreover, let an admissible function x̄(·), that
is, the function z̄(t) = (x̄(t), ȳ(t))T , ȳ(t) = x̄(t − h), t ∈ I, be an extremal
in problem (1), (2) in the sense of Definition 1. Suppose that there exist a
vector function a(·) ∈ KC1(·), a(t1) = 0 and a symmetric matrix function
A(·) ∈ KC1(·), A(t1) = 0, for which, along z̄(t), the inequality

L
(
t, z̄(t), ˙̄z(t) + ξ

)
− L̄(t) + aT (t)ξ +

[
L
(
t, z̄(t) + η, ˙̄z(t) + ξ

)
−

−L
(
t, z̄(t), ˙̄z(t) + ξ

)
+ ȧT (t)η + 2ξTA(t)η + ηT Ȧ(t)η

]
≥ 0, t ∈ I∗, (8)

∀(ξ, η) ∈ R2n × R2n
(
∀(ξ, η) ∈ R2n ×Bδ(0)

(
∀(ξ, η) ∈ Bδ(0)×Bδ(0)

))
,

holds, where Bδ(0) ⊂ R2n is the closed ball with center 0 ∈ R2n and radius δ.
Then:(i) if inequality (8) holds for all (ξ, η) ∈ R2n × R2n, then a strong local
extremal in sense of Definition 1 is an absolute minimum in problem (1),(2);

(ii) if inequality (8) holds for all (ξ, η) ∈ R2n × Bδ(0)
(
(ξ, η) ∈ Bδ(0) ×

Bδ(0)
)
, then a strong (weak) extremal in the sense of Definition 1 is a strong

(weak) local minimum in problem (1),(2).
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In the paper we investigate the variational problem of the form

S(x(·)) =
∫ t1

to

L(t, x(t), x(t− h), ẋ(t), ẋ(t− h))dt→ min, (1)

x(t) = φ(t), t ∈ [t0 − h, t0], x(t1) = x1 ∈ Rn. (2)

Here Rn is the n− dimensional Euclidean space, h = const > 0, t1− t0 > h,
φ(t) ∈ C1([t0−h, t0], Rn) and the function L(t, x, y, ẋ, ẏ) : I×Rn×Rn×Rn×
×Rn and the functions Lz(·), Lż(·), Lzz(·), Lzż(·), Lżż(·) are continuous, where
L(t, x, y, ẋ, ẏ) = 0, ∀t > t1, ∀(x, y, ẋ, ẏ) ∈ Rn × Rn × Rn × Rn, I = [t0, t1],
z = (x, y)T , ż = (ẋ, ẏ)T and the symbol T is the transposition operation.
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The function x(t) ∈ KC1(I, Rn), where I := [t0, t1] and x(t) = φ(t),
t ∈ [t0−h, t0], where KC1(I, Rn) is the set of piecewise smooth functions, i.e.
x(t) ∈ C(I, Rn) and ẋ(t) is a piecewise continuous function on I.

Let x(·) ∈ KC1(I, Rn) be a function satisfying condition (2). Then func-
tion x(·) is called an admissible in problem (1), (2). Let the admissible function
be a solution of the problem (1), (2), i.e., it is an extremum in problem (1),
(2).

It is important to note that a number of works have shown that problems
described with delay (delay in trajectories and in controls), quite fully represent
many real processes.

Therefore, the studied problem (1), (2) is relevant from a theoretical as well
as a practical point of view.

It is known [2] that if the admissible function x̄(·) is an extremum in prob-
lem (1), (2), then the first variation of problem (1), (2) is equal to zero, i.e.
the following equality holds

δ1S(δz(·); z̄(·)) =
∫ t1

to

[
L̄Tz (t)δz(t) + L̄Tż (t)δż(t)

]
dt = 0, (3)

∀δz(·) = (δx(·), δy(·))T , δy(t) = δx(t− h), δz(t) = z(t)− z̄(t),
z̄(t) = (x̄(t), ȳ(t))T , ȳ(t) = x̄(t− h), z(t) = (x(t), y(t)), y(t) = x(t− h),

where x(·) is arbitrary fixed admissible function, L̄Tν (t) = Lν(t, z̄(t), ˙̄z(t)),
ν ∈ {z, ż}. From (3) we can easily obtain

L̄ẋ(t) + L̄ẏ(t+ h)−
∫ t

t0

[L̄x(τ) + L̄y(τ + h)]dτ = c, (4)

where c ∈ Rn is some constant vector, L(t, x, y, ẋ, ẏ) = 0, ∀t > t1.
We also confirm that if the admissible function x̄(·) is a solution of the

integral equation (4), then equality (3) is valid along it.
Definition 1. An admissible function x̄(·) is called an extremal in problem

(1), (2) if it is a solution of equation (3) or equation (4), i.e. the function
z̄(t) = (x̄(t), x̄(t− h))T satisfies equality (3) or the integral equation (4).

Our goal is to obtain sufficient conditions for the minimality of the ex-
tremals x̄(·) of the problem (1), (2).

Let the function x̄(·) be an extremal in problem (1), (2). Then, following
the idea proposed in [4] and taking into account (3), we can obtain a formula
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for the increment △S(δz(·); z̄(t)) = S(z̄(t) + δz(t)) − S(z̄(t)), where z̄(t) =
= (x̄(t), ȳ(t)), ȳ(t) = x̄(t− h), δz(t) = z(t)− z̄(t).

Using Taylor’s formula, we can rewrite it as follows:

∆S(δz(·); z̄(t)) =
∫ t1

to

[
L(t, z̄(t), ˙̄z(t) + δż(t))− L̄(t)− L̄Tż (t)δż(t)+

+LTz (t, z̄(t), ˙̄z(t) + δż(t))δz(t) +
1

2
δzT (t)Lzz(t, z̄(t) + θδz(t), ˙̄z(t)+ (5)

+δż(t))δz(t)− L̄Tz (t)δz(t) + δzT (t)Q(t)δż(t) +
1

2
δzT (t)Q̇(t)δz(t)

]
dt,

where θ ∈ (0, 1), Q(t) = QT (t), t ∈ I, Q(t1) = 0.
Formula (5) allows us to prove the following theorem.
Theorem 1. Let the admissible function x̄(·) be an extremal in problem

(1), (2). Moreover, let there exist a smooth symmetric n× n matrix Q(·) with
the condition Q(t1) = 0. If the inequality

E(L)(t, z̄(t), ˙̄z(t) + ξ) +
[
ξTQ(t) + Lz(t, z̄(t), ˙̄z(t) + ξ)− L̄z(t)

]
η+

+
1

2
ηT
[
Lzz(t, z̄(t) + θη, ż(t) + ξ) + Q̇(t)

]
η ≥ 0, ∀t ∈ I, ∀θ ∈ (0, 1),

∀(ξ, η) ∈ R2n ×R2n
(
∀(ξ, η) ∈ R2n ×Bδ(0) ((ξ, η) ∈ Bδ(0)×Bδ(0))

)
,

holds, then the extremal x̄(·) is an absolute (strong local (weak local)) minimum
in problem (1), (2), where Bδ(0) ⊂ R2n− a closed ball centered at O ∈ R2n

with radius δ; ξ = (p, q)T ∈ Rn × Rn, η = (l, µ)T ∈ Rn × Rn; the function
E(L)(t, z, ż + ξ) is an analogue of the Weierstrass function for problem (1),
(2) and it has the form: E(L)(t, z̄(t), ˙̄z(t) + ξ) = L(t, z̄(t), ˙̄z(t) + ξ) − L̄(t)−
−L̄ż(t)ξ, t ∈ I, ξ ∈ R2n along z̄(t) = (x̄(t), ȳ(t))T .

In this paper, as far as we know, sufficient conditions for a minimum in
problem (1), (2), i.e. in a problem with delay, have been obtained for the
first time. We also note that, for example, in works [1], [2], [3] only necessary
conditions for the minimum were obtained.
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Application of the Method of Residues to the Solution
of a Mixed Boundary Value Problem for a Class of

Variable-Coefficient Differential Equations

Vagif Mastaliyev

Azerbaijan State Pedagogical University, Baku, Azerbaijan
Academy of Public Administration under the President of the Republic of

Azerbaijan, Baku, Azerbaijan
(e-mail: vagiftrk1@rambler.ru)

The article investigates the existence and uniqueness of the solution to a
mixed problem for a class of equations with complex-valued coefficients that be-
have like parabolic ones, despite the fact that, as ”time” progresses, they may
transition from parabolic type to Schrödinger type or even to anti-parabolic
type.

Problem Statement. This work investigates the solvability of a mixed
boundary value problem..

M

(
t,
∂

∂t

)
U = L

(
x,

∂

∂x

)
U, 0 < t < T, 0 < x < 1 (1)
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U(0, x) = ϕ(x) (2)

l1 (u) = u (t, 0) = 0,

l2 (u) = u (t, 1) = 0, (3)

whereM
(
t, ∂
∂t

)
= P (t) ∂

∂t
+P0 (t) , L

(
x, ∂

∂x

)
= 1

a(x)
· ∂2
∂x2
, P (t) = 1

(b−t)(d−t)(c−t) ,

P0 (t) = p01 (t) + ip02 (t) complex-valued functions,p0j (t) ∈ C[0, 1], (j=1, 2)
, b = b1 + ib2, d = d + id2, c = c1 + ic2 complex numbers, a (x) > 0 ,
a (x) ∈ C[0, 1], ϕ (x)− given, a U (t, x)− unknown function.

The final conditions for solvability are given by

10.Re

∫ t

0

dt

P (t)
= − t

12

(
3t3 + 4Bt2 + 6Ct+ 12D

)
> 0, 0 < t < T

B = −Re (b+ c+ d) , C = Re (bd+ cd+ bc) , D = −Re(bcd);

20.a (x) > 0, 0 < x < 1,

30.ϕ(x) ∈ C2[0, 1], ϕ(0) = ϕ(1) = 0,

40.
[
2B3 − 9BC + 27D

]2
+ 4
[
3C −B2

]3
< 0, 0 < tk < T, k = 0, 1, 2,

tk = 2

√
−p
3
· cos

(
1

3
arccos

(
3q

2p

√
−p
3
− 2pk

3

))
− B

3
, k = 0, 1, 2,

p = C − B2

3
, q =

2B3 − 9BC + 27D

27
.

According to the contour integral method scheme, the mixed problem (1)-
(3) is associated with the following two auxiliary problems involving a complex
parameter λ:

1) A spectral problem consisting of finding the solution to the equation

y” − λ2a (x) y = −ϕ (x) , (4)

under the boundary conditions

l1 (y) ≡ y (0) = 0

l2 (y) ≡ y (1) = 0 (5)
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2) The Cauchy problem consists in finding the solution of an equation involving
a real parameter and a complex parameter λ.

M

(
t,
d

dt

)
z − λ2z = 0, 0 < t < T, (6)

under the initial conditions

z|t=0 = ϕ (x) , 0 < x < 1 (7)

The following theorem holds:
Theorem 1. Suppose that conditions 10, 20, 30 and 40 hold. If the problem

(1)-(3) admits a classical solution in the class C1,2 ((0, T ]× [0, 1])∩C ([0, T ]× [0, 1]),
then this solution is represented in the following form (for t > 0) :

U (t, x) = −
∞∑
k=1

res
λk

(
e
∫ t
0

P0(t)−λ2

P (t)
dt · y(x, λ)

)
(8)

where y (x, λ) =
∫ 1

0
G (x, ξ, λ)ϕ (ξ) dξ and G (x, ξ, λ) is the Green function of

the spectral problem (4)-(5).
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First Order Necessary Optimality Conditions in
Stochastic Step Control Problem
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In the abstract, one step optimal control problem described by a system of
Ito stochastic differential equations on different time intervals is studied. First
order necessary optimality conditions under different conditions were found. In
considered problem these necessary conditions appear like stochastic analogs
of Pontryagin maximum principle, linearized maximum principle and Euler
equation.

Assume that controlled process is described by the following system consist-
ing of the union of ordinary Ito stochastic differential equations and equations
with delay:
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dx(t) = f(t, x(t), x(h(t)), u(t))dt+

+σ1(t, x(t), x(h(t)))dw1(t), t ∈ [t0, t1], (1)

x(t) = x0(t), t ∈ It0 = [h(t0), t0] ,

dy(t) = g(t, y(t), v(t))dt+ σ2(t, y(t))dw2(t), t ∈ [t1, t2],
y(t1) = G(x(t1)).

(2)

Here f(t, x, z, u)(g(t, y, v)) is given continuous by all arguments n(m)− di-
mensional vector-function, z = x(h(t)), x0(t) is given continuous initial func-
tion, σ2(t, x, z)(σ2(t, y)) is (n × n)((m × m)) -dimensional matrix-function,
G(x) is given m dimensional continuous vector-function, h(t) is given contin-
uous differentiable scalar function, so that h(t) < t, h′(t) > 0, u(t)(v(t)) are
r(q) dimensional partially continuous controlling functions taking values from
nonempty bounded U(V ) sets, i.e.

u(t) ∈ U ⊂ Rr, t ∈ [t0, t1],

v(t) ∈ V ⊂ Rq, t ∈ [t1, t2], (3)

All pairs (u(t), v(t)) satisfying these conditions will be called possible con-
trols.

Assume that for any possible control there is a unique solution of the prob-
lem (1)-(2)

S(u, v) = E {φ1(x(t1)) + φ2(y(t2))} . (4)

Here E is mathematical expectation of stochastic process, φ1(x), φ2(y) are
continuous differentiable scalar functions.

In the paper, first order necessary optimality conditions for considered
stochastic step control problem that are stochastic analogs of Pontryagin max-
imum principle, linearized maximum principle and Euler equation [1-4] are
found.
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Investigation of Parabolic Fractional Integral Operators
(with Rough Kernels) in Parabolic Local Generalized

Morrey Spaces

Shemsiyye Muradova
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Let P be a real n×n matrix, whose all eigenvalues have positive real part,
At = tP , t > 0, γ = trP is the homogeneous dimension on Rn and Ω is an
At- homogeneous of degree zero function, integrable to a power s > 1 on the
unit sphere generated by corresponding parabolic metric. We find conditions
on the pair (φ1, φ2) for the boundedness of the operator IPΩ,αf from the space

LM
{x0}
p,φ1,P

(Rn) to another one LM
{x0}
q,φ2,P

(Rn), 1 < p < q < ∞, 1
p
− 1

q
= α

γ
,

and from the LM
{x0}
1,φ1,P

(Rn) to the weak space WLM
{x0}
p,φ2,P

(Rn), 1 ≤ q < ∞,

1− 1
q
= α

γ
.

Definition 1. Let φ (x, r) be a positive measurable function on Rn×(0,∞)

and 1 ≤ p <∞. For any fixed x0 ∈ Rn we denote by LM
{x0}
p,φ,P ≡ LM

{x0}
p,φ,P (Rn)

the parabolic generalized local Morrey space, the space of all functions f ∈
Llocp (Rn) with finite quasinorm

∥f∥
LM

{x0}
p,φ,P

= ∥f (x0 + ·)∥LMp,φ,P
.
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Also by WLM
{x0}
p,φ,P ≡ WLM

{x0}
p,φ,P (Rn) we denote the weak parabolic gener-

alized local Morrey space of all functions f ∈ WLlocp (Rn) for which

∥f∥
WLM

{x0}
p,φ,P

= ∥f (x0 + ·)∥WLMp,φ,P
<∞.

Definition 2. Let Sρ = {w ∈ Rn : ρ (w) = 1} be the unit ρ-sphere (ellip-
soid) in Rn (n ≥ 2) equipped with the normalized Lebesgue surface measure dσ
and Ω be At-homogeneous of degree zero, i.e. Ω (Atx) ≡ Ω (x) , x ∈ Rn, t > 0.
The parabolic fractional integral operator IPΩ,αf with rough kernels, 0 < α < γ,

of a function f ∈ Lloc1 (Rn) is defined by

IPΩ,αf =

∫
Rn

Ω (x− y) f (y)
ρ (x− y)γ−α

dy.

We prove the boundedness of the parabolic integral operator IPΩ,α with

rough kernel from one parabolic local generalized Morrey space LM
{x0}
p,φ1,P

(Rn)

to another one LM
{x0}
q,φ2,P

(Rn), 1 < p < q <∞, 1
p
− 1

q
= α

γ
, and from the space

LM
{x0}
1,φ1,P

(Rn) to the weak space WLM
{x0}
q,φ2,P

(Rn), 1 ≤ q <∞, 1− 1
q
= α

γ
.

Theorem. Suppose that x0 ∈ Rn, 0 < α < γ and the function Ω ∈
L γ

γ−α
(Sρ) is At-homogeneous of degree zero. Let 1 ≤ p < γ

α
, 1
q
= 1

p
− α

γ
, and

the pair (φ1, φ2) satisfy the condition

∫ ∞

r

ess sup
t<τ<∞

φ1 (x0, τ) τ
n
p

t
γ
q
+1

dt ≤ Cφ2 (x0, r) ,

where C does not depend on x0 and r. Then the operator IPΩ,α is bounded from

LM
{x0}
p,φ1,P

to LM
{x0}
q,φ2,P

for p > 1 and from LM
{x0}
1,φ1,P

to WLM
{x0}
q,φ2,P

for p = 1.
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Necessary Conditions of Steklov Problem With Global
Term in the Boundary Conditions for Laplace Equation
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Problem Statement. We have considered the proof of the Fredholm
property of some nonlocal boundary problems in [1-3]. We consider the three-
dimensional Laplace equation in a bounded domain with a Lyapunov bound-
ary:

△u (x) = 0, x ∈ D, (1)

with a spectral parameter in nonlocal boundary conditions containing a global
term:

3∑
j=1

[
α
(1)
ij (x

′)
∂u(x)

∂xj

∣∣
x3=γ1(x′) + α

(2)
ij (x

′)
∂u(x)

∂xj

∣∣
x3=γ2(x′)

]
=

= λ
2∑

k=1

∫
S

αk(ξ
′)u(ξ′, γk(ξ

′))dξ′ , x′ ∈ S, (2)

where S = projOx1x2D, Γ1 and Γ2 are upper and lower half-surfaces of the
boundary Γ respectively: Γk = {ξ = (ξ1, ξ2, ξ3) : ξ3 = γk(ξ

′), ξ′ = (ξ1, ξ2) ∈ S} ,
ξ3 = γk(ξ1, ξ2) , k = 1, 2, are the equations of the halfsurfaces Γ1 and Γ2; func-
tions γk(ξ

′) , k = 1, 2, are twice continuously differentiable with respect to

both variables ξ1, ξ2; the coefficients α
(k)
ij (x′), αk(x

′), i, k = 1, 2; j = 1, 3, are
continuous functions.
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The fundamental solution of equation (1) is [4]

U(x− ξ) = − 1

4π

1

|x− ξ|
. (3)

Basic relationships and necessary conditions
Multiplying equation (1) by the fundamental solution (3), integrating it

over the domain D and taking into account that ∆xU(x− ξ) = δ(x− ξ) where
δ(x− ξ) is the Dirac δ-function we’ll get the first basic relationship:

−
3∑
j=1

∫
Γ

[(
∂u(x)

∂xj
U(x− ξ)− u(x)∂U(x− ξ

∂xj

)
cos(ν, xj)dx

]
=

=

∫
D

u(x)δ(x− ξ)dx =

{
u(ξ), ξ ∈ D,
1
2
u(ξ), ξ ∈ Γ.

(4)

Here the first relationship gives the representation of the general solution of
equation (1) and the second expression in (4) is the first necessary condi-
tion.

Theorem 1. Let a convex along the direction x3 domain D ⊂ R3 be
bounded with the boundary Γwhich is a Lyapunov surface. Then the obtained
first necessary condition in (4) is regular.

Multiplying (1) by ∂U(x−ξ)
∂xi

, i = 1, 3, integrating it over the domain D we
obtain the rest of three basic relationships:∫

Γ

∂u(x)

∂xi

∂U(x− ξ)
∂νx

dx+

+

∫
Γ

∂u(x)

∂xm

[
∂U(x− ξ)

∂xi
cos(νx, xm)−

∂U(x− ξ)
∂xm

cos(νx, xi)

]
dx+

+

∫
Γ

∂u(x)

∂xl

[
∂U(x− ξ)

∂xi
cos(νx, xl)−

∂U(x− ξ)
∂xl

cos(νx, xi)

]
dx =

=

{
−∂u(ξ)

∂ξi
, ξ ∈ D,

−1
2
∂u(ξ)
∂ξi

, ξ ∈ Γ,
(5)

i = 1, 3, the numbers i, m, l make a permutation of numbers 1,2,3.
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The second expressions in (5) are the other three necessary conditions

( ξ ∈ Γ,i = 1, 3) which taking into account that ∂U(x−ξ)
∂xi

= − xi−ξi
4π|x−ξ|3 =

− cos(x−ξ,xi)
4π|x−ξ|2 and introducing the designations

K
(k)
ij (x′, ξ′) = (cos(x− ξ, xi) cos(νx, xj)− cos(x− ξ, xj) cos(νx, xi))

∣∣∣∣∣∣∣ x3 = γk(x
′)

ξ3 = γk(ξ
′)

Pk(x
′, ξ′) = 1 +

2∑
m=1

(
∂γk(x

′)

∂xm

)2

cos2(x′ − ξ′, xm) +O(|x′ − ξ′|)

can be rewritten in the form

1

2

∂u

∂ξi

∣∣
ξ3=γk(ξ′) =

= (−1)(k)
∫
S

∂u(x)

∂xm

∣∣∣∣x3=γk(x′) 1

4π |x′ − ξ′|2
K

(k)
im (x′, ξ′)

Pk(x′, ξ′)

dx′

cos(νx, x3)
+

+(−1)(k+1)

∫
S

∂u(x)

∂xl

∣∣
x3=γk(x′)

1

4π |x′ − ξ|′2
K

(k)
il (x′, ξ′)

Pk(x′, ξ′)

dx′

cos(νx, x3)
+ ...,

i = 1, 2, 3; k = 1, 2. (6)

Theorem 2. Under assumptions of Theorem 1 necessary conditions (6)
are singular.
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On a Necessary Optimality Condition for a Linear
Nonlocal Discrete Control Problem with a
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Abstract: This paper considers a linear nonlocal discrete optimal con-
trol problem with a nondifferentiable performance criterion and establishes a
necessary optimality condition in terms of the directional derivative.

Keywords: necessary optimality condition, nonlocal discrete optimal con-
trol problem, admissible control, directional derivative.

Let T = {t0, t0 + 1, ..., t1 − 1}be a given discrete interval, U ⊂ Rr a given
nonempty and bounded set, u(t) an r -dimensional discrete vector of control
inputs, and φ(a,b) a given scalar function satisfying the Lipschitz condition
and having derivatives in the directions [1].

It is clear that the class of functions that have derivatives in all directions
is broader than the class of continuously differentiable functions.

Consider the problem of minimizing the functional

J (u) = φ (x (t0) , x (t1)) , (1)

subject to the constraints

u (t) ∈ U ⊂ Rr, t ∈ T, (2)
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x (t+ 1) = A (t) x (t) + f (t, u (t)) , t ∈ T, (3)

L0x (t0) + L1x (t1) = ℓ. (4)

Here, A(t) is a given (n× n) discrete matrix function, L0 and L1 are given
(n × n) constant matrices, l is a given constant vector, and f(t, u) is a given
n-dimensional vector function that is continuous over the set of variables.

We will refer to any control function with the properties listed above as a
feasible control, and the corresponding process (u(t), x(t)) as a feasible process.

We will refer to the admissible process (u(t), x(t)), which is a solution to
the given problem (problems (1)-(4)), as the optimal process.

Let (u(t), x(t)) be a valid process.
Let (û (t) = u (t) + ∆u (t) , x̂ (t) = x (t) + ∆x (t)) denote an arbitrary valid

process, and let us write the increment of the quality functional as

∆J (u) = J (û)− J (u) = φ (x̂ (t0) , x̂ (t1))− φ (x (t0) , x (t1)) . (5)

Let us introduce the notation

∆û(t)f [t] ≡ f (t, û (t))− f (t, u (t)) .

Suppose that the set (the set of admissible velocities)

f (t, U) = {α : α = f (t, v (t)) , v (t) ∈ U, t ∈ T} . (6)

is convex, ε ∈ [0, 1] is an arbitrary number, and v(t), t ∈ T is an arbitrary
admissible control. Then the special increment of the control u(t) can be
defined by the formula [1]

∆u (t; ε) = v (t; ε)− u (t) ,

where v(t; ε), t ∈ T is an arbitrary vector such that

∆v(t;ε)f [t] = ε∆v(t)f [t] . (7)

After some transformations, taking into account the formula for the direc-
tional derivative, we obtain the validity of the expansion

∆Jε (u) = φ (x (t0) + εq1 (v) , x (t1) + εq2 (v))− φ (x (t0) , x (t1)) =

= ε

[
∂φ (x (t0) , x (t1))

∂q1 (v)
+
∂φ (x (t0) , x (t1))

∂q2 (v)

]
+ o (ε) . (8)
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Here,

q1 (v) = [L0 + L1F (t1, t0 − 1)]−1L1

t1−1∑
τ=t0

F (t1, τ)∆v(τ)f [τ ],

q2 (v) =
[
− F (t1, t0 − 1) [L0 + L1F (t1, t0 − 1)]−1L1 + E

] t1−1∑
τ=t0

F (t1, τ)∆v(τ)f [τ ],

F (t, τ) is an (n× n) matrix function (analogous to the Cauchy matrix [2])
that is a solution to the problem

F (t, τ − 1) = F (t, τ)A (t) ,

F (t, t− 1) = E,

(E − (n× n) identity matrix).
It follows from the expansion (8) that the statement holds
Theorem 1. If set (6) is convex, then for the feasible control u(t) to be

optimal, it is necessary that the inequality

∂φ (x (t0) , x (t1))

∂q1 (v)
+
∂φ (x (t0) , x (t1))

∂q2 (v)
≥ 0 (9)

was performed for all v(t) ∈ U , t ∈ T .
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Solution to the Perturbed Modified Mathieu Equation
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The Mathieu differential equation often arises in solving scientific and engi-
neering problems (see [1], [3], [6]). The most interesting example is the problem
of oscillations of an elliptical membrane (see [3]). The Mathieu equations also
arise when studying the propagation of electromagnetic waves in an elliptical
cylinder, when considering surface waves of a liquid in a vessel having the
shape of an elliptical cylinder, and when solving a number of other issues (see
[6]).

Consider the following perturbed modified Mathieu equation

−y′′
+ (chx) y + q (x) y = λy, 0 < x <∞, λ ∈ C, (1)

where the real potential q (x ) satisfies the conditions

q (x) ∈ C(1) [0,∞] ,

∫ ∞

0

ex |q (x)| dx <∞. (2)

Note that equation (1) is a one-dimensional Schrödinger equation with an
additional exponentially growing potential. The last equation is of particular
interest from a physical point of view.

It is known [6] that equation (1) with q(x) = 0 has a special solution
f0(x, λ), which can be represented as

f0 (x, λ)=
(√

2e
x
2

)−1

e−
√
2e

x
2

∞∑
r=0

(−1)rcr
(√

2e
x
2

)−r
, (3)

where

c0 = 1, c1 =
4λ+ 12

8
, c2 =

(4λ+ 12) (4λ+ 32)

822!
,

c3 =
(4λ+ 12) (4λ+ 32) (4λ+ 52)

833!
− 4

3!
, (4)
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c4 =
(4λ+ 12) (4λ+ 32) (4λ+ 52) (4λ+ 72)

844!
− 2

4!
(4λ+ 13) , . . .

Moreover, for each x the solution f0(x, λ) is an entire function with respect
to λ. Note that, by virtue of (3), (4), for each fixed λ the function f0(x, λ)
belongs to the space L2 (0,+∞) . Of particular interest is the Jost-type solution
of the perturbed equation (1), i.e., solution f(x, λ) that satisfies the condition
f (x, λ) = f0 (x, λ) [1 + o (1)] , x→∞.

In the present paper, by means of the transformation operator, we find a
representation of a special Jost-type solution f(x, λ) of equation (1). When
obtaining an integral equation for the kernel of the representation, it turned
out to be natural to use the Riemann function method. The results of this
paper can be used to study various spectral problems for equation (1).

Note that a transformation operator with a condition at infinity is con-
structed in [2], [7] for the one-dimensional Schrödinger equation with a rapidly
decreasing potential. At the same time, for the Schrödinger equations with
unbounded potentials, the construction of transformation operators encoun-
ters significant difficulties in comparison with a rapidly decreasing potential.
In this direction, we note the works [2], [7], in which were studied the trans-
formation operators for the Schrödinger equation with an additional potential
of the form cxα, α = 1, 2.

Note that the usual Mathieu equations are special cases of the Hill equation.
For perturbations of the last equation, the transformation operators are studied
in detail (see [9] and references therein)

Let

s0 (x) =

∫ ∞

x

|q(t)| dt, s1 (x) =

∫ ∞

x

s0 (t) dt. (5)

The main result of the present paper is as follows
Theorem 1. If the potential q (x ) satisfies condition (1), then for all

values of λ, the equation (1) has solution f (x, λ) representable as

f (x, λ) = f0 (x, λ) +

∫ +∞

x

K (x, t) f0 (t, λ) dt (6)

where the kernel K (x, t) is a continuously differentiable function and satisfies
the following conditions:

|K (x, t)| ≤ 1

2
s0

(
x+ t

2

)
es1(x),
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K (x, x) =
1

2

∫ +∞

x

q (t) dt.
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On Asymptotics of Solution of Boundary Value Problem
for Nonclassical Type Singularly Perturbed Quasilinear

Differential Equation of Arbitrary Odd Order

Mahir Sabzaliev, Ilhama Sabzalieva

Azerbaijan State Oil and Industry University, Baku, Azerbaijan
(e-mail: sabzaliev@mail.ru, isabzalieva@mail.ru)

The study of numerous real phenomena characterized by nonuniform tran-
sitions between different physical states requires the investigation of boundary-
value problems for differential equations with a small parameter multiplying
the highest order derivatives. Such problems, known as singularly perturbed
problems, have attracted the attention of many mathematicians ([1], [5], [6]).
However, most of the studied singularly perturbed partial differential equa-
tions belong to one of the three classical types. The investigation of boundary
value problems for nonclassical type singularly perturbed differential equations
requires a specific approach to their solution. Let’s note here some works de-
voted to the investigation of boundary –value problems for nonclassical type
singularly perturbed differential equations [2],[3],[4].

In the paper the following boundary value problem is considered in the
rectangle D = {(t, x)|0 ≤ t ≤ 1, 0 ≤ x ≤ 1} :

(−1)mε2m∂
2m+1u

∂t2m+1
− ε∂

2u

∂x2
+
∂u

∂t
+
∂u

∂x
+ F (t, x, u) = 0, (1)

u|t=0 =
∂u

∂t

∣∣∣∣
t=0

= ... =
∂mu

∂tm

∣∣∣∣
t=0

= 0, (0 ≤ x ≤ 1) (2)

∂m+1u

∂tm+1

∣∣∣∣
t=1

=
∂m+2u

∂t

∣∣∣∣
t=1

= ... =
∂2mu

∂t2m

∣∣∣∣
t=1

= 0, (0 ≤ x ≤ 1) (3)

u|x=0 = u|x=1 = 0, (0 ≤ t ≤ 1). (4)

Here ε > 0 is a small parameter, m is arbitrary natural number, F (t, x, u)
is a given function that may depend on u either linearly i.e. F (t, x, u) =
= a(t, x)u− f(t, x), or nonlinearly.

Our goal is to construct a complete asymptotics of the solution of boundary
value problem (1)-(4) with respect to the small parameter. For this purpose,
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iterative processes were carried out, and as a result, the following theorem was
proved.

Theorem. Let the function F (t, x, u) ∈ C2m+2n+2(D × (−∞,+∞)), sat-

isfy the conditions ∂F (t,x,u)
∂u

≥ γ2 > 0 at (t, x, u) ∈ (D\{(t, x) ∈ D|t = x}) ×
(−∞,+∞), and also the condition

∂if(t, x)

∂ti1∂xi2

∣∣∣∣
t=x

= 0; i = i1 + i2; i = 0, 1, ..., 2n+ 2

in the case of linear dependence F on u and the condition

F (t, x, u)|t=x = 0,
∂iF (t, x, 0)

∂ti1∂xi2∂ui3

∣∣∣∣
t=x

= 0 ; i = i1 + i2 + i3; i = 0, 1, ..., 2n+ 2

in the case of nonlinear dependence F on u. Then for the solution of the
boundary value problem (1)-(4) the following asymptotic representation holds

u =
n∑
i=0

εiWi +
n+m−1∑
s=0

ε1+sVs +
n+m−1∑
s=0

ε1+m+sηs +
n+1∑
j=0

εjψj + εn+1z.

Here the functions Wi are defined by the first iterative process, Vs, ηs, ψj are
boundary layer type functions close to boundaries t = 0, t = 1, x = 1, which
are defined by the corresponding iterative processes, and εn+1z is remainder
term, moreover, for the function z the following estimation holds:

εm
∥∥∥∥ ∂mz∂tm

∣∣∣∣
t=1

∥∥∥∥
L2(0,1)

+ ε
1
2

∥∥∥∥∂z∂x
∥∥∥∥
L2(D)

+ c1 ∥z∥L2(D) ≤ c2,

where c1 > 0, c2 > 0 are constants, not depending on ε.
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A Duality Framework for Optimal Control of
Hyperbolic Differential Inclusions
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The optimal control of hyperbolic differential inclusions is vital for model-
ing non-smooth wave and vibration dynamics. While foundational variational
tools were established by Aubin and Cellina [1] and Mordukhovich [4], the
locally adjoint mapping (LAM) formalism [3] provided the essential link be-
tween discrete approximations and continuous-time systems. Building on pre-
vious duality studies for various boundary value problems, this study extends
the LAM paradigm to a class of constrained hyperbolic inclusions. We derive
rigorous sufficient optimality conditions and construct a comprehensive conju-
gate duality framework tailored to the wave operator’s unique transversality
mechanisms. By verifying a zero duality gap through an explicitly solvable
one-dimensional wave equation, we establish this framework as a powerful and

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 191

robust alternative to conventional primal methodologies in non-smooth hyper-
bolic control.

We consider the primal optimal control problem (P ) governed by a hyper-
bolic differential inclusion:

min
u

J(u) =

∫∫
D

f(u(x, t), x, t) dxdt+

∫ 1

0

φ(u(x, 1)) dx

utt(x, t)− uxx(x, t) ∈ F (u(x, t), x, t), a.e. (x, t) ∈ D = [0, 1]2,

u(x, t) ∈ ϕ(x, t), ∀(x, t) ∈ D,
u(x, 0) = 0, ut(x, 0) = 0, u(0, t) = 0, u(1, t) = 0.

(P)

We assume homogeneous initial and boundary conditions for operator invert-
ibility. The state u ∈ W 2,2

1 (D,Rn) satisfies utt−uxx ∈ F (u, x, t) and u ∈ ϕ(x, t),
where F and ϕ are convex. The objective J(u) consists of a Carathéodory run-
ning cost f and a terminal cost φ.
Defining the Hamiltonian HF (u, v

∗) = sup
v∈F (u)

⟨v, v∗⟩, the corresponding argmax-

imum set FA(u; v
∗) = {v ∈ F (u) : ⟨v, v∗⟩ = HF (u, v

∗)}, and the locally adjoint
mapping F ∗(v∗;w0) = {u∗ : (u∗,−v∗) ∈ K∗

gph F (w0)}, we establish the conju-
gate linkage by the functional MF (u

∗, v∗, x, t) = inf
u
{⟨u∗, u⟩ −HF (u, v

∗, x, t)}.

Theorem 1. Let φ and f be proper, continuous, convex Carathéodory
functions, and let F and ϕ be convex-valued and closed. For the optimality
of a feasible state trajectory ũ(x, t) of the continuous problem, it is sufficient
that an adjoint function u∗(x, t) ∈ W 2,2

1 (D,Rn) satisfies a.e. on D:

(i) u∗tt(x, t)− u∗xx(x, t) ∈ F ∗(u∗(x, t); (ũ(x, t), ũtt(x, t)− ũxx(x, t)))
− ∂uf(ũ(x, t), x, t) ,

(ii) u∗t (x, 1) ∈ ∂φ(ũ(x, 1))−K∗
ϕ(x,1)(ũ(x, 1)) , ∀x ∈ (0, 1),

u∗(x, 1) = 0 , ∀x ∈ (0, 1), u∗(0, t) = u∗(1, t) = 0 , ∀t ∈ (0, 1),

(iii) ũtt(x, t)− ũxx(x, t) ∈ FA
(
ũ(x, t);u∗(x, t)

)
.

We formulate the exact continuous dual problem (D) using convex duality:

sup
u∗,p∗,q∗

u∗(0,t)=u∗(1,t)=0 u∗(x,1)=0

J∗

(
u∗(x, t), p∗(x, t), q∗(x, t)

)
(D)
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where J∗ =

∫∫
D

[
MF

(
u∗tt(x, t) − u∗xx(x, t) − p∗(x, t) + q∗(x, t), u∗(x, t), x, t

)
−Wϕ(x,t)(−p∗(x, t))− f ∗(q∗(x, t), x, t)

]
dxdt−

∫ 1

0

φ∗(u∗t (x, 1))dx.

Here, MF absorbs the inclusion dynamics, f ∗ and φ∗ are Fenchel conjugates,
Wϕ is the support function, and the variables p∗ and q∗ dualize the state con-
straints and running cost, respectively.

Theorem 2. (Weak Duality) For all feasible primal solutions u(x, t) and
dual solutions (u∗, p∗, q∗), the inequality J(u) ≥ J∗(u

∗, p∗, q∗) holds.

Theorem 3. (Strong Duality) Suppose ũ(x, t) satisfies Theorem 1, and
the dual variables (u∗, p∗, q∗) satisfy the transversality conditions: Wϕ(−p∗) =
⟨ũ,−p∗⟩, q∗ ∈ ∂uf(ũ), and φ∗(u∗t (x, 1)) = ⟨u∗t (x, 1), ũ(x, 1)⟩−φ(ũ(x, 1)). Then
ũ and (u∗, p∗, q∗) are exact optimal solutions for (P ) and (D), respectively,
achieving a zero duality gap (J = J∗).

Example 1. For the primal problem with F = ϕ = [−1, 1] and objective

J(u) =
∫ 1

0
−u(x, 1) sin(πx)dx, the optimality conditions yield the adjoint state

u∗(x, t) = 1
π
sin(πt) sin(πx). Since u∗ > 0 internally, maximizing the Hamilto-

nian gives ũtt − ũxx = 1, resulting in the optimal primal trajectory:

ũ(x, t) =
∞∑

k=1,3,5,...

4

(kπ)3

(
1− cos(kπt)

)
sin(kπx).

With a maximum amplitude ≈ 0.27, the state constraint remains inactive
(p∗ = 0). Consequently, the exact dual problem simplifies to:

sup
u∗

J∗(u
∗) =

∫∫
D

−u∗(x, t)dxdt

subject to u∗tt − u∗xx = 0, u∗(x, 1) = 0, and u∗t (x, 1) = − sin(πx). Evaluating
both objective functionals, the identity J(ũ) = J∗(u

∗) strictly confirms the
zero duality gap, validating Theorem 3.

]J(ũ) =

∫ 1

0

−

[∑
k odd

8

(kπ)3
sin(kπx)

]
sin(πx)dx = − 4

π3
,
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J∗(u
∗) =

∫∫
D

− 1

π
sin(πt) sin(πx)dxdt = − 4

π3
.
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Optimal Boundary Control for Plates in the Special
Cases

Khayala Seyfullayeva
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Let the controlling process be described by the equation of the thin plate
vibrations

∂2u

∂t2
+ a2∆2u = 0 in QT = Ω× (0, T ),Ω = (0, l1)× (0, l2) (1)

with initial

u(x1, x2, 0) = φ0(x1, x2),
∂u(x1, x2, 0)

∂t
= φ1(x1, x2), (x1, x2) ∈ Ω (2)

and boundary conditions

u(0, x2, t) = υ(x2, t), u(l1, x2, t) = 0,
∂u(0, x2, t)

∂x1
= 0,

∂u(l1, x2, t)

∂x1
= 0,

September 9-12, 2026 Baku, Azerbaijan



194 Modern problems of Mathematics and Mechanics

(x2, t) ∈ (0, l2)× (0, T ), u(x1, 0, t) = 0, u(x1, l2, t) = 0,
∂u(x1, 0, t)

∂x2
= 0,

∂u(x1, l2, t)

∂x2
= 0, (x1, t) ∈ (0, l1)× (0, T ), (3)

where a2, l1, l2, T are given positive numbers, υ(x2, t) is a boundary control
function, φ0(x1, x2) ∈ W 2

2 (Ω), φ1(x1, x2) ∈ L2(Ω) are given functions, ∆ is
Laplace operator with respect to x1, x2.

Consider the space of controls H = W 4,2
2 ((0, l2)× (0, T )).

As a class of admissible controls Uad we consider the set of functions υ(x2, t)

from H, for which hold: υ(0, t) = υ(l2, t) = 0, ∂υ(0,t)
∂x2

= ∂υ(l2,t)
∂x2

= 0, υ(x2, 0) =
∂υ(x2,0)

∂t
= 0, moreover

∥∥∥∂4υ∂x42

∥∥∥
L2((0,l2)×(0,T ))

≤ M1,
∥∥∥∂2υ∂t2 ∥∥∥

L2((0,l2)×(0,T ))
≤ M1,

where M1 is a given number.
Here and further on by Mi we denote different constants not depending on

the admissible controls and estimating quantities.
It is supposed that the functions φ0(x1, x2) and υ(x2, t) satisfy the proper

conditions.
The problem is: On the set Uad to find a function that gives minimum to

the functional

J(υ) =
1

2

∫
Ω

[u(x1, x2, T )]
2 dx1dx2 +

α

2

∫ l2

0

∫ T

0

υ2(x2, t)dx2dt, (4)

Subject to (1)-(3), where α > 0 is a positive number.
As a solution of the problem (1)-(3) for each fixed admissible control υ(x2, t)

we take the function u(x1, x2, t) ∈ W 2,1
2 (QT ), which for any function η ∈

W 2,1
2 (QT ), η(x1, x2, T ) = 0,

η(0, x2, t) = 0, η(l1, x2, t) = 0,
∂η(0, x2, t)

∂x1
= 0,

∂η(l1, x2, t)

∂x1
= 0,

η(x1, 0, t) = 0, η(x1, l2, t) = 0,
∂η(x1, 0, t)

∂x2
= 0,

∂η(x1, l2, t)

∂x2
= 0

Satisfies to the integral identity∫
QT

[
−∂u
∂t
· ∂η
∂t

+ a2∆u∆η

]
dx1dx2dt−

∫
Ω

φ1(x1, x2)η(x1, x2, 0)dx1dx2 = 0
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and conditions

u(x1, x2, 0) = φ0(x1, x2), u(0, x2, t) = υ(x2, t)

in the usual sense.
Note that the theorem may be proved on the existence and uniqueness of the

solution u(x1, x2, t) of the boundary problem (1)-(3) by each fixed admissible
control υ(x2, t) and this solution has a property u ∈ C ([0, T ] ;W 2

2 (Ω)), u ∈
C ([0, T ] ;L2(Ω)).

The following results were obtained:
Theorem 1.Let the conditions above on the date of the problem (1)-(4)

satisfied. Then there exists the unique optimal control in the problem (1)-(4).
Let us introduce the adjoint problem for the control

∂2ψ

∂t2
+ a2∆2ψ = 0 in QT , (5)

ψ(x1, x2, T ) = 0,
∂ψ(x1, x2, T )

∂t
= −u(x1, x2, T ), (x1, x2) ∈ Ω, (6)

ψ(0, x2, t) = ψ(l1, x2, t) = 0,
∂ψ(0, x2, t)

∂x1
=
∂ψ(l1, x2, t)

∂x1
= 0,

(x2, t) ∈ [0, l2]× [0, T ] ,

ψ(x1, 0, t) = ψ(x1, l2, t) = 0,
∂ψ(x1, 0, t)

∂x2
= 0,

∂ψ(x1, l2, t)

∂x2
= 0,

(x1, t) ∈ [0, l1]× [0, T ] , (7)

where u(x1, x2, t) is a solution of the problem (1)-(3) for the given control
υ(x2, t).

Since u(x1, x2, T ) ∈ W 2
2 (Ω), the adjont problem (5)-(7) has the only solu-

tion in the space W 4,2
2 (QT ).

Theorem 2. Let the conditions above on the data of the problem (1)-
(4) be satisfied. Then for the optimality of the control υ∗(x2, t) ∈ Uad in the
problem (1)-(4) it is necessary and sufficient fulfillment of the inequality∫ T

0

∫ l2

0

[
αυ(x2, t)− a2

(
∂3ψ∗(0, x2, t)

∂x31
+
∂3ψ∗(0, x2, t)

∂x1∂x22

)]
×
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(υ(x2, t)− υ∗(x2, t)) dx2dt ≥ 0 ∀υ ∈ Uad
where ψ∗(x1, x2, t) is a solution of the problem (5)-(7) by u = u∗(x1, x2, t), and
u∗(x1, x2, t) is a solution of the problem (1)-(3) by υ = υ∗(x2, t).

In the proposed work, the problem of boundary optimal control for a linear
equation of oscillations of a thin plate is considered. In the work, the theorem
of existence and uniqueness of optimal control is proved, the differential of the
functional is calculated and a necessary and sufficient condition for optimality
in the form of an integral inequality is derived.
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Nonlocal Navier-Stokes Equations and Applications
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In this talk, the Cauchy problem for the stationary and instationary nonlo-
cal incompressible abstract Navier-Stokes equation is considered. The equation
involve a convolution term and an abstract operator function A = A(x) in a
Fourier type Banach space E. First, the existence, uniqueness and coercive
estimates of corresponding Stokes equation is derived in Lp spaces. Then the
existence and uniqueness of Navier-Stokes equation is obtained. We can ob-
tain different classes of Stokes and Navier-Stokes equations by choosing the
space E and the linear operator A which occur in a wide variety of physical
systems. In application the existence, uniqueness and Lp-regularity properties
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to solution of initial value problems for nonlocal degenerate Stokes equations
and the existence and uniqueness of nonlocal Navier Stokes equations with
discontinuous coefficients are established. We consider the Cauchy problem
for the nonlocal Navier-Stokes(N-S) equation

∂u

∂t
− a ∗∆u+ Au+ (u · ∇)u+∇ϕ = f(x, t),

divu = 0, u(x, 0) = u0(x), x ∈ Rn; t ∈ (0, T ), (1)

where A = A(x) is a linear operator function in a Banach space E.

u = (u1(x, t), u2(x, t), . . . , un(x, t), φ = φ(x, t), u0 = u0(x)

are an E-valued vector solution, unknown pressure and data functions, respec-
tively. Moreover,

f = (f1(x, t), f2(x, t), . . . , fn(x, t))

is a given E-valued inhomogenity vector function, ak = ak(x) are complex-
valued functions,

a = a(x) = (a1(x), a2(x), . . . , an(x)),

a · u = (a1 · u1, a2 · u2, . . . an · un)

where ai · ui denotes the convolution of the functions ai and ui defined by

ai · ui =
∫
Rn

ai(y)ui(x− y, t)dy.

The symbol (u · ∇) for u = (u1, u2, ..., un) is a vector function defined by

(u · ∇)u =
n∑
k=1

uk
∂u

∂xk
=

(
n∑
k=1

uk
∂u1
∂xk

,
n∑
k=1

uk
∂u2
∂xk

. . . ,
n∑
k=1

uk
∂un
∂xk

)
.
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Reduction of a Nonlocal Boundary Value Problem of a
Second-Order Differential Equation to an Integral

Equation

Yagub Sharifova,b, Nazaket Mammadovaa

aBaku State University, Baku Azerbajan
bInstitute of Mathematics, Baku, Azerbaijan

(e-mail: sharifov22@rambler.ru, nzkt.0304@mail.ru)

Mathematical modeling of several real phenomena leads to the occurrence
of nonlinear boundary value problems of differential equations. In fact, the
study of boundary value problems has developed into an important area of
research over the years in view of their extensive applications in diverse dis-
ciplines such as fluid mechanics, mathematical physics, etc. For details, we
refer the reader to the works [1-2]. In the analysis of nonlinear boundary value
problems, we are primarily interested in examining the effect of nonlinearity
on the solutions of the given problem. The available literature on the topic
contains theoretical development of the topic as well as analytic and numerical
methods for solving boundary value problems. Classical boundary conditions
fail to take into account certain peculiarities of physical, chemical, or other
processes happening inside the domain. This led to the birth of nonlocal con-
ditions, which connect the boundary values of the unknown function to its
values at some interior positions of the domain.

In this paper, we investigate the reduction of the solution of a second-
order nonlinear differential equation with nonlocal boundary conditions to an
integral equation.

Let us assume that for t ∈ [0, T ]

x′′ (t) = f (t, x (t)) , (1)∫ T

0

m (t)x′ (t) dt = 0 , (2)

x (0) = 0 (3)

a system of differential equations is given. Here, f : [0, T ] × Rn → Rn is a
given continuous function, and m(t) ∈ Rn×n are given matrices function.
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Theorem. Let f ∈ C ([0, T ]×Rn, Rn) and det
∫ T
0
m (t) dt ̸= 0, the solu-

tion of the problem (1)-(3) is

x (t) = t

∫ T

0

K(t, t)f (t, x (t)) dt−
∫ t

0

tf (t, x (t)) dt, (4)

where

K (t, t) = m−1 (T )

{ ∫ t
0
m (t) dt, 0 ≤ t ≤ t,

−
∫ T
t
m (t) dt, t ≤ t ≤ T,

m−1 (T ) =

(∫ T

0

m (t) dt

)−1

.

Proof. Let us integrate the equality (1) from 0 to t, we obtain

x′ (t) = x′ (0) +

∫ t

0

f (t, x (t)) dt

If we consider x (t) in condition (2).

x′ (0)

∫ T

0

m (t) dt+

∫ T

0

∫ T

t

m (t) dtf (t, x (t)) dt = 0

using the equality, the x′ (0) vector can be defined. Then

x′ (0) = −m−1 (T )

∫ T

0

∫ T

t

m (t) dt f (t, x (t)) dt.

We obtain

x′ (t) = −m−1 (T )

∫ T

0

∫ T

t

m (t) dt f (t, x (t)) dt+

∫ t

0

f (t, x (t)) dt (5)

From here

x′ (t) =

∫ T

0

K (t, t) f (t, x (t)) dt.

Let’s integrate equation (5) again from 0 to t

x (t) = m−1 (T )

∫ t

0

∫ s

0

∫ s

0

m (a) daf (t, x (t)) dsdt −
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−m−1 (T )

∫ t

0

∫ T

s

∫ T

t

m (a) da f (t, x (t)) dtds =

= m−1 (T )

∫ t

0

(t− s)
∫ s

0

m (a) da f (t, x (t)) ds−

−m−1 (T )

∫ T

t

s

∫ T

s

m (a) daf (s, x (s)) ds− t
∫ T

t

∫ T

s

m (a) daf (s, x (s)) ds.

From here

x (t) = m−1 (T ) t

∫ t

0

∫ s

0

m (a) daf (s, x (s)) ds−

−m−1 (T )

∫ t

0

s

∫ s

0

m (a) daf (s, x (s)) ds−m−1 (T )

∫ t

0

s

∫ T

s

m (a) daf (s, x (s)) ds−

−m−1 (T ) t

∫ T

t

∫ T

s

m (a) da f (s, x (s)) ds

we obtain (4).
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Convection and Constitutive Memory: An Evolutionary
Operator Viewpoint

Brian Straughan

University of Durham, Durham, United Kingdom
(e-mail: brian.straughan@durham.ac.uk)

Recent developments in generalized heat conduction have led to renewed
interest in convection problems involving constitutive laws with memory. In
contrast to the classical Fourier law, rate-type heat flux models such as the
Maxwell–Cattaneo and Jeffreys laws introduce relaxation and retardation ef-
fects which fundamentally alter the structure of the governing equations and
the nature of convective instability.

This lecture discusses thermal convection in clear fluids and porous media
when constitutive memory effects are present in the heat flux law. Particular
attention is given to Jeffreys-type heat models and their relationship to the
classical theories of Cattaneo and to higher-order constitutive hierarchies. It
is shown that the relative sizes of the relaxation and retardation parameters
play a crucial role in determining the character of the instability, including
conditions under which oscillatory convection may or may not occur.

A key theme of the lecture is the relationship between generalized heat
conduction and the evolutionary operator approach developed in the work of
Anatoly P. Oskolkov and the Ladyzhenskaya school. In this setting, consti-
tutive laws may be viewed as operator relations between heat flux and tem-
perature gradient, analogous to corresponding hierarchies in viscoelastic fluid
mechanics. This viewpoint provides a unified framework linking convection,
constitutive memory, and dissipative evolutionary systems.

Specific applications to Bénard convection in a Darcy porous model are dis-
cussed, employing a Jeffreys-Oskolkov heat model or a Kelvin-Voigt-Oskolkov
heat theory.
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On the Optimal Control Problem of a Second-Order
Elliptic Equation with Periodic Boundary Conditions

Rafig Tagiyev, Aytaj Mammadova

Baku State University, Baku, Azerbaijan
(e-mail: r.tagiyev@list.ru, amamedova9020@gmail.com)

Optimal control problems governed by elliptic equations arise in numerous
areas of science and engineering, including heat conduction, diffusion, elec-
trostatics, and other phenomena [1,2]. Although optimal control problems
governed by elliptic equations with classical boundary conditions have been
extensively studied, comparatively less attention has been devoted to problems
with periodic boundary conditions [3]. Such problems provide mathematical
models for processes exhibiting periodic behaviour in the spatial variables and
have applications in various areas of physics and engineering.

1. Statement of the problem.
Let Ω = {x = (x1, x2) ∈ E2 : 0 < xi < li, i = 1, 2} be a rectangular domain.

Consider the controlled process governed by the boundary value problem:

−
2∑
i=1

∂

∂xi

(
ki(x)

∂u

∂xi

)
+ q(x)u = f(x), x ∈ Ω, (1)

u
∣∣
xi=0

= u
∣∣
xi=li

, i = 1, 2, (2)

ki(x)
∂u

∂xi

∣∣∣
xi=0

= ki(x)
∂u

∂xi

∣∣∣
xi=li

, i = 1, 2. (3)

Here v(x) = (q(x), f(x)) is a control, the state function u = u(x, v) is the
solution to the boundary value problem (1)-(3) corresponding to the control
v = v(x), and ki(x), i = 1, 2 is a given measurable function.

We introduce the admissible control set

V = {v(x) = (q(x), f(x)) ∈ H = L2(Ω)× L2(Ω) ≡ (L2(Ω))
2 :

0 ≤ q0 ≤ q(x) ≤ q1, f0 ≤ f(x) ≤ f1, a.e. in Ω}. (4)

Here q0, q1, f0, f1 are given numbers.
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The objective is to minimize the functional

J(v) =

∫
Ω

|u(x, v)− z(x)|2 dx (5)

subject to the conditions (1)-(3), here z(x) ∈ L2(Ω) is a given function.
Assume that ki(x), i = 1, 2, satisfy the following conditions:

0 < νi ≤ ki(x) ≤ µi, a.e. x ∈ Ω, νi, µi = const > 0, i = 1, 2.

For a fixed control v = v(x) ∈ V , a function u = u(x, v) ∈ Ŵ 1
2 (Ω) =

{u ∈ W 1
2 (Ω) : u|xi=0 = u|xi=li , i = 1, 2} is called a generalized solution to the

boundary value problem (1)-(3) in W 1
2 (Ω) if, for every η = η(x) ∈ Ŵ 1

2 (Ω), the
following integral identity holds:∫

Ω

(
2∑
i=1

ki(x)
∂u

∂xi

∂η

∂xi
+ q(x)uη

)
dx =

∫
Ω

f(x)η dx.

The following theorem proves the well-posedness of problem (1)–(5).
Theorem 1. Assume that the assumptions of problem (1)-(5) are sat-

isfied. Then the functional J(v) is weakly continuous on V , and the set
V∗ = {v∗ ∈ V : J(v∗) = J∗ ≡ inf{J(v) : v ∈ V }} is nonempty and weakly com-
pact in H. Moreover, every minimizing sequence {vk(x)} ⊂ V for the func-
tional (5) converges weakly to the set V∗ in H.

It follows from Theorem 1 that problem (1)-(5) has a solution. However, as
the following example shows, the solution to problem (1)-(5) is not necessarily
unique.

Example 1. Let Ω = (0, 1)× (0, 1), k1(x) = k2(x) = 1, ν1 = ν2 =
1, µ1 = µ2 = 2, q0 = 0.5, q1 = 3, f1 = −8π2− 2, f2 = 8π2+2,
and the function z(x) = sin(2πx1) sin(2πx2). Then one can readily see that the
minimum value of the functional J(v) is attained at two controls

v1∗(x) =
(
q1∗(x), f1∗(x)

)
=
(
1, (8π2 + 1) sin(2πx1) sin(2πx2)

)
,

v2∗(x) =
(
q2∗(x), f2∗(x)

)
=
(
2, (8π2 + 2) sin(2πx1) sin(2πx2)

)
,

and u(x, v1) = u(x, v2) = sin(2πx1) sin(2πx2) = z, therefore J(v1∗) =
J(v2∗) = J∗ = 0. Hence, the solution to problem (1)-(5) is not unique.
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The following example shows that a minimizing sequence for the functional
J(v) does not necessarily have a limit in H.

Example 2. Let Ω = (0, 1) × (0, 1), k1(x) = k2(x) = 1, q0 = 0, 5π2,
q1 = π2 + 1, f1 = 1, 5π2, f2 = 3π2, and z(x) = sin(πx1) sin(πx2). Then v∗ =
(π2, 3π2 sin(πx1) sin(πx2)) is an optimal control, and u(x, v∗) = sin(πx1) sin(πx2),
x ∈ Ω, J(v∗) = J∗ = 0. Take the sequence of controls vm(x) = (π2 + sin(πmx1),
(3π2 + sin(πmx1)) sin(πx1) sin(πx2)) ∈ V, (m = 1, 2, . . .), x ∈ Ω. Then
vm(x) converges weakly to v∗(x) in H. Therefore, J(vm) → J(v∗) = J∗ = 0.
Hence, {vm} is a minimizing sequence for the functional J(v). However, this
sequence does not have a limit in H, since {sin(πmx1)} is not strongly con-
vergent in L2(Ω).

We now introduce the adjoint problem associated with problem (1)-(5):

−
2∑
i=1

∂

∂xi

(
ki(x)

∂ψ

∂xi

)
+ q(x)ψ = 2[z(x)− u(x, v)], x ∈ Ω, (6)

ψ
∣∣
xi=0

= ψ
∣∣
xi=li

, i = 1, 2, (7)

ki(x)
∂ψ

∂xi

∣∣∣
xi=0

= ki(x)
∂ψ

∂xi

∣∣∣
xi=li

, i = 1, 2. (8)

A solution to the boundary value problem (6)-(8) corresponding to a fixed
control v = v(x) ∈ V is understood as a generalized solution in W 1

2 (Ω).
Define the Hamilton–Pontryagin function for problem (1)-(5) by

H(u, q, f, ψ) = −q uψ + fψ.

Theorem 2. Let v∗(x) =
(
q∗(x), f∗(x)

)
∈ V be an optimal control for

problem (1)-(5), and u∗(x) = u(x, v∗), ψ∗(x) = ψ(x, v∗) denote the solu-
tions to problems (1)-(3) and (6)-(8), respectively, corresponding to the control
v∗(x). Then the control v∗(x) =

(
q∗(x), f∗(x)

)
∈ V satisfies the maximum con-

dition:

max
q0≤q≤q1
f0≤f≤f1

H
(
u∗(x), q, f, ψ∗(x)

)
= H

(
u∗(x), q∗(x), f∗(x), ψ∗(x)

)
, x ∈ Ω. (9)

Remark. If q(x) is a given function in problem (1)–(5), then the maximum
condition (9) is also a sufficient condition for the optimality of the control f∗(x).
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On the Representation of Solutions to a Linear
Hyperbolic Equation with Fractional Partial Derivatives
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Introduction. It should be noted that in certain optimal control prob-
lems described by fractional-order hyperbolic partial differential equations, the
boundary conditions are given by linear fractional-order ordinary differential
equations.In optimal control problems of this kind, obtaining high-order neces-
sary optimality conditions for singular controls requires the use of an integral
representation of the solution to the corresponding linearized problem. There-
fore, the purpose of this work is to derive an integral representation of the
solution to a problem governed by a linear fractional-order hyperbolic par-
tial differential equation, subject to boundary conditions specified by linear
fractional-order ordinary differential equations.
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First, the existence and uniqueness of the solution to the problem under
consideration in the class ACα

∞(G,Rn) is proved. Subsequently, the equation
and the boundary conditions are treated together as components of a single
operator equation. Consequently, the fundamental solution of the considered
problem is determined as the solution to a certain system of matrix equations
for every fixed x ∈ G. The fundamental solution consists of four matrix
components, each of which is a solution to the corresponding equation of the
system under consideration. One of the components is the principal part of the
fundamental solution. The remaining components of the fundamental solution
are expressed in terms of it. The integral representation of the solution to the
problem under consideration is expressed in terms of the fundamental solution.

Problem Statement and Obtained Result. Let us consider the fol-
lowing nonhomogeneous problem for the linear hyperbolic partial differential
equation with variable coefficients involving the Caputo fractional derivatives
of the order α = (α1, α2), αi ∈ (0, 1), i = 1, 2:

(Dα1
1 D

α2
2 z) (x) = c(x)z(x) + f(x), (1)

a.e x ∈ G = G1 ×G2 = [x01, X1]× [x02, X2] ,
with the following conditions

(Dα1
1 z)

(
x1, x

0
2

)
= a1(x1)z(x1, x

0
2) + f1 (x1) , a.e. x1 ∈ G1, (2)

(Dα2
2 z)

(
x01, x2

)
= a2(x2)z(x

0
1, x2) + f2 (x2) , a.e. x2 ∈ G2, (3)

z
(
x01, x

0
2

)
= f0. (4)

Here Dα1
1 D

α2
2 is the mixed Caputo fractional derivative of order α = (α1, α2) ∈

(0, 1) × (0, 1), Dαi
i , i = 1, 2 are the partial αi order Caputo derivatives [1],

z(x) ∈ Rn is the sought function, c(·) ∈ L∞(G,Rn×n), ai(·) ∈ L∞(Gi,Rn×n),
i = 1, 2, f(·) ∈ L∞(G,Rn), fi(·) ∈ L∞(Gi,Rn), i = 1, 2, f0 ∈ Rn; x0i < Xi,
i = 1, 2, x0i , Xi ∈ R, i = 1, 2 are fixed.

By ACα
∞(G,Rn) [3] we denote the set of all functions z (·) : G→ Rn, such

that

z (x1, x2) = φ0 + (Iα1

x01+
φ1) (x1) + (Iα2

x02+
φ2) (x2) +

(
Iαx0+ φ

)
(x) ,

x = (x1, x2) ∈ G,
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with φ0 ∈ Rn, φ1(·) ∈ L∞(G1,Rn), φ2(·) ∈ L∞(G2,Rn), and φ(·) ∈ L∞(G,Rn).
Here, Iα1

x+1
, Iα2

x+2
, and Iαx+ are the left-sided Riemann-Liouville fractional integral

operators [2].
A function z : G → Rn is called a solution of problem (1)-(4), if the in-

clusion z(·) ∈ ACα
∞(G,Rn) is valid, initial condition (4) holds, and differential

equations (1), (2), (3) are satisfies for almost every x ∈ G, x1 ∈ G1, x2 ∈ G2,
respectively. Note that, for a1(x1) ≡ a2(x2) ≡ 0, x1 ∈ G1, x2 ∈ G2, the exis-
tence and uniqueness of the solution to problem (1)-(4) were proved in paper
[3]. The following theorem establishes the existence and uniqueness of the
solution to problem (1)-(4) for a1(x1) ̸= 0, x1 ∈ G1, a2(x2) ̸= 0, x2 ∈ G2.

We have proved the following theorems:
Theorem 1. Problem (1)-(4) has a unique solution in the space

ACα
∞(G,Rn).
Theorem 2. Let c(·) ∈ L∞(G,Rn×n), f(·) ∈ L∞(G,Rn), ai(·) ∈

L∞(Gi,Rn×n), i = 1, 2, f0 ∈ Rn. Then the solution z of problem (1)-(4)
can be represented in the form

z(x) =
1

Γ(α1)Γ(α2)

∫ x1

x01

∫ x2

x02

(x1 − t1)α1−1(x2 − t2)α2−1F (x1, x2; t1, t2)

×f(t1, t2)dt2dt1 +
1

Γ(α1)

∫ x1

x01

(x1 − t1)α1−1F1(x1, x2; t1)f1(t1)dt1

+
1

Γ(α2)

∫ x2

x02

(x2 − t2)α2−1F2(x1, x2; t2)f2(t2)dt2 + F0(x1, x2)f0, x ∈ G.

Here, F (x; t), F1(x; t1), F2(x; t2), and F0(x) are solutions to certain matrix
equations.
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Sharp Bounds for the Attractors Dimension for 2D
Navier-Stokes Equations

Sergey Zelik
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We present a principally new method for obtaining the lower bounds for the
attractors dimensions of the equations related with hydrodynamics, which is
not based on the Kolmogorov flows, and apply it to the classical 2D Navier–Stokes
equations in a bounded domain as well as for the Navier–Stokes equations with
Ekman damping in the whole plane. In particular, in the case of bounded
domains, we give the lower bounds, which are similar to the well-known esti-
mate on a torus. In both cases our estimates are sharp. Note that no lower
bounds for these two cases were known before. We suggest to use the so-called
multi-vortex, which consists of a well- separated Vishik vortices (i.e., spec-
trally unstable localized in space flows constructed by M.M. Vishik), as the
analogue of the Kolmogorov flows. Note also that this method reproduces the
known result on the torus and that it is applicable to many other equations of
hydrodynamics
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FUNCTIONAL ANALYSIS AND THEORY OF OPERATORS

On the Absolute and Uniform Convergence of The
Expansion in the Eigenfunctions one of a Boundary

Value Problem for a Third-Order Differential Equation
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We consider the spectral problem

y
′′′ − y′

+ λy = 0, x ∈ (0, 1)

y
′′
(0)− y′

(0)− y (1) = 0 (1)

y
′′
(1) + y

′
(1) + y′ (0) = 0

y
′
(1)− y′

(0) + 2y (0) + 2y (1) = 0

The eigenvalues {λk}∞n=1 of problem (1) are located on the imaginary axis, the
eigenfunctions {un (x)}∞n=1 form a complete orthonormal system in L2 (0, 1).

Let us introduce the notation λ = ρ3, S0 =
{
ρ : 0 ≤ arg ρ ≤ π

3

}
,

S1 =
{
ρ : π

3
≤ arg ρ ≤ 2π

3

}
, λ = ρ3n. Sequence of numbers {ρn} consists of

two series

ρ(1)n =

(
2n+

1

3

)
πi+O

(
n−1
)
, n = N0, N0 + 1, . . . ;

ρ(2)n = e−πi/3
[(

2n+
1

3

)
πi+O

(
n−1
)]
, n = N0, N0 + 1, . . . ,

where N0 - a sufficiently large natural number.
The corresponding non-normalized eigenfunctions have the following asymp-

totics:

u(1)n (x) =
i√
3
e

(
−

√
3

2
+ i

2

)
(2n+ 1

3)πx+

+

(
−1

2
+
i
√
3

2

)
e−i(2n+

1
3)πx + e

(√
3

2
+ i

3

)
(2n+ 1

3)π(x−1)
+O

(
n−1
)
,
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u(2)n (x) = −e
(
−

√
3

2
− i

2

)
(2n+ 1

3)πx+

+

(
i
√
3

2
− 1

2

)
ei(2n+

1
3)πx + e

(√
3

2
− i

3

)
(2n+ 1

3)π(x−1)
+O

(
n−1
)
.

Let us denote by σν (x, f) =
∑

|ρk|≤ν (f, uk)uk (x), partial sum of order

ν, ν > 0, spectral expansion of the function f (x) ∈ W 1
p (G) , p > 1, by the

system {un (x)} and introduce the difference Rν (x, f) = f (x)− σν (x, f).
In this paper the following theorem is proved.
Theorem 1. Spectral expansion of an arbitrary function f (x) ∈W 1

p (G) ,

p > 1, converges absolutely and uniformly on G and the following estimate is
true:

max
x∈G
|Rν (x, f)| = o

(
ν−β
)
, ν →∞,

where = min
{

1
q
, 1

2

}
.

Corollary. If in Theorem 1 the function f (x) ∈ W 1
p (G) , p > 1, satisfy

the condition f (0) = f (1) = 0, then

max
x∈G
|Rν (x, f)| ≤ const ν−β∥f ′∥p, ν ≥ 2,

where const does not depend on f (x) and ν.
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Introduction. Consider the following boundary value problem in a sepa-
rable Hilbert space H :(

d2

dt2
− A2

)2

u(t) +
4∑
j=0

A4−ju
(j)(t) = f(t) , t ∈ (0 , 1), (1)

u(0) = u′′(0) = 0 , u(1) = u′′(1) = 0, (2)

where f(t), u(t) are H -valued functions defined almost everywhere on the
interval (0,1).

The operator coefficients of equation (1) satisfy the following assumptions:
1) A is self-adjoint, positive definite operator in H.
2) Bj = AjA

−j (j = 0, 4) are bounded operators in H.
Let L2((0, 1) : H) denote the Hilbert space of square-integrable H-valued

functions equipped with the norm

∥ f ∥L2((0,1):H) =

(∫ 1

0

∥f(t)∥2 dt
) 1

2

<∞.

Following [1] we introduce the Sobolev-type spaces

W 4
2 ((0, 1) : H) = {u : u(4) ∈ L2((0, 1) : H), A4u ∈ L2((0, 1) : H)}

equipped with the norm

∥u ∥W 1
2 ((0,T ):H) =

(∥∥u(4)∥∥2
L2((0,1):H)

+
∥∥A4u

∥∥2
L2((0,1):H)

) 1
2
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This space serves as the functional framework for the investigation of the
boundary value problem and the analysis of its regular solvability.

Main results: A notion of regular solvability is introduced for the

boundary value problem in the Sobolev-type space
0

W 4
2 ((0, 1) : H). Under this

definition, every function f ∈ L2((0, 1);H)f in f ∈ L2((0, 1) : H) admits a
unique regular solution satisfying the boundary conditions in the trace sense
together with the corresponding a priori estimate.

Furthermore, the operators

P0u =

(
d2

dt2
− A2

)2

u , P1u =
4∑
j=0

A4−ju
(j),

0

W 4
2 ((0, 1) : H) ∈ L2((0, 1) : H).

are introduced, and the operator

P = P0 + P1

Theorem 1. Assume that the conditions (1) and (2) are satisfied.
Then the operator

P0 :
0

W 4
2 ((0, 1) : H)→ L2((0, 1) : H)

is an isomorphism.
Theorem 2. Assume that the conditions (1) and (2) hold. Then, for every

u ∈W 4
2 ((0, 1) : H)

the following estimate is valid:∥∥A4−ju(j)
∥∥
L2((0,1);H)

≤ d24,j ∥P0u∥L2((0,1);H) , j = 0, 4

where d4,0 = d4,4 = 1, and

d4j =

(
j

4

) j
4
(
4− j
4

) 4−j
4

, j = 1, 2, 3

Theorem 3. Assume that the conditions (1) and (2) are satisfied. Further-
more, suppose that

q =
4∑
j=0

d24,j ∥Bj∥ < 1,
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Then the boundary value problem (1)-(2) is regularly solvable.
Conclusion
In this study, a boundary value problem for a class of fourth-order operator-

differential equations in a separable Hilbert space was investigated. A func-
tional framework based on Sobolev-type spaces was established, and the con-
cept of regular solvability was introduced.

The associated operator was analyzed, and it was proved that the principal
operator defines an isomorphism between the corresponding Hilbert spaces.
Furthermore, a priori estimates for the intermediate derivatives of the solution
were obtained. Finally, sufficient conditions ensuring the regular solvability of
the boundary value problem were established.

The obtained results contribute to the theory of higher-order operator-
differential equations and provide a theoretical basis for further investigations
of boundary value problems in Hilbert spaces.
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Global Spectral Configurations of a Two-Particle
Lattice Schrödinger Operator

Shakhnoza Akhmatova
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Discrete Schrödinger operators on lattices form an important class of mod-
els in mathematical physics and provide a natural framework for describing
quantum systems in periodic structures, including crystalline solids and op-
tical lattices [1,2]. Owing to translational invariance, such Hamiltonians can
be analyzed by means of the Floquet–Bloch decomposition, which represents
the full operator as a direct integral of fiber operators indexed by the total
quasi-momentum [2,3].

Let T := R/2πZ ≡ (−π, π] denote the one-dimensional torus, and let
L2,e(T) be the subspace of even square-integrable functions with respect to
the normalized Lebesgue measure dν(t) = dt/(2π). For each total quasi-
momentumK ∈ T, the fiber HamiltonianHµ(K), where µ = (µ1, µ2, µ3) ∈ R3,
acts in L2,e(T) as

Hµ(K) = H0(K) + Vµ,

(H0(K)f)(p) = EK(p)f(p), EK(p) = 4

(
1− cos

K

2
cos p

)
,

(Vµf)(p) =
3∑
i=1

µi⟨ϕi, f⟩ϕi(p),

ϕ1(t) = 1, ϕ2(t) =
√
2 cos t,

ϕ3(t) =
√
2 cos 2t, t ∈ T.

(1)

The form factors in (1) are orthonormal. The free fiber Hamiltonian H0(K)
has purely absolutely continuous spectrum consisting of a single band:

σ(H0(K)) = [Emin(K), Emax(K)],

Emin(K) = 4

(
1− cos

K

2

)
, Emax(K) = 4

(
1 + cos

K

2

)
.

(2)
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Since Vµ is a finite-rank operator, the essential spectrum of Hµ(K) is

σess(Hµ(K)) = [Emin(K), Emax(K)]. (3)

Let n−(Hµ(K)) and n+(Hµ(K)) denote the numbers of discrete eigenvalues,
counting multiplicities, below and above the essential spectrum, respectively.
Because the perturbation in (1) has rank at most three,

n−(Hµ(K)) + n+(Hµ(K)) ≤ 3, K ∈ T. (4)

At zero total quasi-momentum,K = 0, the essential spectrum is the interval
[0, 8]. We treat µ3 as a fixed structural parameter and analyze the attainable
spectral states as the remaining coupling intensities (µ1, µ2) vary over the entire
real plane. For fixed µ3 ∈ R, define the global spectral configuration mapping

Nµ3 : R2 → Z2
≥0, Nµ3(µ1, µ2) =

(
n−(Hµ(0)), n+(Hµ(0))

)
, (5)

and the set of all reachable configurations

Sµ3 := Im(Nµ3) =
{
Nµ3(µ1, µ2) : (µ1, µ2) ∈ R2

}
. (6)

The global classification is given by the following theorem.
Theorem 1. The set of reachable spectral configurations Sµ3 is uniquely

determined by the value of µ3 as follows:
(i) If µ3 < −2, then

Sµ3 = {(1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (3, 0)}.

(ii) If |µ3| ≤ 2, then

Sµ3 = {(0, 0), (0, 1), (0, 2), (1, 0),
(1, 1), (1, 2), (2, 0), (2, 1)}.

(iii) If µ3 > 2, then

Sµ3 = {(0, 1), (0, 2), (0, 3), (1, 1), (1, 2), (2, 1)}.

Therefore, the parameter µ3 determines the global structure of the attain-
able spectral configurations, while the rank-three constraint (4) rules out all
pairs (n−, n+) satisfying n− + n+ > 3.
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Self-Adjointness of the Schrödinger Operator With
Slowly Decaying Potential
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As is well known, many important problems in quantum mechanics can be
reduced to the spectral analysis of a second-order elliptic partial differential
operator of the form

(Hψ) (x) = − ℏ2

2m
(∆ψ) (x) + (V ψ) (x) (1)

known as the Schrödinger operator. For example, the Hamiltonian for an
electron bound to a nucleus of charge Ze can be represented in the form (1) with

the electric potential V (x) = −Ze2

|x| where e ≈ 1, 6 × 10−9C is the elementary

charge.
Historically, the stability of the Coulomb problem is probably the most

important achievement of quantum mechanics. However, we would like to
emphasize that this is not a special case.

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 217

Note that the self-adjointness and lower boundedness of the Hamiltonian
are important in quantum mechanics. Self-adjointness is necessary for the
proper definition of the dynamics, while lower boundedness ensures the stabil-
ity of the system. It is known (see [1]) that for α > 2, the Schrödinger operator

H := −∆− Ze2

|x|α , defined at least for functions in C∞
c

(
Rd\ {0}

)
whose support

does not include the origin, is unbounded from below. Consequently, all stan-
dard theorems on quadratic forms are inapplicable. When α > 2, quantum
particles approaching from infinity are “absorbed into the hole” at the origin,
moving faster and faster as they approach the origin.

Our goal is to prove the self-adjointness and lower boundedness of the
Hamiltonian H := −∆− Ze2

|x|α in the space L2
(
Rd
)
for d ≥ 3 and 0 ≤ α < 2.

Let υα be the sesquilinear form generated by the potential Vα (x) = − Ze2

|x|α

in L2
(
Rd
)
, defined as follows:

D (υα) =

{
ψ (x) ∈ L2

(
Rd
)
:

∫
Rd

∣∣∣∣− Ze2

|x|α
∣∣∣∣ |ψ (x)|2 dx < +∞

}
,

υα (φ, ψ) =

∫
Rd

(
− Ze2

|x|α
)
φ (x)ψ (x)dx, φ, ψ ∈ D (υα) .

Lemma 1. The sesquilinear form υα is closed, and it corresponds to the
maximal multiplication operator by the function Vα (x) = − Ze2

|x|α on L2
(
Rd
)
.

Lemma 2. Let Vn (x) = −min
{
n, Ze2

|x|α

}
and ψ ∈ D (υα). Then

υα (ψ) = lim
n→∞

∫
Rd

Vn (x) |ψ (x)|2 dx.

Let h0 be the quadratic form generated by the Laplace operator, i.e.,

D (h0) = H1
(
Rd
)
h0 (ψ) =

d∑
k=1

∫
Rd

∣∣∣∣ ∂ψ∂xk
∣∣∣∣2 dx, ψ ∈ D (h0) .

Theorem. The form υα is bounded with respect to h0with relative bound
less than one.

Corollary. It follows from the KLMN theorem (see, for example, [2]) that
there exists a unique self-adjoint and lower bounded operator H := −∆+̇Vα
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associated with the form h = h0+υα, which is called the form sum of −∆ and
Vα (x).

Remark. The theorem in the three-dimensional case was proved in [3],
and for α = 1 in [4].
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This work considers a class of second-order elliptic–parabolic equations in
non-divergence form with nonuniform power-type degeneracy. An oscillation
theorem for solutions of these equations is established.

Let En and Rn+1 be Euclidean spaces of points x = (x1, . . . , xn), n ≥ 1
and (x, t) = (x1, . . . , xn, t), respectively, Ω ⊂ En be a bounded domain with
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the boundary ∂Ω of class C2, QT = Ω × (−T, 0) be a cylinder of the given
height T > 0, ∂QT = ∂Ω× [−T, 0] be a lateral surface of the cylinder QT and
Γ(QT ) = {(x, t)|x ∈ Ω, t = −T} ∪ (∂Ω × [−T, 0]) is a parabolic boundary of
QT . In QT consider an elliptic-parabolic equation

Lu =
n∑

i,j=1

aij(x, t)uij + φ(0− t)utt − ut = 0. (1)

Here, ∥aij(x, t)∥ is a real symmetric matrix, moreover for all (x, t) ∈ QT

inf
QT

n∑
i=1

aii(x, t)

λi(x, t)
= γ, (2)

σ ≡ sup
QT

 n∑
i,j=1

a2ij(x, t)

λi(x, t)λj(x, t)

/(
n∑
i=1

aii(x, t)

λi(x, t)

)2
− 1

n− e2
< 0, (3)

φ(z) ∈ C1 [−T, 0] , φ(z) ≥ 0, φ′(z) ≥ 0,

φ(0) = 0, φ′(0) = 0, φ(z) ≥ β1z · φ′(z), β1 > 0− is a constant. (4)

Here γ ∈ (0, 1] is a constant, u = u(x, t), ui =
∂u
∂xi

, uij = ∂2u
∂xi∂xj

, i, j =

1, . . . , n, ut = ∂u
∂t
, utt = ∂2u

∂t2
, e = inf

QT

n∑
i=1

aii(x,t)
λi(x,t)

/
sup
QT

n∑
i=1

aii(x,t)
λi(x,t)

, λi(x, t) =[
ω−1
i (ρ(x)+

√
|t|)

ρ(x)+
√

|t|

]2
, i = 1, . . . , n.

The following theorem is true.
Theorem 1. Let a solution u(x, t) of the equation (1) be defined in the

region D, whose coefficients satisfy the conditions (2)-(4). Then for any ρ > 0
there exist constants λ(γ, n), C9(γ, n, ρ) such that

∥u∥Cλ(Dρ) ≤ C9 · ∥u∥C(D).

References

[1] R.A. Amanov, N.R. Amanova, On solvability of some quasilinear parabolic
equations of higher order, Azerbaijan Journal of Mathematics, 2025, 15(2),
240–263.

September 9-12, 2026 Baku, Azerbaijan



220 Modern problems of Mathematics and Mechanics

[2] N.R. Amanova, A.I. Ismailov, R.A. Amanov, T.R. Muradov, A Theorem on
the Oscillation of Solutions to Nonuniformly Degenerate Second-Order El-
liptic–Parabolic Equations, Journal of Contemporary Applied Mathematics,
2026, 16(2), 148-168.

Investigation of Resolvent of Operator Generated by
Differential Expressions With Operator Coefficients in
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One of the main problems of spectral theory of differential operators is the
research of completeness of the system of eigen-and adjoint functions of given
operator. The completeness of eigen-and adjoint functions for polynomial op-
erator bundles was researched for the first time by M.V.Keldysh [5]. Later
on, many authors dealt with these problems and got fundamental results. In
this paper such problems were also researched. The theorems on bounded-
ness of resolvent of operators generated by high order differential expressions
with unbounded operator coefficient in Hilbert space were proved. The proved
theorems play an important role in research of completeness of the system
of eigen-and adjoint elements. In this direction we should note the works of
J.E.Allahverdiyev [2], M.G.Gasymov [4], S.S.Mirzoev [6], A.A.Shkalikov [7],
Sh. Agmon [1], F. Browder [3] and others.

Let H0, H1, ..., H2m be Hilbert spaces, Hi+1 ⊂ Hi, i = 0, 1, ..., 2m-1, and
also all inclusions are compact.

Let’s consider the differential expressions

L(x,D)u =
∑

|α|≤2m

Aα(x)D
αu, x ∈ Rn (1)
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where α = (α1, α2, ..., αn), |α| = α1 + α2 + ...+ αn,

Dα =
∂|α|

∂xα1
1 , ∂x

α2
2 ...∂x

αn
n

The function u(x) ∈ H2m is such that Dαu ∈ H2m−|α|, it assumes that
for every x ∈ Rn operator Aα(x), α ̸= 0 is bounded: H2m−|α| → H0,A0(x) =
A0 + γ(x) where A0 is a positive defined selfadjoint operator H0 → H such
that A−1

0 is completely continuous.
Complex -valued function γ(x) is assuming to be measurable and local

bounded. The theorem on boundedness of resolvent of the operator L(x,D)
generated by the expression (1) is proved.

Problem statement. Before the going over the finding the estimate of
resolvent of the operator L(x,D) which is main for our purpose, we will for-
mulate the conditions the coefficients of operator L(x,D) must satisfy later.

We will denote

R0(x, ξ) =
[∑

|α|=2mAα(x)(iξ)
α
]−1

, ξ = (ξ1, ξ2, ..., ξn),

ξα = ξα1
1 , ξα2

2 , ..., ξαn
n .

Let’s assume that
1. R0(x, ξ) for all ξ ∈ Rn/0 is a bounded operator H0 → H2m, and also

2m∑
i=0

|ξ|i ∥R0∥H0→H2m−i
≤ δ1

where δ1 = const, doesn’t depend on x, ξ.
2. There is a ray l = {λ : arg λ = β} of complex plane λ such that the

operator R(x, ξ, λ) =
[∑

|α|≤2mAα(iξ)
α − λE

]−1

is a bounded operator H0 →
H2m, for λ ∈ l, ξ ∈ Rn, |x| > c and

(|γ(x)|+ |λ|) ∥R∥H0→H0
+
∑
i<2m

|ξ|2m−i ∥R∥H0→H2m−i
≤ δ2.

3. The values sup
|x−x0|≤h

∥Aα(x)− Aα(x0)∥ , sup
|x−x0|≤h

∣∣∣γ(x)−γ(x0)∂(x0)

∣∣∣ approach zero

for h→ 0 evenly by x0, |α| = 2m.
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4.
∑

0<|α|≤2m

∥Aα(x)∥ ≤ δ3.

Let’s set Hi the space with the scalar product:

(f, g)Hi
=

∫
Rn

(f(x), g(x)Hi
dx, f, g ∈ Hi, i = 0, 1, ..., 2m

Main Results. The following theorems hold.
Theorem 1. Let the conditions 1-4 fulfilled and∑

|α|≤2m

∫
Rn

∥Dαu∥2H0
dx+

∫
Rn

∣∣γ2(x)∣∣2 ∥u∥2H0
dx <∞

for λ ∈ l, |λ| ≥ λ0.
Then ∑

|α|≤2m

∫
Rn

∥Dαu∥2H0
dx ≤ c ∥(L− λE)u∥2H0

where c = const, doesn’t depend on λ.
Theorem 2. If the conditions of Theorem 1 are fulfilled then the operator

(L− λE)−1 is a bounded operator H0 → H0 for every λ ∈ l, |λ| ≥ λ0.
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In this work, we investigate the strong solvability of a nonlocal boundary
value problem for the Poisson equation in a rectangular domain. We utilize the
Fourier spectral method together with the basis properties of the corresponding
function system. We establish the uniqueness and existence of a strong solution
in weighted grand Sobolev spaces.
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Solvability of a Nonlocal Problem in Orlicz-Sobolev
Spaces
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This study investigates a nonlocal problem for the Laplace equation in an
unbounded domain. The concept of a strong solution is introduced, and the
problem is analyzed by means of the spectral method. The analysis relies on
the fact that the system of root functions associated with the corresponding
spectral problem forms a basis in the Orlicz space. By employing the concept
of Boyd indices for symmetric spaces, the strong solvability of the problem
is established in Sobolev spaces generated by the Orlicz norm. Furthermore,
the existence and uniqueness of strong solutions in Orlicz-Sobolev spaces are
proved.

Keywords: Orlicz-Sobolev space; Laplace equation, nonlocal problem,
strong solution
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Boundary Value Problems in Hilbert Spaces
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The main purpose of this talk is to investigate the solutions of the fol-
lowing fourth-order abstract linear differential equation under various sets of
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assumptions:

u(4)(x)− 2Bu′′(x)− Au(x) = f(x), x ∈ (0, 1), (1)

where u(x) is a vector-valued function taking values in a suitable Hilbert space
H (finite or infinite dimensional), A and B are linear (bounded or unbounded)
accretive operators on H, and the function f belongs to Lp(0, 1;H) for some
1 < p < +∞.

When this problem is supplemented with appropriate nonhomogeneous
boundary conditions, we establish existence, uniqueness, and maximal reg-
ularity of the solution under necessary and sufficient conditions on the data.
We also provide an explicit representation formula using tools such as analytic
semigroups, sectorial operators with bounded imaginary powers, the theory of
strongly continuous cosine operator functions, and the perturbation theory of
m-accretive operators.

Using the splitting method introduced by Krein [6], the equation is trans-
formed into a system of two coupled second-order equations. The first equation
is elliptic, while the second one is hyperbolic. These equations are not directly
amenable to standard methods. The main difficulty lies in analyzing these two
types of problems simultaneously.

In our analysis, the coupled second-order hyperbolic and elliptic equations
are solved in order to obtain an explicit solution to problem () under suitable
boundary conditions. Our approach is primarily based on fractional powers of
m-accretive operators, their perturbation theory, the techniques involving holo-
morphic semigroups generated by such operators, and the theory of strongly
continuous cosine operator functions.

References

[1] M. Benharrat, F. D. M. Bezerra, Fractional powers counterpart of third or-
der abstract Cauchy problems and of maximal accretive operators, Quaes-
tiones Mathematicae, 1–20, 2026.

[2] W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Vector-Valued
Laplace Transforms and Cauchy Problems, Birkhäuser, Basel, 2001.
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Semi Cauchy Variants of Alpha Convergence and
Exhaustiveness with Korovkin-Type Theorems
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This study considers semi Cauchy versions of alpha convergence and the no-
tion of exhaustiveness for sequences of functions defined between metric spaces
and examines their connections with existing notions. Moreover, Korovkin-
type approximation theorems in the sense of some notions of exhaustiveness,
is established, showing that the classical conditions in the Korovkin theorem
can be extended.
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In the literature, the notions of uniform conjugate and topological conju-
gacy have been investigated, and the behaviors of sequence of maps that are
chaotic in the sense of Devaney under these notions have been researched. In
this study, the properties of uniform alpha convergence, Cauchy alpha con-
vergence, and uniform exhaustiveness of sequences of functions under uniform
conjugate and topological conjugate transformations are examined. Addition-
ally, counterexamples showing that these properties are not preserved under
topological conjugate transformations are presented.
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On Asymptotics of the Green Function Cauchy
Problem for Parabolic Equation Corresponding Higher
Order Operator-Differential Equation in Hilbert Space

Nigar Gadirli

Sumgait State University, Sumgait, Azerbaijan
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Let H be a separable Hilbert space. Consider the operator L in the space
H1 = L2(H;Rn), defined by differential expression.

l(y) = (−1)m
∑

k1+k2+···+kn=2m

Ak1,k2,...,kn(x)
∂2mu

∂xk11 ∂x
k2
2 · · · ∂xknn

+Q(x)u. (1)

Here, x = (x1, . . . , xn) ∈ Rn and Ak1k2...kn(x) are real-valued functions de-
fined on the entire space Rn and satisfying the Lipschitz condition. Moreover,
condition

C1|S|2m ≤
∑

k1+k2+···+kn=2m

Ak1,k2,...,kn(x)Sk11 · Sk22 · · ·Sknn ≤ C2|S|2m.

is assumed to hold.
In the present study, we consider the Cauchy problem

∂u

∂t
= −Lu = −(L0 +Q(x))u, (2)

u(x, 0) = ψ(x), ψ(x) ∈ L2(Rn;H). (3)

corresponding to the differential expression (1).
The Green’s function of the Cauchy problem (2), (3) is sought in the form
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G(x, y, t) =G1(x− y, y, t)e−tQ(y)+

+

∫ t

0

dτ

∫
Rn

G1(x− ξ, ξ, t− τ)e−(t−τ)Q(ξ)φ(ξ, y, τ) dξ.
(4)

by means of the parametrix method [2]. Here G1(x−y, y, t) = R(x−y)G0(x−
−y, y, t).

Furthermore

R(x) =

{
1, |x| ≤ 1

2
,

0, |x| > 1.

Where G0(x− y, y, t) denotes the Green’s function of the problem
∂u

∂t
= −L0

(
η,

∂

∂x

)
,

u(x, 0) = ψ(x), ψ(x) ∈ L2(Rn;H).

It is shown that the following asymptotic formula holds for the Green’s
function:

G(x, y, t) =G0(x− y, y, t)e−tQ(y)+

+ t1−b exp

[
−c |x− y|

r

t1/(2m−1)

]
·
∥∥e−ctQ(y)

∥∥
1
+
∥∥Q−l(y)

∥∥ ·O(1). (5)

Where

G0(x− y, y, t) =
1

(2π)n

∫
Rn

exp [tL0(y, s) + i(s, x− y)] ds.

By making use of this equality, it is proved that the spectrum of the operator
L is discrete [1].
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Introduction. Solving some partial differential equations with nonlocal
boundary conditions using the Fourier method leads to spectral problems with
boundary conditions that are regular, but not strongly regular. For this rea-
son, the root functions of these problems typically do not form a basis in the
corresponding function space. In such cases, direct application of the Fourier
method is impossible. Based on these eigenfunctions, a new system of func-
tions is constructed, consisting of linear combinations of the root functions,
which already forms a basis in Lp[0, 1]. However, the resulting system is not a
system of eigenfunctions of the spectral problem. Nevertheless, this system is
used to solve the equation under consideration using the Fourier method. One
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such problem is the following initial-boundary value problem for a parabolic
equation

∂u (x, t)

∂t
=
∂2u (x, t)

∂x2
, 0 < x < 1, 0 < t < T, (1)

with the initial condition

u (x, 0) = f (x) , 0 ≤ x ≤ 1, (2)

and the boundary conditions

u (0, t) = u (1, t) ,
∂u

∂x
(0, t) = β

∂u

∂x
(1, t) + au (1, t) , 0 ≤ t ≤ T. (3)

We study the question of the correctness of the boundary value problem,
that is, the existence of a solution and its uniqueness in the Sobolev class
W 2,1
p (D) , 1 < p < +∞, where D = (0, 1)× (0, T ) , and stability with respect

to the initial data. Recall that a strong solution of problem (1)(3) is a function
u (x, t) ∈ W 2,1

p (D) that satisfies equation (1) almost everywhere in D and
conditions (2) and (3) in the sense of traces.

In the classical formulation, similar problems in the case of other boundary
conditions are considered in works [1-3]. The peculiarity of problem (1)-(3)
is that for a, β ∈ C, β ̸= ±1, the boundary conditions (3) are regular in the
sense of Birkhoff, but are not strongly regular for any value of a ̸= 0, and the
eigenfunctions of the corresponding spectral problem do not form a basis in
any space Lp [0, 1] , 1 < p <∞.

Main results. Using the Fourier method, the question of the solvability
of problem (1)-(3) is reduced to the following spectral problem

Lu (x) = −u′′
(x) = λu (x) , 0 < x < 1, u (0) = u (1) , u

′
(0) = βu

′
(1) + au (1) .

(4)
The spectral properties of this problem depend significantly on the values of
the coefficients a, β ∈ C. For β = −1, the boundary conditions are not regular.
For any a, β ∈ C, a ̸= 0, β ̸= ±1, all eigenvalues of this operator can be
distributed into two series, which have the form

λk,1 = (ρk,1)
2, k ∈ N, λk,2 = (ρk,2)

2, k ∈ Z+, (5)

where ρk,1 = 2pk and ρk,2 are the roots of the equation

tg
ρ

2
=

α

(1 + β) ρ
, ρ > 0. (6)
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Each eigenvalue of the operator L corresponds to a unique (up to a non-zero
factor) eigenfunction. Using the numbering introduced by equalities (5), in
the case β ̸= ±1, the set of eigenfunctions can be represented as

uk,1 (x) = cos 2πkx +
a

(1− β)πk
sin 2πkx, k ∈ N ;

uk,2 (x) = cos 2πkx +
a

2 (1 + β) πk
sin 2πkx +O

(
1

k2

)
k ∈ Z+. (7)

When constructing a solution to problem (1),(2) using the separation of vari-
ables method, the basis property of the system of eigenfunctions of the operator
L is of fundamental importance.

Theorem 1. For any a, β ∈ C, a ̸= 0, β ̸= ±1, the system of functions
(7) is almost normalized, complete, and minimal, but does not form a basis in
the space Lp [0, 1] , 1 < p < +∞.

Theorem 1 means that it is impossible to use system (7) to solve problem
(1)-(3) by separation of variables. To eliminate this drawback, we introduce a
new system {wn (x)}n∈Z+

as follows:

w0 (x) = u0,2 (x) , w2k (x) = uk,1 (x) , w2k−1 (x) = (uk,2 (x)− uk,1 (x)) βk, k ∈ N,
(8)

where indicated βk =
p(β2−1)

aβ
k.

Theorem 2. Let a ̸= 0, β ̸= ±1. Then the system {wn (x)}n∈Z+
, defined

by equalities (8), forms a basis in the space Lp (0, 1) , 1 < p < +∞, equivalent
to the classical trigonometric system.

The following theorem has been proven regarding the solvability of problem
(1)-(3).

Theorem 3. Let φ (x) ∈ W 2+γ
p (0, 1), where γ = 0 for 1 < p ≤ 2;

0 < γ < 1 for 2 < p ≤ 3 and 1 − 3
p
< γ < 1 for p > 3; in addition, the

function φ (x) satisfies the boundary conditions (4), and for 1
p
< γ < 1 it

additionally satisfies the condition φ
′′
(0) = φ

′′
(1).Then problem (1)-(3) has

a unique strong solution from the class W 2,1
p (D) and for this solution the

following estimate holds:

∥u∥W 2,1
p (D) ≤ C∥φ∥W 2+γ

p (0,1),

where the constant C does not depend on the functions φ (x) and u (x, t).
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Let G =
m
∪
l=1
Gl, Gl = (ξl−1, ξl) , a = ξ0 < ξ1 < ... < ξm = b, where −∞ <

a < b < +∞.
By W 1,m

p,n (G) =W 1
p,n (G, {ξl}

m
l=0) , p ≥ 1 we denote a class of n- component

vector functions satisfying the following property:
f(x) = (f1(x), f2(x), ..., fn(x))

T ∈ W 1,m
p,n (G), then for every l, l = 1,m there

exists a vector function
fl(x) = (fl1(x), fl2(x), ..., fln(x))

T , fli(x) ∈ W 1
p (Gl), i = 1, n such that

f(x) = fl(x) at ξl−1 < x < ξl; f(ξl) = f(ξl + 0), l = 0,m− 1, f(ξm) =
f(ξm − 0). In addition, W 1

p (Gl) is an ordinary Sobolev’s class, and W 1,m
p,n (G)

is Sobolev type class of n -component vector functions defined on G = [a, b].
The norm of the element f ∈ W 1,m

p,n (G) is defined by equality

∥f∥W 1,m
p,n (G) =

m∑
l=1

∥fl∥W 1
p,n(Gl)

=
m∑
l=1

(
∥fl∥p,n + ∥f

′
l∥p,n

)
,

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 235

where

∥fl∥p,n =

∫
Gl

(
n∑
i=1

|fli(x)|2
)p/2

dx

 1
p

∥f ′
l∥p,n =

∫
Gl

(
n∑
i=1

|f ′
li(x)|

2

)p/2

dx

 1
p

.

Consider the discontinuous Schrödinger operator

Lψ = ψ′′ +Q(x)ψ, (1)

on one arbitrary finite intervalG = (a, b), where ψ(x) = (ψ1(x), ψ2(x), ..., ψn(x))
T ,

Q(x) = (qij(x)), i = 1, n, j = 1, nmoreover qij(x), are complex-valued summable
functions on the interval G.

Following V.A. Il’in [1], a system of root vector functions of operator (1)
is an arbitrary system {ψk}∞k=1 of complex-valued identically nonzero vector

functions from W 2,m
1,n (G) that satisfy almost everywhere in G the equation

Lψk + λkψk = θkψk−1,

where θk is either 0(in which case ψk is called an eigen vector function) or 1
(in which case require that λk = λk−1 and ψk is called an associated vector
function of order r, where θk = θk−1 = ... = θk−r+1 and θk−r = 0).

Let denote µk =
√
λk, where µk =

(
−π

2
, π
2

]
.

Let the system {φk(x)}∞k=1 consist of root vector functions formally adjoint

to the operator (1) L∗φ = φ′′+Q∗(x)φ, where Q∗(x) = Q(x) is matrix-function
adjoint toQ(x), satisfying equation L∗φk+λkφk = θk+1φk+1 almost everywhere
in G.

For any vector function f(x) ∈ W 1,m
p,n (G), p ≥ 1, compose partial sum of

its biorthogonal expansion by system {ψk(x)}∞k=1,

σν(x, f) =
∑

Reµk≤ν

(f, φk)ψk(x), ν ≥ 1,

where

(f, φk) =
m∑
l=1

∫
Gl

⟨f(x), φk(x)⟩ dx, ⟨f(x), φk(x)⟩ =
n∑
i=1

fi(x)φki(x),
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ψk(x) = (ψk1(x), ψk2(x), ..., ψkn(x))
T .

Suppose
Rν(x, f) = f(x)− σν(x, f)

and set
Qm(f, φk) =

〈
φ

′

k(b− 0), f(b)
〉
−
〈
φ

′

k(a+ 0), f(a)
〉
+

+
m−1∑
l=1

[〈
φ

′

k(ξl − 0), f(ξl − 0)
〉
−
〈
φ

′

k(ξl + 0), f(ξl + 0)
〉]
.

Theorem. Let the system {ψk(x)}∞k=1 of root vector functions of operator
(1) satisfy the following conditions:

1. The system {ψk(x)}∞k=1 is complete and minimal in Ln2 (G);
2. The inequalities

|Imµk| ≤ const, (2)∑
τ≤Reµk≤τ+1

1 ≤ const, ∀τ ≥ 0, (3)

3. There exist a constant C0, such that

∥ψk∥2,n ∥φk∥2,n ≤ C0, k = 1,∞, (4)

4. For the vector function f(x) ∈ W 1,m
p,n (G), p > 1, there exists a constant

C1(f), such that the inequality

|Qm(f, φk)| ≤ C1(f) ∥φk∥2,n , k = 1,∞, (5)

holds.
Then biortogonal expansion of the vector function f(x) by the system

{ψk(x)}∞k=1 converges absolutely and uniformly on G = [a, b] and the following
relations hold:

f(x) =
∞∑
k=1

(f, φk)ψk(x), x ∈ G, (6)

sup
x∈G
|Rν(x, f)| ≤ const

{
ν−δ ∥f∥W 1,m

p,n (G) + ν−1
[
C1(f) + ∥Q∥1 ∥f∥∞,n

]}
, (7)

sup
x∈G
|Rν(x, f)| = o(ν−δ), ν → +∞, (8)
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where δ = min
{

1
2
, 1
q

}
, p−1 + q−1 = 1, the symbol ”0” depends on expanded

vector function f(x), const doesn’t depend on expanded vector function f(x),

∥Q∥1 =
∫ b
a

n∑
i,j=1

|qij(x)|dx.
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Let 1 < p, v < +∞. We denote by Lp)(−π, π) the grand Lebesgue space
([1]) of measurable on [−π, π] functions f with finite norm

∥f∥Lp)
= sup

0<ε<p−1

(
ε

2π

∫ π

−π
|f(t)|p−ε dt

) 1
p−ε

,

and lv) is the Banach space ([2]) of all sequences of scalars {an}n∈Z with finite
norm ∥∥{an}n∈Z∥∥lv) = sup

0<ε<p−1
ε

1
v(ε)

(
+∞∑

n=−∞

|an|v
′(ε)

) 1
v′(ε)

,

here 1
ν
+ 1

v′
= 1. Consider the Banach space Lp),v)(−π, π) ([2]) of functions

f ∈ Lp)(−π, π) with finite norm

∥f∥Lp),v)
= ∥f∥Lp)

+
∥∥∥f̂∥∥∥

lv)

,
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where f̂ = {fn}n∈Z and fn are the Fourier coefficients of f according to system
{eint}n∈Z .

It is known ([4]) that for a function f analytic in a disk ω = {z ∈ C : |z| < 1}
to belong to the Hardy class Hp, it is necessary and sufficient that its al-
most everywhere on γ = {z ∈ C : |z| = 1} non-tangential boundary values
f+(eit) ∈ Lp(−π, π), and that the Cauchy formula holds:

f(z) =
1

2πi

∫
γ

f+(ξ)

ξ − z
dξ, z ∈ ω. (1)

In this paper, this result is established in the space Lp),v)(−π, π).
Definition 1. We say that a function f is analytic in the disk belongs to

the grand Hardy class H+
p),ν) if the condition

∥f∥H+
p),ν)

= sup
0<r<1

∥fr∥p),ν) < +∞

is satisfied, where fr(t) = f(reit).
The following theorem proves that the class H+

p),ν) is a subclass of the grand

Hardy class H+
p) ([3]).

Theorem 1. Let f ∈ H+
p),ν) and f(z) =

+∞∑
n=0

anz
n, z ∈ ω. Then f ∈ H+

p)

and the equality ∥f∥H+
p),ν)

= ∥f∥H+
p)
+
∥∥∥{an}n∈Z+

∥∥∥
lv)

holds.

The following theorem is true.
Theorem 2. The following statements are valid.
1) if f ∈ H+

p),ν), then f+(eit) ∈ Lp),ν)(−π, π) and the Cauchy formula (1)

holds;
2) if f+(eit) ∈ Lp),ν)(−π, π), then the function f defined by formula (1)

belongs to class H+
p),ν) and its a.e. on γ non-tangential boundary values are

f+(eit).
Note that these results in ordinary Hardy classes with summable Fourier

coefficients were studied in [5].
This work was supported by the Science Foundation of Azerbaijan, Grant

No. AEF-MGC-2025-1(54)-20/03/1-M-03.
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Some Properties of X-valued Poisson Integrals in
Bochner Spaces
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It is considered X-valued Poisson integrals related to the boundary value
problem for elliptic equation with constant coefficients in n-dimensional half
plane Rn

+ . We establish bounded properties of these operators concerning
Bochner space.

In this work we will use the following notations. R−real numbers; Br (x0) =

{x ∈ Rn : |x− x0| < r}−open ball in Rn, where |x| =
√
x21 + ...+ x2n, x =

(x1, ..., xn) ∈ Rn; Rn
+ = {x = (x1; ...;xn) ∈ Rn : xn > 0}− n-dimensional half

space; Ωr (x0) = Ω
⋂
Br (x0); Br = Br (0); B-space−Banach space; ∥ · ∥X −norm

in X.
Let’s recall the definition of UMD property.
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Definition 1. A B-space X is said to have the property of UMD, if for
all p ∈ (1,∞) there exists a finite constant β ≥ 0 (depending on p and X)
such that the following holds. Whenever (S;A;µ) is a σ-finite measure space,

{Fn}Nn=0 is a σ-finite filtration and {fn}Nn=0 is a finite martingale in Lp (S;X),

then for all scalars |εn| = 1; n = 1, N, we have∥∥∥∥∥
N∑
n=1

εndfn

∥∥∥∥∥
Lp(S;X)

≤ β

∥∥∥∥∥
N∑
n=1

dfn

∥∥∥∥∥
Lp(S;X)

,

where dfn = fn − fn−1 is a martingale difference.
Consider the integral

u (x; t) =

∫
Rn−1

K (x− y; t) f (y) dy,

where the kernel K (x; t) satisfies the following conditions.
(i) K is homogeneous with degree (−n) and has a form

K (x; t) =
Ω
(

x
|P | ;

t
|P |

)
(|x2 + t2|)

n−1
2

,

where x = (x1; ...;xn−1) ∈ Rn−1 : |x|2 =
∑n−1

1 |xi|2; P = (x; t) ∈ Rn
+ : |P |2 =

|x|2 + t2; σ+
r =

{
P ∈ Rn

+ : |P | = r
}
; B′

r = {x ∈ Rn−1 : |x| < r} ;P ′ = (x; 0) ∈
Rn−1.

(ii) Ω (·; ·) is continuous on σ+
1 and there exists constants ℘ > 0 & α′ ∈

(0, 1] , such that

|Ω (P ′)− Ω (Q)| ≤ ℘P ′Q
α′

; max
σ1

|Ω| ≤ ℘;

for ∀P ′ = (x; 0) ∈ σ+
1 & Q = (y; t) ∈ σ+

1 , where P
′Q denotes the geodetic

distance between points P ′ and Q on σ+
1 ;

(iii) ∫
|x|=1

Ω (x; 0) dσx = 0,

where dσx is an area element of sphere |x| = 1.
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The following theorem is proved.
Theorem 1. Let X be UMD space with separable dual X∗ and

K (x; t) =
Ω
(
x
|x|

)
(
|x|2 + t2

)n−1
2

,

where the function Ω satisfies the conditions (i)− (iii).
Consider X-valued Poisson type integral

u (x; t) =

∫
Rn−1

K (x− y; t) f (y) dy.

Then there exists a constant c > 0 such that (1 < p <∞)

∥u (·; t)∥Lp(Rn−1;X) ≤ c ∥f∥Lp(Rn−1;X) , ∀ t > 0 ; ∀ f ∈ Lp
(
Rn−1;X

)
.

This work was supported by the Azerbaijan Science Foundation-Grant No.
AEF-MGC-2024-2(50)-16/02/1-M-02
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Uniqueness and Existence of One Nonlocal Problem in
Orlicz-Sobolev Space
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This study examines a boundary problem problem with nonlocal bound-
ary conditions for the Laplace equation in the semi-infinite domain ([0, 2π] ×
[0,∞)). Utilizing the basis property of the root function system associated
with the spectral problem and applying the spectral method, the existence
and uniqueness of strong solutions in Orlicz-Sobolev spaces are established.

References

[1] B Bilalov, S Sadigova, T Gasymov, I Feyzullayev, On strong solv-
ability of one boundary value problem for X-valued Laplace equation on
half disc, Integral Transforms and Special Functions, 2026, 1-26, DOI:
10.1080/10652469.2026.2694714
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Classical Fourier approximation is based on partial sums and the Dirichlet
kernel. Using this approach, Kuz’michev (2025) proved that functions and
their derivatives in the Hölder class can be approximated by Fourier coefficients
under harmonic modulation, and showed through examples that this method
outperforms the classical Fourier series approximation [1].

In this study, inspired by the work of Kuz’michev, the approximation prop-
erties of functions in the Hölder class are investigated using the Fejer mean
under harmonic modulation. By comparing the obtained results with previous
findings, the efficacy of the approximation is demonstrated. Furthermore, the
rate of convergence achieved via the Fejer mean under harmonic modulation
for functions in the Hölder class is established in the theorem below.

Theorem 1. Let f(y) ∈ Cα(G). For any ε > 0 the function f can be
approximately expressed by the following finite sum of the coefficients of the
Fourier series of the harmonically modulated argument y = x+ hcost :

∣∣∣∣∣A0(x, h)

2
+

N∑
k=1

(−1)k
(
1− k − 1

N

)
A2k(x, h)− f(x)

∣∣∣∣∣ = O(N−α)

Here h is the modulation amplitude, t ∈ [−π, π], x ∈ [a, b], y ∈ [a−h, b+h] = G

and Am(x, h) =
2
π

π∫
0

f(x+ hcost)cos(mt)dt.
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Consider the one - dimensional Schrödinger operator

Lu = −u′′
+ q (x)u

with a complex - valued potential q (x) ∈ Lr (G) , r ∈ [1, ∞], on the interval
G = (0, 1). Root functions (eigen and associated functions) of the operator L
are understood in a generalized sense, i.e. irrespective of boundary conditions
conditions (see [1,2]).

We will deal with the equiconvergence rate in metrics Ls, s ∈ [1,∞], of
spectral expansion of the function f (x) ∈ Lp (G) , p ≥ 1, in root functions of
the operator L with trigonometric Fourier series on the compact K ⊂ G.

Let {uk (x)}∞k=1 be an arbitrary system consisting of eigen - and associated
functions (root functions) of the operator L and {λk}∞k=1 be the corresponding
system of eigenvalues. We require that, together with each associated function
of order m, m ≥ 1, the system {uk (x)}∞k=1 also contains the corresponding
eigenfunctions and all associated functions of order less than s. This means
that each element of the system {uk (x)}∞k=1 is identically non-zero, is abso-

lutely continuous together with its first order derivative on G, and satisfies
the equation Luk = λkuk + θkuk−1 almost everywhere in G, where λk equals
either 0 (in this case uk (x) is an eigenfunction) or 1 (in this case uk (x) is an
associated function of order l ≥ 1, and uk−1 (x) is an associated function of
order l − 1, λk = λk−1 = · · · = λk−l, θk = θk−1 = θk−l+1 = 1 with θk−1 = 0).

Let the system {uk (x)}∞k=1 and the system of eigenvalues {λk}∞k=1 of the
operator L satisfy the conditions Ap (Il’in conditions):

1) {uk (x)}∞k=1 is closed and minimal in Lp (G) for some fixed p, p ≥ 1
2) Carleman’s condition and the “sum of units” condition are satisfied

|Im µk| ≤ const, k = 1, 2, . . . ;
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∑
τ≤ρk≤τ+1

1 ≤ const, ∀ τ ≥ 0

where µ2
k = λk, ρk = Re µk ≥ 0;

3) for every compact K ⊂ G there exists a constant C0 (K) such that

∥uk∥p,K∥vk∥q ≤ C0 (K) , k = 1, 2, . . . ,

where p−1 + q−1 = 1, {vk (x)}∞k=1 is biorthogonally conjugate system to
{uk (x)}∞k=1 consisting of root functions of the formally conjugate operator

L∗ = − d2

dx2
+ q (x) (i.e. L∗vk = λk vk + θkvk+1, θk = 0 or θk = 1);

∥·∥p,K = ∥·∥Lp(K), ∥·∥p = ∥·∥Lp(G).
Denote

σν (x, f) =
∑
ρk≤ν

fkuk (x) , ν > 0, fk = (f, vk) =

∫ 1

0

f (x)vk (x) dx

∆νs (f,K) = ∥σν (·, f)− Sν (·, f)∥Ls(K),

ωpη = sup
0<h≤η

{∫ 1−h

0

|f (x+ h)− f (x)|p dx
} 1

p

; δ = max {2, q} ,

where Sν (x, f) is a partial sum of the trigonometric Fourier series of the func-
tion f (x) ∈ Lp (G).

Definition. If ∆νs (f,K) → 0 as ν → +∞, then we will say that the
expansions of the function f (x) into biorthogonal series with respect to the
system {uk (x)}∞k=1 and into the trigonometric Fourier series equiconvergent
in metrics Ls on the compact K ⊂ G (in case s = ∞, it is about a uniform
equiconvergence).

We have following theorem prove in this work:
Theorem. Let q (x) ∈ Lr (G) , r ∈ [1, ∞], and the system {uk (x)}∞k=1

satisfy the conditions Ap for some fixed p, p ≥ 1. Then the expansions of an
arbitrary function f (x) ∈ Lp (G) into biorthogonal series with respect to the
system {uk (x)}∞k=1 and into the trigonometric Fourier series are equiconvergent
in metrics Ls, s ∈ [1,∞], on every compactK ⊂ G and the following estimates
are true for ν ≥ 2:
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I. If p > 1, then

∆νs (f,K) ≤ C (K)


ν−1∥f∥p + ω1 (f, ν

−1) , 1
r
− 1

s
< 1

δ

ν−1 ln1− 1
δ ν ∥f∥p + ω1 (f, ν

−1) , 1
r
− 1

s
= 1

δ

ν
1
r
− 1

s
− 1

δ
−1∥f∥p + ω1 (f, ν

−1) , 1
r
− 1

s
> 1

δ

(1)
II. If p = 1, then

≤C (K)


ν−1∥f∥1 + ω1 (f, ν

−1) , s < r
ν−1 ln2 ν ∥f∥1 + ω1 (f, ν

−1) , s = r < 2 or s = r =∞
ν−1ln2(1− 1

r )ν∥f∥1 + ω1 (f, ν
−1) , 2 ≤ s = r <∞

ν
1
r
− 1

s
−1∥f∥1 + ω1 (f, ν

−1) , s > r
(2)

III. If q (x) ≡ 0, p ≥ 1, s ∈ [1,∞] , then

∆νs (f,K) ≤ C (K)
{
ν−1∥f∥1 + ω1

(
f, ν−1

)}
, (3)

where C (K) does not depend on ν and f (x).

References

[1] V.A. Il’in, Necessary and sufficient conditions for the basis property and
equiconvergence with trigonometric series of spectral decompositions. I (II),
Diff.uravn. 16 (1980), no.5 (6), 771-794 (980-1009)

[2] V.M. Kurbanov, Equiconvergence of biorthogonal expansions in root func-
tions of differential operators I (II), Diff.uravn. 35 (1999) (36 (2000)), no.12
(3), 1619-1633 (319-335)

[3] V.M. Kurbanov, L.Z. Buksayeva, Estimating the uniform equiconvergence
rate for the Schrödinger operator with summable potential on a compact
set. Proc.of IMM, 52 (2026), no.1, 163-175

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 247

Roughness Behaviors of Fractal Interpolation Functions
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Fractal Interpolation Functions (FIF) are utilized to model irregular shapes
where classical Euclidean geometry remains insufficient [1]. In this study, Frac-
tal Interpolation Functions are expressed through Fourier series using both
constant and variable scaling factors. This mathematical approach offers the
opportunity to approximate irregular signals with complex and rough struc-
tures in the closest manner via periodic waves. In the existing literature,
variable scaling factors have provided “smoother” and lower-roughness graphs
compared to constant factors [2]. In this work, the Cesaro mean was applied
to Fractal Interpolation Functions depending on the scaling factors, and the
roughness behaviors of the functions were investigated. The obtained data were
simulated via MATLAB and illustrated with graphics. The results demon-
strate that as the order of the Cesaro mean increases, the degree of roughness
decreases. Consequently, this study reveals that Ces‘aro means are a powerful
and reliable analytical tool in the Fourier analysis of fractal functions and in
the mathematical control of high-frequency roughness structures.
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Let G be a locally compact group with the left Haar measure mG and
let M (G) be the convolution measure algebra of G. As usual, C0 (G) will
denote the space of all complex valued continuous functions on G vanishing at
infinity. Since C0 (G)

∗ = M (G) , the space M (G) carries the weak∗ topology
σ (M (G) , C0 (G)) . In the following, the w∗-topology on M (G) always means
this topology. For a subset S of G, by [S] we will denote the closed subgroup
of G generated by S. A probability measure µ ∈ M (G) is said to be adapted
if [suppµ] = G. Also, a probability measure µ ∈ M (G) is said to be strictly
aperiodic if the support of µ is not contained in a proper closed left cosets gH
(H ̸= G, g ∈ G⧹H) of G.

The classical Kawada-Itô theorem [3, Theorem 7] asserts that if µ is an
adapted measure on a compact metrisable group G, then the sequence of prob-

ability measures

{
1

n+1

n∑
i=0

µi
}
n∈N

weak∗ converges to the Haar measure on G.

If µ is an adapted and strictly aperiodic measure on a compact metrisable
group G, then w∗- lim

n→∞
µn = mG [3, Theorem 8]. For related results see also,

[1, 2, 5, 6].
It is well known that if G is a compact group, then the (normalized) Haar

measure mG is an idempotent measure on G with suppmG = G. If H is a
closed subgroup of G, then the measure mH may be regarded as a measure on
G by putting mH (B) = mH (B ∩H) for every Borel subset B of G. Notice
that suppmH = H.

The following result combines Kawada-Itô theorems.
Theorem. Let µ and ν be two probability measures on a compact group G

and assume that ν is strictly aperiodic. Then we have

w∗ − lim
n→∞

1

n+ 1

n∑
i=0

µi ∗ νn−i = m[suppµ] ∗m[suppν].
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We consider an m-th order elliptic equation whose principal part has con-
tinuous coefficients. Let Lp)(Ω), 1 < p < +∞, denote the grand Lebesgue
space on a bounded domain Ω ⊂ Rn, and let Wm

p) (Ω) be the corresponding
grand Sobolev space. It is proved that, if the boundary ∂Ω is sufficiently
smooth, then, under appropriate conditions on the coefficients of the elliptic
operator under consideration, a Schauder-type estimate up to the boundary
holds for this operator. Such estimates play an important role in establishing
the Fredholmness of boundary value problems for elliptic equations.
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On Generalized Almost Statistical Convergence of
Weight g in Partial Metric Spaces

Ekrem Savaş

Uşak University, Uşak, Türkiye
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Following the quite recent development in [1], we present the concept of
generalized almost statistical convergence of weight g in partial metric space.
We further investigate the relationships between generalized almost statistical
convergence of weight g and strong (V̂ , λ, ρ)-almost summability of weight g

and subsequently consider the connections between the spaces [V̂ g
p , λ, ρ, f ] and

Ŝg(λ, ρ).
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THEORY OF FUNCTIONS

On the Behavior of m− th (m ≥ 1) Derivatives of
Algebraic Polynomials in Unbounded Domains of the

Complex Plane

Fahreddin Abdullayeva, Meerim Imashkyzyb

aUşak University, Uşak, Türkiye
bKyrgyz-Turkish Manas University, Bishkek, Kyrgyzistan

(e-mail: fahreddin.abdullayev@usak.edu.tr;
meerim.imashkyzy@manas.edu.kg)

Let C be a complex plane; C := C ∪ {∞} ; G ⊂ C be a bounded Jordan
domain with boundary L := ∂G; Ω := C \G = extL. Denote by Φ : Ω →
{w : |w| > 1} the univalent conformal mapping normalized by Φ(∞) =∞ and

limz→∞
Φ(z)
z
> 0.

For t ≥ 1, we define

Lt := {z : |Φ(z)| = t} , L1 ≡ L,Gt := intLt, Ωt := extLt.

Let us denote by

℘n :=

{
Pn(z) =

n∑
k=0

akz
k, ak ∈ C, degPn ≤ n, n ∈ N.

}

Let {zj}lj=1 ∈ L be the fixed system of distinct points. For some fixed R0,
1 < R0 <∞, consider generalized Jacobi weight function

h(z) :=

 h0(z)
l∏

j=1

|z − zj|γj , z ∈ GR0 ,

0, z ∈ C\GR0 ,

(1)

where γj > −1, for all j = 1, 2, ..., l, and h0(z) ≥ c0(L) > 0 for some constant
c0(L) > 0.

For each 0 < p ≤ ∞ and arbitrary Jordan domain G with rectifiable
boundary L = ∂G, we introduce:
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∥Pn∥p := ∥Pn∥Lp(h,L)
:=

∫
L

h(z) |Pn(z)|p |dz|

1/p

<∞, 0 < p <∞;

∥Pn∥∞ := ∥Pn∥L∞(1,L) := max
z∈L
|Pn(z)| , p =∞;Lp(1, L) =: Lp(L).

The well-known Bernstein-Walsh inequality [1] states that:

∥Pn∥C(Gρ)
≤ ρn ∥Pn∥C(G) , ∀Pn ∈ ℘n, ρ > 1. (2)

Subsequently, in [2] an analogue of this inequality was found for the space
Lp(L), p > 0:

∥Pn∥Lp(Lρ)
≤ ρn+

1
p ∥Pn∥Lp(L)

, ∀Pn ∈ ℘n. (3)

Next, the estimate (3) was transferred to the weighted Lp(h, LR) space with
the weight function h(z) ̸= 1 determined by formula (1), as follows [3,Lemma
2.4]:

∥Pn∥Lp(h,Lρ)
≤ ρn+

1+γ∗
p ∥Pn∥Lp(h,L)

, γ∗ = max {0; γj : 1 ≤ j ≤ l} . (4)

In order to give two-dimensional analogues of inequalities (2)- (4), it is neces-
sary to give the following definitions.

Now let’s introduce the quantity:

∥Pn∥Ap(h,G) : =

∫∫
G

h(z) |Pn(z)|p dσz

1/p

, 0 < p <∞,

∥Pn∥A∞(1,G) : = max
z∈G
|Pn(z)| , p =∞ ; Ap(1, G) =: Ap(G),

where σ be the two-dimensional Lebesgue measure.
The similar estimate for an arbitrary Jordan domain G and h(z) ≡ 1 was

given in the [4,Theorem 1.1] as follows:

∥Pn∥
Ap(Gρ)

≤ c3ρ
n+2

p ∥Pn∥
Ap(G

1+ 1
n

)
, ρ > 1 +

1

n
, p > 0, (5)
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where c3 =
(

2
ep−1

) 1
p
[
1 +O( 1

n
)
]
, n→∞, is asymptotically sharp constant.

On the other hand, in [5] for domains bounded by a rectifiable quasicircle, a
local estimate of type (5) was found, which also takes into account the position
of a point outside the domain, of the following type:

|Pn(z)| ≤ c(L)

√
n

d(z, L)
∥Pn∥A2(G) |Φ(z)|

n+1 , z ∈ Ω,

where c(L) > 0 is a constant depending only of L and d(z, L) := dist(z, L) =
inf {|ζ − z| : ζ ∈ L} .

In this we continue to study pointwise estimation in unbounded domains
of complex plane in the following form:∣∣P (m)

n (z)
∣∣ ≤ ηn(G, h, p,m, z) ∥Pn∥X , z ∈ Ω,

for the cases X = Lp(h, L) and X = Ap(h,G), where ηn(.) → ∞, as n → ∞,
depending on the properties of the G, h.
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Lower estimates for the best approximation of
continuous holomorphic functions
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This talk is devoted to exact lower bounds for the best approximation of
functions in the disk algebra A(D), the space of all functions that are holo-
morphic in the unit disk D := {z ∈ C : |z| < 1} and continuous on its closure
D, equipped with the norm ∥f∥ = maxz∈D |f(z)|.

Let f be holomorphic function in the unit disk D := {z ∈ C : |z| < 1} and
let

f(z) =
∞∑
k=0

f̂kz
k, f̂k :=

f (k)(0)

k!
,

be its Taylor series.
The best approximation of f ∈ Hq is the quantity

En(f) := inf
Pn−1∈Pn−1

∥f − Pn−1∥, n ∈ N,

where Pn−1 is the set of all algebraic polynomials of degree at most n− 1.
Theorem 1. Let n,N ∈ N, n ≤ N . Then for any f ∈ A(D), we have

1

2

∣∣∣f̂N ∣∣∣+
√√√√∣∣∣f̂N ∣∣∣2 + 4

[(N−1)/2]∑
k=n

∣∣∣f̂k∣∣∣2
 ≤ En(f),

where [·] denotes the entire part of number, and the sum is empty if [(N −
1)/2] < n.

Equality holds for any function f ∈ A(D) such that the polynomial

1 + λ

[(N−1)/2]∑
k=n

f̂kt
N−k, t ∈ C,
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where

λ =
1

2
∑[(N−1)/2]

k=n

∣∣∣f̂k∣∣∣2

√√√√∣∣∣f̂N ∣∣∣2 + 4

[(N−1)/2]∑
k=n

∣∣∣f̂k∣∣∣2 − ∣∣∣f̂N ∣∣∣
 ,

has no zeros in D.

On the Generalization of Sierpiński’s Inequality

Yagub Aliyeva, Zamina Guliyevab

aSchool of IT and Engineering, ADA University, Ahmadbey Aghaoglu str. 61,
Baku, Azerbaijan

bSchool of IT and Engineering, ADA University, Ahmadbey Aghaoglu str. 61,
Baku, Azerbaijan

(e-mail: yaliyev@ada.edu.az, zguliyeva@ada.edu.az)

In this work, we investigate an extension of the classical inequality es-
tablished by Sierpiński in [3]. For any set of n positive real numbers, let
An, Gn, and Hn denote their arithmetic, geometric, and harmonic means, re-
spectively. The fundamental relationship can be alternatively framed through
log-transformed ratios, leading to the following formulation:

1

n− 1
≤ lnGn − lnHn

lnAn − lnGn

≤ n− 1. (1)

Our main focus centers on establishing that the boundary values 1/(n− 1)
and n− 1 expressed in the above inequalities constitute the sharpest possible
constants. By demonstrating this optimality, we verify that the boundaries of
the generalized Sierpiński inequality cannot be further restricted or improved.

To evaluate these extreme cases and substantiate the sharp nature of these
constants, we systematically employ the optimization method and mathemat-
ical techniques originally introduced and developed in [1] and [2].
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On the Approximation of Special Functions by
Branched Continued Fractions
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Special functions appear quite naturally in almost all fields of science and
engineering. Many of these functions are hypergeometric functions or general-
izations of them, or can be expressed in terms of them.

We consider the problems of approximating the double hypergeometric
functions by branched continued fractions, namely: constructing the simplest
fractional structure and investigating its convergence and numerical stability.
We have proposed new methods for investigating the convergence and estab-
lishing truncation errors bounds and numerical stability sets of the expansions
of the double hypergeometric functions, including the well-known Appell hy-
pergeometric series [1, 2], into branched continued fractions.
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Continued fractions are one of the most efficient approximation tools, hav-
ing natural properties such as wide convergence regions, high convergence
speed, and computational stability.

We consider the problem of stability to perturbations of functional con-
tinued fractions [1], in particular, S -fractions (Stieltjes continued fractions).
An analytical approach is proposed that allows for the evaluation of the influ-
ence of perturbations of the coefficients of continued fraction and its complex
variable on the value of its approximant. Recurrence relations for the rela-
tive errors of the approximants are established and presented in the form of a
continued fraction. Sufficient conditions for stability to perturbations are ob-
tained, as well as explicit estimates for the relative errors of the approximants.
Sets of stability to perturbations are constructed, in particular, semi-circular
and circular sets in the complex plane [2].
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The Geometry of A(z)-Analytic Spaces and the
Bergman Reproducing Kernel

Behzod Husenov
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As is well known, the solution of the Beltrami equation

D̄Af =
∂f

∂z̄
− A(z)∂f

∂z
= 0 (1)

is directly related to quasiconformal mappings. In the general case, with re-
spect to the function A(z), it is assumed that it is measurable and |A(z)| ≤ c
almost everywhere in the domain under consideration D ⊂ C, where c < 1.
Solutions of equation (1) are called A(z)–analytic functions. The most in-
teresting case is when A(z) is an antiholomorphic function in the domain D.
Then, according to (1), the class of A(z)–analytic functions f ∈ OA(D) is char-
acterized by the property that DAf = 0. Since an anti-analytic function is
infinitely smooth, it follows from I. N. Vekua’s theorem that OA(D) ⊂ C∞(D).
Suppose now that a domain D ⊂ C is convex and ξ ∈ D is its fixed point.
Consider the kernel

K(z, ξ) =
1

2πi

1

z − ξ +
∫

γ(ξ,z)

A(τ)dτ
, (2)

where γ(ξ, z) is a smooth curve connecting the points ξ, z ∈ D. Since the do-
main D is simply connected and the function Ā(z) is holomorphic, the integral

I(z) =
∫

γ(ξ,z)

A(τ)dτ does not depend on the integration path; it coincides with

the primitive, I ′(z) = Ā(z) (see [2]).
Theorem 1. (see [1]). K(z, ξ) is an A(z)–analytic function outside of

the point z = ξ, i.e. K(z, ξ) ∈ OA(D\{ξ}). Moreover, at z = ξ the function
K(z, ξ) has a simple pole.

Note that if the domain D ⊂ C is not convex, but only simply connected,

then although the function ψ(z, ξ) = z − ξ +
∫

γ(ξ,z)

A(τ)dτ , is uniquely defined
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in the domain D, but a priori, it can have other isolated zeros besides ξ :
ψ(ξ, z) = 0, z ∈ P\{ξ, ξ1, ξ2, ...}. In this regard, below we consider mainly
the class of A(z)–analytic functions in convex domains D ⊂ C.

Let the domain D ⊂ C be convex. According to Theorem 1, the function
ψ(ξ, z) ∈ OA(D) performs an internal mapping. In particular, the set

L(a, r) =
{
z ∈ D :

∣∣ψ(z, a)∣∣< r
}

for sufficiently small r > 0 is an open set compactly belonging to D, and it
contains a point a. This set is called A(z)–lemniscate, centered at point a and
denoted as L(a, r) (see [1]).

As an example, we note that for multiply connected domains (for instance,
an annulus), the Bergman kernel may have zeros off the diagonal; this is a
well-known phenomenon and highlights the dependence of the kernel’s subtle
properties on the topology of the domain:

KA(z, ζ) =
1

π

[
∞∑
n=0

n+ 1

1− r2n+2

(
zζ̄
)n

+
∞∑
n=0

(n+ 1)r2n+2

1− r2n+2
(z̄ζ)n−2

]
.

Unlike the disk, for an annulus this kernel may have zeros off the diagonal
z = ζ.

As an example, consider r = 1
2
. Owing to circular symmetry, the kernel

depends only on t = zζ̄. Let us set ζ = ρ > 0 and z = −ρ (on the same
circle, but in opposite directions); then t = −ρ2 < 0. For ρ ≈ 0.5029301539,
we obtain

KA 1
2

(−ρ, ρ) = 0

(numerically, with accuracy of order 10−13). That is, the kernel has a zero at
z ̸= ζ.

Let us analyze step by step why the Bergman (or Szego) kernel is unique,
and how it follows from this that the counterexample indeed demonstrates
the existence of a unique kernel with zeros off the diagonal, rather than the
existence of “other kernels.”

1. Why the kernel is unique
Let H ⊂ L2(D) be a Hilbert space of holomorphic functions on a domain

D. The Bergman kernel K(z, ζ) is defined in H by the reproducing property:

f(z) =

∫
D

f(ζ)K(z, ζ)dA(ζ).
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From the general theory of reproducing kernels (the Riesz—Aronszajn the-
orem), it follows that:

If the Hilbert space H is given, then the corresponding reproducing kernel
K(z, ζ) is unique.

That is, no other function K(z, ζ) with the same reproducing property can
exist—only one such K corresponds to the given Hilbert space.

2. When one says that “the kernel has other zeros,” this does not mean
that there exists a different kernel.

What is meant is that this unique kernel (unique by definition) may have
points (z, ζ), distinct from the diagonal z = ζ, at which K(z, ζ) = 0.

In the unit disk KD(z, ζ) = 1
π
(1 − zζ̄)−2, the Bergman kernel does not

vanish anywhere except in the trivial case, since the denominator cannot be
zero inside the disk.

However, in ring-type domains or multiply connected domains, the struc-
ture of the basis becomes more complicated, and the combination of positive
and negative powers of zn, z−n−1 generates sign-alternating series, which leads
to the possible occurrence of zeros off the diagonal.

3. Example (a unique kernel, but with a zero off the diagonal). For the
ring Ar = {r < |z| < 1}, the following equality holds:

KA(z, ζ) =
1

π

∞∑
n=−∞

(n+ 1)znζ̄n

1− r2(n+1)
.

This is the unique kernel of the space A2(Ar).
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Approximation Properties of Feedforward Neural
Networks on Topological Spaces

Vugar Ismailov
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The universal approximation theorem is one of the fundamental results in
neural network theory. It states that feedforward neural networks can approx-
imate arbitrary continuous functions on compact subsets of Euclidean spaces
with arbitrary accuracy. For a survey article and a monograph on approxima-
tion by multilayer perceptron models, we refer to [2, 3].

Classical shallow feedforward neural networks are based on functions of the
form

r∑
i=1

ciσ(wi · x− θi), x ∈ Rd,

where σ is a fixed activation function and wi ·x are continuous linear function-
als. In [1], a more general framework was introduced in which the input space
is an arbitrary topological space.

Let X be a topological space and let A(X) ⊂ C(X) be a prescribed family
of continuous functions. Consider the class

N (σ) = span {σ(wf(x)− θ) : f ∈ A(X), w, θ ∈ R} .

We say that A(X) possesses the D-property if

span {u ◦ f : u ∈ C(R), f ∈ A(X)}

is dense in C(X) in the topology of uniform convergence on compact sets.
Recall that an activation function σ : R → R is called a Tauber–Wiener

function if
span{σ(wx− θ) : w, θ ∈ R}

is dense in C[a, b] for every compact interval [a, b] ⊂ R. For example, it
follows from the theorem of Leshno, Lin, Pinkus and Schocken [4] that every
continuous nonpolynomial activation function is Tauber–Wiener.

The following theorem holds.
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Theorem 1. Let X be a topological space, let A(X) possess the D-property,
and let σ : R → R be a Tauber–Wiener activation function. Then for every
function g ∈ C(X), every compact set K ⊂ X, and every ε > 0, there exist
functions fi ∈ A(X) and numbers ci, wi, θi ∈ R such that

max
x∈K

∣∣∣∣∣g(x)−
r∑
i=1

ciσ(wifi(x)− θi)

∣∣∣∣∣ < ε.

This theorem shows that the universal approximation property is essen-
tially topological and does not require linear, metric, normed, or completeness
structures on the input space.

An important special case is obtained whenX is a locally convex topological
vector space and A(X) = X∗, where X∗ denotes the continuous dual space.

Theorem 2. Let X be a locally convex topological vector space and let σ
be a continuous nonpolynomial activation function. Then for every compact
set K ⊂ X, every function g ∈ C(K) and every ε > 0, there exist functionals
fi ∈ X∗ and numbers ci, θi ∈ R such that

max
x∈K

∣∣∣∣∣g(x)−
r∑
i=1

ciσ(fi(x)− θi)

∣∣∣∣∣ < ε.

The proof combines the Hahn–Banach and Stone–Weierstrass theorems
with the classical theorem of Leshno, Lin, Pinkus and Schocken [4]. The gen-
eral approximation theorem also has applications to superposition theory. In
particular, combining it with Ostrand’s extension of Kolmogorov’s superposi-
tion theorem yields approximate neural network representation for continuous
functions on compact metric spaces by means of universal inner functions and
a single smooth activation function. For details and proofs, we refer to [1].
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In this talk, we discuss approximation problems in variable exponent Smirnov
classes of analytic functions defined on bounded simply connected domains of
the complex plane.

Let Γ be a rectifiable Jordan curve in the complex plane C, and let p(·): Γ→
[1,∞) be a Lebesgue measurable function. The variable exponent Lebesgue
spaces Lp(·)(Γ) is defined as the set of all measurable functions f defined on Γ,

such that
∫
Γ
|f(z)|p(z) |dz| <∞. If p+ := ess supz∈Γ p(z) <∞, then Lp(·)(Γ) is

a Banach space, equipped with the norm

∥f∥Lp(·)(Γ) := inf

λ > 0 :

∫
Γ

|f(z)/λ|p(z) |dz| ≤ 1

 <∞.

Definition 1 We say that p (·) ∈ Plog(Γ), if 1 < p− := ess infz∈Γ p(z) ≤
ess supz∈Γ p(z) =: p+ <∞, and in addition,

|p(z1)− p(z2)| ln
(
|Γ|

|z1 − z2|

)
≤ c(p), ∀z1, z2 ∈ Γ and z1 ̸= z2,

where c(p) > 0 is a constant and |Γ| denotes the Lebesgue measure of Γ.
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Let G ⊂ C be a simply connected domain bounded by a rectifiable Jordan
curve Γ, and let G−:= C⧹G. We also denote U := {w ∈ C : |w| < 1} and
U−:= C⧹U.

By Ep (G), 1 ≤ p <∞, we denote the well known Smirnov class of analytic
in G function. Every function f ∈ Ep (G) admits non-tangential boundary
values a.e. on Γ, and the boundary function belongs to Lp(Γ). Considering
the large class E1 (G) and the variable exponent Lebesgue spaces Lp(·)(Γ),
1 ≤ p(·) < ∞, the variable exponent Smirnov class Ep(·)(G) is defined as

Ep(·)(G) :=
{
f ∈ E1(G) : f |Γ ∈ Lp(·)(Γ)

}
. If p (·) ∈ Plog(Γ), then the class

Ep(·)(G) is a Banach space, endowed with the norm ∥f∥Ep(·)(G) := ∥f∥Lp(·)(Γ)
.

From now on we assume that the boundary curve Γ is Dini-smooth, defined
as follows.

Definition 2 A Jordan curve Γ is called Dini-smooth, if

δ∫
0

ω (θ, s) /sds <∞, δ > 0,

where θ (s) denotes the angle, between the tangent to Γ and the positive real axis
expressed as a function of arc length s, and ω (θ, s) := sup|t1−t2|≤s {|θ (t1)− θ (t2)|} .

The class of Dini-smooth curves is denoted by D.
Let ψ denotes the conformal mapping of the exterior domain U− onto G−,

normalized by the conditions: ψ (∞) = ∞, limw→∞ ψ (w) /w > 0. For f ∈
Lp(·)(Γ), p(·) ∈ Plog(Γ) and w ∈ γ, we define: p0 (w) := (p ◦ ψ) (w), f0 (w) :=
(f ◦ ψ) (w) .

Assume that f is analytic in G and f (r) ∈ Ep(·)(G), r = 0, 1, 2, ... .We set:

f
(r)
0 (w) := f (r) [ψ (w)] , r ∈ N, and define the modulus of smoothness of f (r),

as Ω
(
f (r), 1/n

)
p(·) := sup0<|h|≤δ

∥∥∥f (r)
0 − σh

(
f
(r)
0

)∥∥∥
Lp(·)(T)

, where

σh

(
f
(r)
0

)
(w) :=

1

h

h∫
0

f
(r)
0

(
weit

)
dt , w ∈ γ, 0 < h < π.

Our main results can be formulated as follows:
Theorem 1. Let G ⊂ C be a simply connected domain bounded by a

Dini-smooth curve Γ, and let p(·) ∈ Plog(Γ). Assume that f is analytic in
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G and f (r) ∈ Ep(·)(G), r = 0, 1, 2, ... . Then, for every n ∈ N there exists
an algebraic polynomial Pn of degree at most n, such that ∥f − Pn ∥Lp(·)(Γ)

≤
c
nrΩ

(
f (r), 1/n

)
p(·) , where c = c(Γ, p) > 0 is a constant nondependent of n.

Theorem 2 Let f ∈ Lp(·)(Γ), Γ ∈ D, p(·) ∈ Plog(Γ) and α ∈ (0, 1]. Sup-
pose that for some r ∈ N, and every n ∈ N there exists an algebraic polyno-
mial Pn of degree n such that ∥f − Pn ∥Lp(·)(Γ)

≤ c/nr+α, with some constant

c = c(Γ, p) > 0, nondependent of n. Then there exists a function (denoted
again by) f, analytic in G, whose non tangential boundary values coincide
with the given boundary function f a.e. on Γ. Moreover, f (r) ∈ Ep(·)(G) and
its modulus of smoothness Ω

(
f (r), 1/n

)
p(·) satisfies the inequalities:

1. Ω
(
f (r), 1/n

)
p(·) ≤ c/nα, if 0 < α < 1,

2. Ω
(
f (r), 1/n

)
p(·) ≤ c

ln (n+ 1)

n
, if α = 1.

For f ∈ Ep(·)(G) we define the best polynomial approximation number by

E
p(·)
n (f,G) := inf

pn∈Pn

∥f − pn∥Lp(·)(Γ)
,where Pn is the set of all algebraic polyno-

mials of degree at most n. Combining Theorems 1 and 2 we have
Theorem 3 Let Γ ∈ D, p(·) ∈ Plog(Γ), r ∈ {0, 1, 2, ...} , and 0 < α <

1. The statements: 1. E
p(·)
n (f,G) ≤ c/nr+α, and 2. f (r) ∈ Ep(·)(G) and

Ω
(
f (r), 1/n

)
p(·) < c/nα are equivalent.

When p (·) = p = const, Theorems 1-3, formulated in terms of the classical
modulus of smoothness, constructed via usual shift operator, were obtained by
S. Ya. Alper [1]. Analogous results for more general domains in the case of
constant exponents in particular were established in [2, 3].

This work was made under the project ”Approximation problems in weighted
variable exponent Smirnov classes” supported by Balikesir University grant Nr:
2025/237 [ D6 ].
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Comonotone Approximation by Periodic Splines of
Minimal Defect

Kirill Kopotun

University of Manitoba, Winnipeg, Canada
(e-mail: Kirill.Kopotun@umanitoba.ca)

Let C̃r, r ∈ N0, be the class of r times continuously differentiable 1-periodic
functions f : R→ R. In this talk, I discuss the exact estimates in terms of the
k-th moduli of smoothness of f (r), of errors of comonotone approximation of

functions in C̃r by periodic splines of minimal defect.

In particular, let W̃ r, r ∈ N, be the space of 1-periodic functions f : R→ R
such that f (r−1) ∈ AC(R) and f (r) ∈ L∞(R), and denote by Σ̃m(un) the space
of 1-periodic splines of order m (degree m − 1) of minimum defect (highest
smoothness) with the knots un = (j/n)j∈Z.

One of the corollaries illustrating the main results is the following state-
ment:

If a function f ∈ W̃ r, r ∈ N, has 2s ∈ N changes of its monotonicity within
a period, then, for each n ∈ N and each m ≥ r, there is a spline of minimal

defect Σ̃m(un) which is comonotone with f (i.e., f ′(x)S ′(x) ≥ 0 a.e. in R) and
such that

∥f − S∥C(R) ≤ cn−r∥f (r)∥L∞(R),

where c is a constant that depends only on m, r and s.
(This is a joint work with D. Leviatan and I. Shevchuk.)
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On the Analytical Extension of Some Ratios of Triple
Hypergeometric Functions FM

Ivan Nyzhnyk

Vasyl Stefanyk Carpathian National University, Ivano-Frankivsk, Ukraine
(e-mail: ivan.nyzhnyk.19@pnu.edu.ua)

The Lauricella–Saran’s hypergeometric functions FM are defined by:

FM(α1, α2, β1, β2; γ1, γ2; z) =
+∞∑

p,q,r=0

(α1)p(α2)q+r(β1)p+r(β2)q
(γ1)p(γ2)q+r

zp1z
q
2z

r
3

p!q!r!
,

where α1, α2, β1, β2, γ1, γ2 ∈ C, γ1, γ2 ̸∈ {0,−1,−2, . . .}, z = (z1, z2, z3) ∈ C3,
(·)k is the Pochhammer symbol.

Let I = {1, 2} and Ik = {i(k) = (i0, i1, i2, . . . , ik) : ir ∈ I, 0 ≤ r ≤ k},
k ≥ 1. For each i0 ∈ I the function

(1− δ2i0z1)FM(α1, α2, β1, β2;α1, γ2; z)

FM(α1, α2 + 1, β1 + δ1i0 , β2 + δ2i0 ;α1, γ2 + 1; z)
, (1)

where α1, γ2 ̸∈ {0,−1,−2, . . .} and δji is the Kronecker symbol, has a formal
branched continued fraction [1]

vi0(z) +
2∑

i1=1

ui(1)(z)

vi(1)(z) +

2∑
i2=1

ui(2)(z)

vi(2)(z) +
. . . , (2)

where

vi0(z) = 1− z1 −
α2 + βi0 + 1

γ2
(1− δ2i0z1)z4−i0 −

β3−i0
γ2

(1− δ1i0z1)z1+i0

and for i(k) ∈ Ik and k ≥ 1

ui(k)(z) =
(α2 + k)(βik +

∑k−1
r=0 δ

ik
ir
)

(γ2 + k − 1)(γ2 + k)
(1− δ2ikz1)

2z4−ik(1− δ1ikz1 − z4−ik),

vi(k)(z) = 1− z1 −
α2 + βik + k + 1 +

∑k−1
r=0 δ

ik
ir

γ2 + k
(1− δ2ikz1)z4−ik−
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−
β3−ik +

∑k−1
r=0 δ

3−ik
ir

γ2 + k
(1− δ1ikz1)z1+ik .

Theorem. Let α1 ∈ C, α2, β1, β2, γ2 ∈ R, α1 ̸∈ {0,−1,−2, . . .}, 0 <
α2 + 1 ≤ γ2, 0 ≤ βi0 ≤ γ2, β

2
1 + β2

2 ̸= 0, i0 ∈ I. Then for each i0 ∈ I: 1) the
branched continued fraction (2) converges uniformly on every compact subset
of the domain

Qη =
⋃

−π/2<α<π/2

Qη,α, 0 < η < 1, (3)

Qη,α =
{
z ∈ C3 : Re((z1 + 2(1− δ2kz1)z4−k + (1− δ1kz1)z1+k)e

−iα) < η cosα, k = 1, 2,

2

2∑
k=1

(
|(1− δ2kz1)

2z4−k(1− δ1kz1 − z4−k)| − Re((1− δ2kz1)
2z4−k(1− δ1kz1 − z4−k)e

−2iα)
)

< (1− η)2 cos2 α
}
, (4)

to the function f (i0)(z) holomorphic in Qη; 2) the function f (i0)(z) is an
analytic continuation of (1) in the domain Qη.

Corollary. Let i0 = 1, α1 ∈ C, β2, γ2 ∈ R, α1 ̸∈ {0,−1,−2, . . .}, 0 < β2 ≤
γ2 − 1, γ2 ≥ 2. Then the branched continued fraction

1

vi0(z) +

2∑
i1=1

ui(1)(z)

vi(1)(z) +

2∑
i2=1

ui(2)(z)

vi(2)(z) +
. . . , (5)

whose elements are obtained from vi0 , ui(k), and vi(k) by setting α2 = β1 = 0
and replacing γ2 by γ2− 1, converges uniformly on every compact subset of the
domain

Hη =
⋃

−π/2<α<π/2

(
Qη,α

⋂
Hη,α

)
, 0 < η < 1, (6)

where Qη,α is defined by (4) and

Hη,α =
{
z ∈ C3 : Re((z1 + z3 + (1− z1)z2)e−iα) < η cosα

}
,

to the function f (i0)(z) holomorphic in Hη, and, in addition, f (i0)(z) is an
analytic continuation of the function FM(α1, 1, 1, β2;α1, γ2; z) in the domain
Hη.
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Coefficient Estimates for Bounded Holomorphic
Functions

Viktor Savchuka, Maryna Savchukb
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Let f be holomorphic function in the unit disk D := {z ∈ C : |z| < 1} and
let

f(z) =
∞∑
k=0

f̂kz
k, f̂k :=

f (k)(0)

k!
,

be its Taylor series.
Denote by B the Schur class consisting on all holomorphic functions f in

D with supz∈D |f(z)| ≤ 1.
This talk is devoted to the following extremal problem: for given n-tuple

k := (k1, k2, . . . , kn) , where ki < kj for i < j, kj ∈ Z+ and n ∈ N, evaluate

Sn(k) := sup
f∈B

n∑
j=1

∣∣∣f̂kj ∣∣∣ ,
and describe the extremal functions for which supremum is attained.

We evaluate Sn(k) for specified n-tuples in case n = 2, 3.
Theorem 1. Let k = (k1, k2, k3) be 3-tuple such that k3 ≥ 2k2 + 1. Then

S3(k) =
3

2
.
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The functions

f(z) = eiθ
c1z

k1 + c2z
k2 + zk3

1 + c1zk3−k1 + c2zk3−k2
,

where c1, c2 ∈ C are such that |c1| = |c2| = 1/2 and

(k3 − k1) arg c2 − (k3 − k2) arg c1 ̸=
π

2
(2k3 − k2 − k1),

and θ is real number, are extremal for S3(k).

Pitt-Type Inequalities for General Monotone Functions

Niyaz Tokmagambetov

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
(e-mail: tokmagambetov@math.kz)

We study Pitt-type results for the Fourier transform. A new class of gen-
eral monotone functions is introduced as a subclass of BV functions, and basic
properties are established. It is shown that GM(R; τ, κ) is a natural general-
ization of the classical general monotone functions first introduced by Liflyand
and Tikhonov in 2008 [1]. Pitt’s inequality is proven for functions from this
class for the range of weight parameters extending known results.
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NON-HARMONIC ANALYSIS

Asymptotic Properties of Bivariate
Bernstein-Chlodowsky Polynomials on a Triangle

Aytekin Abdullayevaa, Aynur Mammadovab, Lale Aliyevac
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cInstitute of Mathematics, Baku, Azerbaijan

(e-mail: aytekinabdullayeva2@gmail.com, ay.mammadova@yahoo.com,
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This paper introduces and analyzes a sequence of bivariate Bernstein-
Chlodowsky polynomials defined on an unbounded triangular domain. The
main contribution is the development of approximation results for the opera-
tors acting on functions defined on the positive quadrant and satisfying suitable
growth conditions. There results significantly extend classical approximation
properties of Bernstein-type operators from bounded domains to unbounded
triangular domains

Let f be a continious real function defined on [0,∞). In 1932, Bernstein’s
follower Chlodowsky had constructed the increasing sequences of polynomials

Bn (f ;x) =
n∑
k=0

f

(
kbn
n

)
Ck
n

(
x

bn

)k (
1− x

bn

)n−k
, 0 ≤ x ≤ bn,

that was named as Bernstein-Chlodowsky polynomials some later.
Here

lim
n→∞

bn =∞, lim
n→∞

bn
n

= 0.

Note that, the condition imposed on bn in the definition of classic Bernstein-
Chlodowsky operators doesn’t provide continuous convergence of Bn (f ;x)
polynomials to the function f (x).

We have
Bn (f ;x)− x2 = x(bn−x)

n
for the function f (t) = t2.

Therefore,

sup
x∈[0.bn]

∣∣Bn

(
t2; x

)
− x2

∣∣ = b2n
4n
.
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Then for convergence to zero as n → ∞ of the right hand part of this
equality does not suffice the fullfillment of condition bn

n
→∞.

We’ll impose the stronger condition on bn lim
n→∞

bn√
n
= 0 . Hence it follows

that for any natural number r

lim
n→∞

brn
n

r
2

= 0.

Assume that {bn}∞n=1 is a sequence of positive and increasing numbers such
that

lim
n→∞

bn =∞,

∆bn =
{
(x, y) ∈ R2

+ : x+ y ≤ bn
}
.

R
2
+ =

{
(x, y) ∈ R2 : x ≥ 0, y ≥ 0

}
,

It is clear that, for each fixed n, ∆bn is a closed triangle in the first quadrant
of the plane with boundary x+ y = bn. Moreover, ∆bn → R2

+, n→∞..
Assume that the function f is defined on R2

+ and is baundede on the triangle
∆bn for every fixed n, and satisfies the condition

lim
n→∞

Mn(f)
b2n
n

= 0

Were
Mn(f) = sup

(t,τ)∈∆bn

|f(t, τ)|

Let

Bn (f ; x, y) =
n∑
k=0

Ck
n

(
1− x+ y

bn

)n−k k∑
i=0

f

(
k − i
n

bn,
i

n
bn

)
Ci
k

(
x

bn

)k−i(
y

bn

)i
.

Theorem. Let f be a function defined on , baundede on the triangle ∆bn

for every fixed n, and satisfies the condition lim
n→∞

Mn(f)
b2n
n

= 0. Assume that

the bivariate function f possesses partial derivatives of all orders up to and
including the second order at every fixed point (x, y) of the triangle ∆bn Then,
for the Bernstein-Chlodowsky polynomial defined on the triangle, the following
asymptotic equality holds:

Bn (f ; x, y) = f(x, y) +
x(bn − x)

2n
f ′′
x2 (x, y)+
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+
y(bn − y)

2n
f ′′
y2 (x, y)−

xy

n
f ′′
xy (x, y) + rn (x, y) ,

where lim
n→∞

rn (x, y) = 0.

Note that the asymptotic properties have been studied for the Sass operator
as well.
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On the Boundedness of One-Dimensional Hausdorff
Operators in Orlicz Spaces
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In this abstract, we establish the necessary condition and sufficient con-
dition on kernel function related to Young function for the boundedness of
one-dimensional Hausdorff operator in Orlicz spaces.

It is well known that one-dimensional Hausdorff operators have a deep roots
in the study of Fourier analysis, and they have a long history in the study of
harmonic analysis. This integral operator is deeply rooted in the study of
one-dimensional Fourier analysis and has become an essential part of modern
harmonic analysis. In particular, it is closely related to the summability of
the classical Fourier series. Let x ∈ R+ = (0,∞) and let ψ be a fixed kernel
defined on (0,∞) such that ψ ∈ Lloc1 (R+) . Then the one-dimensional Hausdorff
operator is defined by a linear operator

Hψf(x) =

∞∫
0

ψ
(
x
y

)
y

f(y) dy.

Many important operators in analysis are special cases of the Hausdorff op-
erator, which can be obtained by taking suitable choice of ψ. For exam-
ple, the Hardy operator, the adjoint Hardy operator, the Hardy-Littlewood-
Polya(Calderon) operator, Cesaro operator, Hardy-Hilbert operator and so on
are particular cases of the Hausdorff operator (see, [1] and [4]).

We recall the definition of Young function. A function Φ : [0,∞)→ [0,∞]
is called a Young function if Φ is convex, left-continuous, lim

s→+0
Φ(s) = Φ(0) = 0

and lim
s→∞

Φ(s) =∞. From the convexity and Φ(0) = 0 it follows that any Young

function is non-decreasing. If there exists s ∈ (0,∞) such that Φ(s) =∞, then
Φ(r) =∞ for r ≥ s. By R we will denote the set of Young functions such that
0 < Φ(s) < ∞ for s > 0. If Φ ∈ R, then Φ is absolutely continuous on every
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closed interval in [0,∞) and bijective from [0,∞) to itself. Also the following
Lemma holds.

Lemma 1([3]). Let Φ be a Young function. Then, as a convex function, Φ
is continuous if and only if Φ is finite on [0,∞).

In particular, Φ ∈ C([0,∞)) if Φ ∈ R. For a Young function Φ let Ψ(r) =
inf {s ≥ 0 : Φ(s) > r} . It is obvious that, if Φ ∈ R, then Ψ is the usual inverse
function of Φ. Also, Ψ is non-decreasing and right-continuous function such
that Ψ(0) = 0. It is easy to see that Φ(Ψ(x)) ≤ x ≤ Ψ(Φ(x)) (see, [3]).
A Young function Φ satisfies ∆2-condition if there exists M ≥ 2 such that
Φ(2s) ≤MΦ(s) for all s > 0. If Φ ∈ R, then Φ ∈ ∆2.

Definition 1. Let Φ be a Young function. The set

LΦ (R+) =

f ∈ Lloc1 (R+) :

∞∫
0

Φ(k|f(x)|) dx <∞ for some k > 0


is called an Orlicz space. LΦ (R+) is a Banach space with respect to the norm

∥f∥LΦ = inf

λ > 0 :

∞∫
0

Φ

(
|f(x)|
λ

)
dx ≤ 1

 .

We have the following theorem.
Theorem 1. Let Φ be a Young function. Suppose that Φ1 : R+ → R+ is

a non-decreasing and left-continuous function. Let Φ(st) ≥ Φ1(s) Φ(t) for all
s, t ≥ 0 and let

A =

∞∫
0

|ψ(y)|
y

Φ−1
1 (y) dy <∞.

Then
∥Hψf∥LΦ ≤ A ∥f∥LΦ . (1)

In the proof of Theorem 1, the boundedness of the dilation operator in the
Orlicz space is used significantly. For detail, see [2].

Now about the converse of Theorem 1.
Theorem 2. Suppose that ψ is a fixed positive function on R+. Let Φ

be a Young function and suppose that Φ2 : R+ → R+ is a continuous func-
tion. Let Φ−1(st) ≥ Φ2(s) Φ

−1(t) for all s, t ≥ 0. Suppose that the inequality
∥Hψf∥LΦ ≤ C ∥f∥LΦ holds.
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Then LB ≤ C, where

B =

∞∫
0

ψ(y)

y
Φ2(y) dy

and L = lim
ε→+0

∥Φ−1(x−1−ε)∥LΦ( 1
ε
,∞)

∥Φ−1(x−1−ε)∥LΦ(1,∞)

.

Corollary 1. Suppose that ψ is a fixed positive function on R+. Let Φ ∈
R be a Young function satisfying all conditions of Theorem 1 and Theorem
2. Suppose that there exists K > 0 such that Φ−1

1 (y) ≤ K Φ2(y) for almost
everywhere y ≥ 0. Then the inequality (1) holds if and only if B <∞.

Corollary 2. Suppose that ψ is a fixed positive function on R+. Let 1 ≤
p <∞ and let Φ(t) = Φ1(t) = Φ2(t) = tp.

Then the inequality (1) holds if and only if

∞∫
0

ψ(y)

y
y

1
p dy <∞.
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Spaces with Variable Exponents, Lecture Notes in Mathematics, 2017.
Springer, Heidelberg, 2011.

[4] E. Liflyand, A. Mirotin, Hausdorff operators: problems and solutions, Jour-
nal of Mathematical Sciences, 2024, 280(6), 1065-1114.

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 277
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In this abstract, we give an analog of the Kolmogorov-Riesz compactness
theorem in quasi-grand Lebesgue space Lp)(0, 1), 0 < p ≤ 1. Also, the authors
study some problems of separability in Lp)(0, 1).

Grand Lebesgue spaces have become a natural tool in various applications
both in problems of analysis, for example, in the study of the integrability of
the Jacobian, see [7], and in the theory of differential equations, for example,
in the problem of inverting the p-harmonic operator, see [4]. It is well known
that the grand Lebesgue space Lp)(Ω), 1 < p < ∞, Ω ⊂ Rn, |Ω| < ∞, was
introduced in [7] and defined by the norm

∥f∥Lp)(Ω) = sup
0<ε<p−1

 ε

|Ω|

∫
Ω

|f(x)|p−ε dx

 1
p−ε

.

The theory of grand Lebesgue spaces is developed by many mathematicians.
In particular, the study of grand Lebesgue spaces has attracted resurgent at-
tentions in recent years. We refer to [3], [6], [9] for some recent work in this
vein. But, quasi-grand Lebesgue space Lp)(0, 1), 0 < p ≤ 1, was introduced in
[1] and defined by the norm

∥f∥Lp)(0,1) = sup
0<ε< p

2

ε 1∫
0

|f(x)|p−ε dx


1

p−ε

.

Next, the extension of the definition of grand(quasi-grand) Lebesgue space to
the rearrangement invariant Banach function was given in [2]. It is well known
that the grand(quasi-grand) Lebesgue spaces are not separable.

Let us note the following well-known useful properties of the quasi-grand
Lebesgue space Lp)(0, 1).
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Theorem 1.[1] Let 0 < p ≤ 1. The space Lp)(0, 1) is a quasi-Banach
function space.

Lemma 1.[1] Let 0 < p ≤ 1 and let 0 < ε < p
2
. Then the following

statements hold
(i) Lp(0, 1) ↪→ Lp)(0, 1) ↪→ Lp−ε(0, 1) for any 0 < ε < p

2
;

(ii) if p1 ≤ p2, then Lp2)(0, 1) ↪→ Lp1)(0, 1).
It is well known that the closure of compactly supported smooth functions

C∞
0 (0, 1) with respect to the grand(quasi-grand) Lebesgue norm does not co-

incide with the grand(quasi-grand) Lebesgue space. Let us consider a special
notation for it, namely, will stand for the closure of C∞

0 (0, 1) with respect to
the quasi-grand Lebesgue norm. In the following proposition, it is shown that
this closure can be characterized as

L0
p)(0, 1) =

f ∈ Lp)(0, 1) : lim
ε→0+

ε

1∫
0

|f(x)|p−ε dx = 0

 .

Theorem 2.Let 0 < p ≤ 1. The space of infinitely differentiable functions
with compact support C∞

0 (0, 1) is not dense in Lp)(0, 1). Moreover, C∞
0 (0, 1) =

L0
p)(0, 1).
Now we give an analog of the Kolmogorov-Riesz compactness theorem in

quasi-grand Lebesgue space. About the history of Kolmogorov-Riesz compact-
ness Theorem,we refer, for example, to the paper [5].

We have the following main theorem.
Theorem 3.Let 0 < p ≤ 1. A subset F ⊂ L0

p)(0, 1) is totally bounded if
and only if

(i) F is uniformly bounded, i.e. sup
f∈F
∥f∥Lp)(0,1) <∞.

(ii) F is uniformly equicontinuous, i.e. sup
f∈F
∥f(· + h) − f∥Lp)(0,1) → 0 for

h→ 0.
Remark 1. We observe that an analog of the Kolmogorov-Riesz compact-

ness theorem in grand Lebesgue space Lp)(Ω), 1 < p <∞, Ω ⊂ Rn, |Ω| <∞,
was proved in [10]. Also, the compactness of families of continuous functions
in grand Lebesgue spaces was studied in [8].
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For a measurable complex-valued function f on Rd we set

[f (x)]δ,λ = [f (x)]δ,λ = f (x) for δ ≤ |f (x)| ≤ λ,

[f (x)]δ,λ = [f (x)]δ,λ = 0 for |f (x)| < δ,

[f (x)]δ,λ = λ · sgn f (x) , [f (x)]δ,λ = 0 for |f (x)| > λ.

Definition 1. If the finite limit

lim
δ → 0+
λ→ +∞

∫
Rd

[f (x)]δ,λ dx

 lim
δ → 0+
λ→ +∞

∫
Rd

[f (x)]δ,λ dx


exists, then f is said to be Q−integrable (Q′−integrable, respectively) on Rd,
and this fact is written as f ∈ Q

(
Rd
)

(f ∈ Q′ (Rd
)
, respectively ). The values

of this limit is referred to as the Q−integral (Q′−integral, respectively) of the
function f and is denoted by

(Q)

∫
Rd

f (x) dx

(
(Q′)

∫
Rd

f (x) dx

)
.

Note that, as in the case of an interval, the Q and Q′−integrals of the
functions measurable on Rd do not satisfy additivity property ( [1], [2], [3] ).
If one adds the conditions

m
{
x ∈ Rd : |f(x)| > δ

}
= o (1/δ) , δ → 0+, (1)
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m
{
x ∈ Rd : |f(x)| > λ

}
= o (1/λ) , λ→ +∞, (2)

to the definition of Q−integrability (Q′−integrability), then the Q−integral
and the Q′−integral coincide

(
Q
(
Rd
)
= Q′ (Rd

))
and these integrals become

additive.
Definition 2. If f ∈ Q′ (Rd

)
(or f ∈ Q

(
Rd
)
) and the conditions (1) and

(2) hold, then f is said to be A- integrable on Rd, and this fact is written as
f ∈ A

(
Rd
)
. The limit

lim
δ → 0+
λ→ +∞

∫
Rd

[f (x)]δ,λ dx

 or lim
δ → 0+
λ→ +∞

∫
Rd

[f (x)]δ,λ dx


is denoted in this case by

(A)

∫
Rd

f (x) dx .

Definition 3. If the functions u0(x, x0), u1(x, x0) , . . . , ud(x, x0) defined
in the upper half-space Rd+1

+ =
{
(x, x0) ∈ Rd+1 : x ∈ Rd, x0 > 0

}
satisfy the

following generalized Cauchy-Riemann equations:
d∑
j=0

∂uj
∂xj

= 0,

∂uj
∂xk

= ∂uk
∂xj
, j, k = 0 , 1 , . . . , d,

then they are called conjugate harmonic functions in the upper half-space.
Theorem. If the boundary values of a harmonic function u(x, x0) on the

upper half-space Rd+1
+ are Lebesgue integrable, then the harmonically conju-

gate functions uj(x, x0) , j = 1 , . . . , d are the PoissonA- integrals of their
boundary values, that is

uj(x, x0) = (A)

∫
Rd

Px0(x− t)fj(t)dt , j = 1 , . . . , d,

where Px0(x) = γ(d)· x0

(|x|2+x20)
d+1
2

is the Poisson kernel and fj(x) , j = 1 , . . . , d

are the boundary values of the functions uj(x, x0) .
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Gegenbauer Fractional Integral Operator and its
Commutators on Gegenbauer-Orlicz Spaces
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In this abstract, we give criteria for the strong and weak boundedness of
the G-fractional integral JαG on G-Orlicz spaces. As an application of these
results, we consider the boundedness of the commutators of the G-fractional
integral J b,αG on Orlicz spaces when b belongs to the G-BMO and G-Lipschitz
spaces, respectively.

1.Preliminarles: on Young functions and G-Orlicz spaces
Let’s recall the definition of Young functions.
Definition 1.1. A function Φ : [0,∞)→ [0,∞] is called a Young function

if Φ is convex and left-continuous, lim
r→+0

Φ(r) = Φ(0) = 0 and lim
r→∞

Φ(r) = ∞.
Due to the convexity and Φ(0) = 0, it follows that any Young function is
increasing.

Definition 1.2. (G-Orlicz space) For a Young function Φ, the set

LΦ(R+, G) =

{
f ∈ Lloc1 (R+, G) :

∫
R+

Φ(k|f(chx)|)dµλ(x) <∞ for some k > 0

}
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is called Gegenbauer-Orlicz space (G-Orlicz space ).
Definition 1.3. The weak G-Orlicz space

WLΦ(R+, G) = {f ∈ Lloc1 (R+, G) : ∥f∥WLΦ
<∞}

is defined by the norm

∥f∥WLΦ
= inf

{
ν > 0 : sup

t>0
Φ(t)m

(
f

ν
, t

)
≤ 1

}
.

2.G-fractional integral in G-Orlicz spaces
G-fractional integral JαG is defined as follows:

JαGf(chx) =

∫ ∞

0

Aλchyf(chx)(
shy

2

)γ−α dµλ(y), 0 < α < γ. (8)

Theorem 2.1. Let 0 < α < γ and Φ,Ψ ∈ Y . If the inequality∫ ∞

r

Φ−1(t−γ)tα−1dt ≤ cΨ−1(r−γ) (9)

holds for all r > 0, where c > 0 does not depend or r, then the condition

rαΦ−1(r−γ) ≤ cΨ−1(r−γ)

is necessary and sufficient for the boundedness of JαG from LΦ(R+, G) toWLΨ(R+, G).
3.Commutators of G-fractional integral in G-Orlicz spaces
We recall the definition of the G-BMO space which is defined as follows:

BMOG(R+) = {f ∈ Lloc1 (R+, G) \ const} : ∥f∥∗G <∞},

where

∥f∥∗G = sup
x,r∈R+

1

|Hr|λ

∫
Hr

|Aλchyf(chx)− bHr(chx)|dµλ(y)

is the norm, and

fHr(chx) =
1

|Hr|λ

∫
Hr

Aλchyf(chx)dµλ(y).
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Theorem 3.1. Let 0 < α < γ, b ∈ BMOG(R+). Let Φ ∈ ∆2 ∩ ∇2. If the
condition ∫ ∞

r

(
1 +

t−γ

r−γ

)
Φ−1(t−γ)tα−1dt ≲ rαΦ−1(r−γ) (10)

holds for all r > 0, then the condition (2.2) is necessary and sufficient for the

boundedness of |J b,αG | from LΦ(R+, G) to LΨ(R+, G).
Theorem 3.2. Let 0 < α < γ, Φ,Ψ ∈ △2∩▽2 and the condition (3.1) holds.
If Ψ−1(t) ≈ Φ−1(t)t−α/γ, then the condition b ∈ BMOG(R+) is necessary and

sufficient for the boundedness of J b,αG from LΦ(R+, G) to LΦ(R+, G).
4.Characterization of Gegenbauer-Lipschitz spaces via commuta-

tors of the G-fractional integral
Definition 4.1. Let 0 < β < 1. We say a function b belongs to the G-

Lipschitz space Λ̇β(R+, G) if there exits a constant C such that, the following
inequality

|Aλchyb(chx)− bHr(chx)| ≤ C(chy − 1)β,

where fHr(chx) =
1

|Hr|λ

∫
Hr
Aλchyf(chx)dµλ(y), holds for all x, y ∈ R+.

The smallest such C is called the Λ̇β(R+, G) norm of b and is denoted by
∥b∥Λ̇β(R+,G). In order to prove the theorems, we need auxiliary results.

Theorem 4.2. Let 0 < β < 1, 0 < α < γ, 0 < α+β < γ, b ∈ Lloc1 (R+, G)
and Φ,Ψ ∈ Y . Let Φ ∈ ▽2 and the condition∫ ∞

t

Φ−1(r−γ)rα+β−1dr ≲ tα+βΦ−1(t−γ)

hold for every t > 0. If

Ψ−1(t) ≈ Φ−1(t)t−(α+β)/γ,

then the condition b ∈ Λ̇β(R+, G) is necessary and sufficient for the bounded-

ness |J b,αG | from LΦ(R+, G) to LΨ(R+, G).
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Let Rn be the n-dimensional Euclidean space of points x = (x1, x2, ..., xn),
B (a, r) := {x ∈ Rn : |x− a| ≤ r} is a closed ball in Rn of radius r > 0 with
the center at the point a ∈ Rn, N is the set of all natural numbers, ν =
(ν1, ν2, ..., νn), x

ν = xν11 · xν22 · · · xνnn , |ν| = ν1 + ν2 + ...+ νn, where ν1, ν2, ..., νn
are nonnegative integers. The set of all functions whose p-th degree of modulus
is locally summable in Rn is denoted by Lploc (R

n) (1 ≤ p < ∞), and the set
of all locally bounded functions is denoted by L∞

loc (R
n).

Let f ∈ L1
loc (R

n), k ∈ N ∪ {0}. Consider a polynomial (see [1], [2])

Pk,B(a.r)f (x) :=
∑
|ν|≤k

(
1

|B (a, r)|

∫
B(a,r)

f (t)φν

(
t− a
r

)
dt

)
φν

(
x− a
r

)
,

where |B (a, r)| denotes the volume of the ball B(a, r) and {φν}, |ν| ≤ k, the
orthonormalized system obtained as a result of the orthogonalization process
with respect to the scalar product

(f, g) :=
1

|B(0, 1)|

∫
B(0,1)

f(t)g(t)dt

to the system of power functions {xν}, |ν| ≤ k, arranged in a partially lexico-
graphic order [3].

Pk,B(a,r)f− polynomial of degree not higher than k. The set of all polyno-
mials Rn to the degree not higher k is denoted by Pk. Thus, Pk,B(a,r)f ∈ Pk.

Let f ∈ Lploc (Rn), 1 ≤ p ≤ ∞, k ∈ N . Let’s consider the function

Mk
f (x; r)p := inf

π∈Pk−1

|B (x, r)|−
1
p∥f − π∥Lp(B(x,r)) (r > 0, x ∈ Rn) .
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It is not difficult to verify that Mk
f (x; r)p ≍ Ωk(f,B (x, r))p, (x ∈ Rn, r > 0),

where
Ωk(f,B (x, r))p := |B (x, r)|−

1
pOk(f,B (a, r))p,

Ok(f,B (x, r))p :=
∥∥f − Pk−1,B(a,r)f

∥∥
Lp(B(a,r))

.

The quantity Ωk(f,B (x, r))p is called the mean oscillation of the k-th order

of the function f in the ball B (a, r) in the metric Lp.
Let 1 ≤ p, q ≤ ∞. Let’s introduce the function

Mk
f (r)pq :=


∥∥∥Mk

f (· ; r)p
∥∥∥
Lq(Rn)

, for 1 ≤ q <∞,
sup
x∈Rn

Mk
f (x; r)p , for q =∞.

The modulus of continuity of the k-th order (k ∈ N) of a functionf in a
metric Lp(1 ≤ p ≤ ∞) is determined by the equality of

ωkf (r)p := sup
{∥∥∆k

hf
∥∥
Lp(Rn)

: |h| ≤ r
}
, (r > 0),

where ∆1
hf(x) := f(x+ h)− f(x), ∆k

hf = ∆1
h

(
∆k−1
h f

)
.

Let Φ be a class of all positive monotonically increasing on (0,+∞) func-

tions φ(t) such that φ (+0) = 0. The set of all functions φ ∈ Φ for which φ(t)
tν

almost decreases (see [3]) is denoted by Φk.
Let k ∈ N , φ ∈ Φk, 1 ≤ p, q = ∞. By Bk,φ

p,q we denote the totality of all
the functions f ∈ Lp(Rn) (for p ≤ ∞ it is assumed that f is equivalent to a
continuous function) for which the following semi-norm is finite

|f |Bk,φ
p,q

:=


(∫∞

0

(
ωk
f (t)p

φ(t)

)q
dt
t

)1/q
, if 1 ≤ q <∞,

sup
{
ωk
f (t)p

φ(t)
: t > 0

}
, if q =∞.

In the space Bk,φ
p,q we introduce the norm by the equality

∥f∥Bk,φ
p,q

= ∥f∥Lp(Rn) + |f |Bk,φ
p,q
.
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Let φ ∈ Φk, k ∈ N , or φ(t) ≡ 1, 1 ≤ p, q, θ ≤ ∞. By MOk,φ
p,q,θ we denote

the class of all functions f ∈ Lploc (Rn) such that ∥f∥MOk,φ
p,q,θ

< +∞, where

∥f∥MOk,φ
p,q,θ

:=


(∫∞

0

(
Mk

f (t)pq

φ(t)

)θ
dt
t

)1/q

, if 1 ≤ θ <∞,

sup
{
Mk

f (t)pq

φ(t)
: t > 0

}
, if θ =∞.

The classMOk,φ
p,q,θ is regarded as a subset in the quotient space f ∈ Lploc (Rn) /Pk−1

and MOk,f
p,q,θ is a Banach space with the norm ∥f∥MOk,φ

p,q,θ
.

Theorem 1. Let k ∈ N , 1 ≤ q ≤ p ≤ ∞, q <∞, 1 ≤ θ ≤ ∞, φ ∈ Φk and∫ δ

0

φ(t)

t
dt = O (φ (δ)) (δ > 0) .

Then Bk,φ
p,θ =MOk,φ

q,p,θ ∩ Lp(Rn) and

∃C1 > 0 ∃C2 > 0 ∀f : C1∥f∥Bk,φ
p,θ
≤ ∥f∥MOk,φ

q,p,θ
+ ∥f∥Lp(Rn) ≤ C2∥f∥Bk,φ

p,θ
.

Theorem 2. Suppose that k ∈ N , 1 ≤ θ ≤ ∞, φ ∈ Φk. Then Bk,φ
∞,θ =

MOk,φ
∞,∞,θ ∩ L∞(Rn) and

∃C1 > 0 ∃C2 > 0 ∀f : C1∥f∥Bk,φ
∞,θ
≤ ∥f∥MOk,φf

∞,∞,θ
+ ∥f∥L∞(Rn) ≤ C2∥∥Bk,φ

∞,θ
.
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This study presents a mathematical model of steady axisymmetric annular
flow of a gas–liquid mixture in a cylindrical pipe, taking into account the radial
variation of the dynamic viscosity within the gas cushion. Unlike most existing
models, in which the viscosity of the gas phase is assumed to be constant, the
proposed approach considers its linear variation along the radial direction.
Differential equations governing the motion of both the gas and liquid phases
are derived, and the corresponding boundary conditions are formulated at
the pipe axis, the gas–liquid interface, and the inner wall of the pipe. It is
demonstrated that the incorporation of variable viscosity significantly affects
the velocity profile within the gas cushion, the interfacial shear stress, and the
hydraulic pressure losses. The proposed mathematical model can be employed
for predicting gas–liquid flow characteristics in oil and gas wells, long-distance
pipelines, and thermal power engineering equipment.

Mathematical Formulation of the Problem and Flow Model
Consider a steady, axisymmetric annular flow of a gas-liquid mixture in a

cylindrical pipe of radius R. In the present model, it is assumed that, under
the combined influence of centrifugal and hydrodynamic forces, the gas phase
accumulates near the pipe wall, forming an annular gas cushion of thickness
R − R0, where R0 denotes the radius of the gas-liquid interface. Accordingly,
the inner region of the pipe,

0 ≤ r ≤ R0, is occupied by the liquid phase, whereas the annular region
R0 ≤ r ≤ R, contains the gas cushion. The flow of both phases is assumed to

September 9-12, 2026 Baku, Azerbaijan



Modern problems of Mathematics and Mechanics 289

be steady, axisymmetric, incompressible, and fully developed. Consequently,
the axial velocity depends solely on the radial coordinate,

u = u (r) .

For the gas region, the steady-state axisymmetric Navier–Stokes equation can
be written as

−∆P
L

= 1
r
d
dr

(
rµ (r) du1

dr

)
, (1)

where ∆P is the pressure drop over a pipe section of length L; u1 (r) is the
axial gas velocity; µ (r) is the radially varying dynamic viscosity of the gas
cushion.

Expanding the derivative in Eq. (1)yields

−∆P

L
= µ (r)

d2u1
dr2

+

(
µ (r)

r
+
dµ

dr

)
du1
dr

. (2)

Unlike the classical approach, where the gas viscosity is assumed constant
throughout the flow domain, the present model assumes that the dynamic
viscosity varies linearly along the radial direction according to

µ (r) = µl −
r −R0

R−R0

(µl − µg) , (3)

where µl is the dynamic viscosity of the liquid, µg is the dynamic viscosity of
the gas, R0 is the radius of the gas-liquid interface, R is the inner radius of
the pipe.

Differentiating Eq. (3) with respect to the radial coordinate gives

dµ

dr
= −µl − µg

R−R0

. (4)

Substituting Eqs. (3) and (4) into Eq. (2) results in the governing differential
equation describing the motion of the gas phase in a viscosity-stratified gas
cushion, [

µj −
r −R0

R−R0

(µj − µg)
]
d2u1
dr2

+

+

[
1

r

(
µj −

r −R0

R−R0

(µj − µg)
)
− µj − µg
R−R0

]
du1
dr

= −∆P

L
(5)
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Equation (5) represents the principal governing equation of the proposed model
and characterizes the flow of the gas phase with spatially varying viscosity.

For the liquid central region, the viscosity is considered constant: µ = µl =
const.

Under this assumption, the governing equation for the fully developed ax-
isymmetric flow of the liquid phase reduces to the classical form

µl
1

r

d

dr

(
r
du2
dr

)
= −∆P

L
, (6)

where u2 (r) denotes the axial velocity of the liquid phase.
Integrating Eq. (6) with respect to the radial coordinate gives

du2
dr

= − ∆P

2µlL
r. (7)

A second integration yields the parabolic velocity distribution

u2 (r) = C1 −
∆P

4µlL
r2, (8)

where C1 is an integration constant to be determined from the boundary con-
ditions.

Since the flow is axisymmetric, the liquid velocity must remain finite at the
pipe axis. Therefore, the regularity condition is satisfied,

u2 (0) <∞. (9)

At the interface separating the gas and liquid phases (r = R0), both the
velocity field and the tangential stress must be continuous.

Accordingly, the continuity of velocity requires

u1 (R0) = u2 (R0) , (10)

µ (R0)
du1
dr

∣∣∣∣
r=R0

= µl
du2
dr

∣∣∣∣
r=R0

. (11)

Equation (11) represents the physical condition of equality of the interfacial
shear stresses, tg = tl.

After solving equation (5), taking into account conditions (10)-(11), the
velocity profile of the gas cushion is determined and the mass flow rate of each
phase of the mixture is determined separately.
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Gas-liquid mixtures are widely used in various industries, including oil and
gas, chemical and thermal power.

The transport of multiphase media is accompanied by complex hydrody-
namic, thermal, and mass-transfer phenomena. Of particular interest is the
flow dynamics of gas-liquid mixtures in pipelines, including phase transitions
and heat exchange with the environment, as these processes determine the
operational characteristics of pipeline systems.

As a gas-liquid mixture moves along a pipeline, its pressure and temper-
ature continuously change. Due to interactions with the surrounding envi-
ronment, the mixture can either cool or heat up, which changes its physical
properties and phase composition. These phenomena significantly affect phase
distribution, component velocities, hydrodynamic resistance, and the intensity
of heat transfer in the system.

Therefore, modeling the dynamics of gas-liquid mixture movement in a
pipe, taking into account phase transitions and heat exchange with the envi-
ronment, has both important practical and scientific significance. Advances
in computing technology and numerical methods have led to the development
of more sophisticated mathematical models of multiphase flows. The use of
computational fluid dynamics methods allows us to simulate unsteady flow
regimes, take into account the actual properties of working fluids, and analyze
the impact of external conditions on flow parameters.

However, modeling gas-liquid flows taking into account phase transitions
and heat transfer remains a complex scientific task requiring further improve-
ment of mathematical models and calculation algorithms.

Despite the numerous studies in this area, there remains a need to de-
velop simplified, adequate, but physically sound models capable of taking into
account the main effects of heat exchange and phase transformations.
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This paper proposes a mathematical model of gas-liquid mixture flow in a
pipeline, taking into account phase transitions, heat exchange with the envi-
ronment, and changes in the rheological properties of the mixture.

The equations for momentum and mass conservation, ignoring frictional
forces between the phases, will have the form [1,2]:

−∂Pi
∂x

=
∂Qi

∂t
+2aQi+Vi0

∂Qi

∂x
− 1

c2i

∂Pi
∂t

=
∂Qi

∂x
−Di

c2i

∂2Pi
∂x2
−ρik

∂P

∂t
(i = 1, 2) (1)

where i = 1 refers to the parameters of the gas phase, i = 2 to the parameters
of the liquid phase.

From equation (1), taking into account the boundary conditions, the heat
influx equation, the law of change in gas density and Henry’s law, after lin-
earization we obtain: for the gas phase

−∂Pi
∂x

=
∂Qi

∂t
+2aQi+Vi0

∂Qi

∂x
− 1

c2i

∂Pi
∂t

=
∂Qi

∂x
−Di

c2i

∂2Pi
∂x2
−ρik

∂P

∂t
(i = 1, 2) (2)

where i = 1 refers to the parameters of the gas phase, i = 2 to the parameters
of the liquid phase.

From equation (1), taking into account the boundary conditions, the heat
influx equation, the law of change in gas density and Henry’s law, after lin-
earization we obtain: for the gas phase

∂2P1

∂x2
= − 1

c21

∂2P1

∂t2
+
D

c21

∂3P1

∂t∂x2
+

T0ρat
PatT10

×

×
[
P10 +

32

d2
·
(
ϑ1x+

ϑ2 − ϑ1

T10 − T20
(T0 − Tc)α

x2

2

)
·Q0 ·

(
1−

(
Tc
T10
− 1

)
αx

)]
×

×k∂
2P1

∂t2
+

T0ρat
PatT10

·
[
1−

(
Tc
T10
− 1

)
αx

]
· ∂P1

∂t
· k · ∂P1

∂t
+

32

d2
×

×
[
ϑ1 +

ϑ2 − ϑ1

T10 − T20
(T0 − Tc)αx

]
·
{
− 1

c21

∂P1

∂t
+
D

c21

∂2P1

∂x2
+

T0ρat
PatT10

×[
P10 +

32

d2

(
ϑ1x+

ϑ2 − ϑ1

T10 − T20
(T10 − Tc)α

x2

2

)
Q0

(
1−

(
Tc
T10
− 1

)
αx

)]
k
∂P1

∂t

}
+
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+Q10
32

d2

[
ϑ2 − ϑ1

T10 − T20
(T10 − Tc)α

]
+ V10

{
− 1

c21

∂2P1

∂x∂t
+
D

c21

∂3P1

∂x3
+
T0ρat
PatT1

×

×
[
1−

(
Tc
T10
− 1

)
ax

]
·32
d2
·
[
ϑ1x+

ϑ2 − ϑ1

T10 − T20
(T10 − Tc)αx

]
Q0k

∂P1

∂t
+
T0ρat
PatT10

×

×
[
−
(
Tc
T10
− 1

)
a

]
·
[
P10 +

32

d2
·
(
ϑ1x+

ϑ2 − ϑ1

T10 − T20
(T10 − Tc) · α ·

x2

2

)
·Q0

]
×

×k · ∂P1

∂t
+

T0ρat
PatT10

[
1−

(
Tc
T10
− 1

)
αx

] [
P10 +

32

d2
·
(
ϑ1x+

ϑ2 − ϑ1

T10 − T20
×

× (T10 − Tc) · α ·
x2

2

)
·Q0

]
k · ∂

2P1

∂x∂t
+

T0ρat
PatT10

[
−
(
Tc
T10
− 1

)
α

] [
P10 +

32

d2
×

×
(
ϑ1x+

ϑ2 − ϑ1

T1 − T2
(T1 − Tc) · α ·

x2

2

)
·Q0

]
k
∂P1

∂t
++

T0ρat
PatT10

[
1−

(
Tc
T10
− 1

)
αx

]
[
P10 +

32

d2
·
(
ϑ1x+

ϑ2 − ϑ1

T1 − T2
(T1 − Tc) · α ·

x2

2

)
·Q0

]
k
∂2P1

∂x∂t

}
(3)

For liquid
∂2P2

∂x2
= − 1

c22

∂2P2

∂t2
+
D

c21

∂3P2

∂t∂x2
+ ϑmk

∂2P2

∂x∂t
+

32

d2
×

×
[
ϑ1m +

ϑ2m − ϑ1m

T10 − T20
(T10 − Tc) · α · x

] [
− 1

c22

∂ρ2
∂t

+
D

c22

∂2P2

∂x2
+ ρ2mk

∂P2

∂t

]
+

+
32

d2
ϑ2m − ϑ1m

T10 − T20
·Q0 + V20

[
− 1

c21

∂2P2

∂t∂x
− D

c22
+ ρmk

∂2P2

∂x∂t

]
(4)

From the obtained equations, taking into account the initial and boundary
conditions, it is possible to determine P1 and P2and, on this basis, Q1 and Q2.
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When transporting a gas-liquid mixture under high pressure through a
pipeline, the pipe wall deforms, which affects the dynamics of the mixture.
The hydrodynamics of gas-liquid flows with deformable walls involves complex
fluid-structure interactions, where fluid forces (such as pressure and turbu-
lence) cause structural deformations, which in turn alter the flow, affecting
bubble dynamics, shock waves, and energy dissipation. This is crucial in sys-
tems such as pipelines, turbomachines, and underwater acoustics. Failure to
consider this factor can sometimes lead to incorrect conclusions. Therefore,
the development of a simplified model of the dynamics of gas-liquid mixture
flow in a pipe with a deformable wall suitable for practical application is of
both scientific and practical interest.

Let us consider the movement of a gas-liquid mixture in a pipe with a
deformable wall.

The equation of continuity of the flow of a gas-liquid mixture in a simplified
model taking into account phase transformations has the form

− 1

c21

∂p

∂t
=
∂Q1

∂x
−D1

c21

∂2p

∂x2
− p

pat
ρatk

∂p

∂t
+

p

patf0
ρat [xi0 − k (p− p0)] 2pR

∂w

∂t
(1)

As a first approximation, neglecting the friction force between the phases for
the equation of motion of the gas phase, we will have

−∂p
∂x

=
∂Q1

∂t
+Q1

2πR

f0

∂w

∂t
+ 2aQ1 + p

2pR

f0

∂w

∂x
+ v10

∂Q1

∂x
(2)

Differentiating equation (1) with respect to t, and equation (2) with respect
to the x-coordinate, and subtracting one equation from the other, taking into
account Henry’s law, we obtain

− 1

c21

∂p

∂t2
+
∂2p

∂x2
= −ρ0k

∂2p

∂t2
+ 2πR

∂2w

∂t2
ρ0
f0

[x1,0 − k (p− p0)]− 2πR
∂w

∂t

ρ0
f0
k
∂p

∂t
−
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−D
c21

∂3p

∂x2∂t
−Q1

2πR

f0

∂2w

∂t∂x
− 2a

(
− 1

c21

∂p

∂t
+ ρ0k

∂p

∂t
−

−2πR∂w
∂t

ρ0
f0

[x1,0 − k (p− p0)] +
D

c21

∂2p

∂x2

)
− p2πR

f0

∂2w

∂x2
−

−υ1,0
(
− 1

c21

∂2p

∂t∂x
+ ρ0k

∂2p

∂t∂x
− 2πR

∂2w

∂t∂x

ρ0
f0

[x1,0 − k (p− p0)] +

+2pR
∂w

∂t

ρ0
f0
k
∂p

∂x
+
D

c21

∂3p

∂x3

)
(3)

Initial and boundary conditions:

p|t=0 = p1 (0)−
p1 (0)− p2 (0)

l
· x, 0 < x ≤ l (4)

∂p

∂t

∣∣∣∣
t=0

= 0, 0 < x = l; (5)

p|x=0 = p1 (t) , t > 0; (6)

p|x=l = p2 (t) , t > 0; (7)

∂2p

∂x2

∣∣∣∣
x=0

= 0, t > 0 (8)

The deformation w of the pipe wall is determined from the equation

∂2w (x, t)

∂t2
+
D

ρδ

∂4w (x, t)

∂x4
+

2E

ρπR2
w (x, t) =

2

ρπδ
p (x, t) (9)

We will seek a solution to equation (3) satisfying the boundary conditions
(4)-(8) in the form:

p (x, t) = p1 (t)−
p1 (t)− p2 (t)

l
x+

∞∑
i=1

ϕi (t) sin
iπx

l
(10)

where ϕi (t) is an unknown function dependent on time t.
By determining w (x, t) from (9) and substituting it into equation (3), we

obtain a differential equation for p (x, t). Next, by substituting expression (10)
into the resulting equation, we can determine ϕi (t). Substituting ϕi (t) into
expression (10), we obtain the pressure field in the pipe, taking into account
phase transitions and pipe wall deformation as the gas-liquid mixture moves
into it.
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Introduction. Dynamic problems related to cylinders with eccentric cross-
section are relatively difficult to solve, and the results of studies of these prob-
lems have great significance for various branches of modern industry, such as
shipping, the nuclear industry, aerospace, civil and military engineering, and
many others. Nevertheless, so far, however, there have only been a few studies
on the dynamics of the eccentric hollow cylinder. The attempts in this field was
made in the paper Shah (1973), Hasheminejad and Mirzaei (2009), Hashem-
ineijad and Mousavi-Akbarzadeh (2012). In the paper Akbarov and Farajov
(2026) the method for solving dynamic problems for the eccentric hollow cylin-
der, according to which, differ from the methobs emplyed in th framewor in
he above works.

However, in the paper Akbarov and Farajova (2025) relate to the empty
hollow cylinder. In the present paper we ayyempt to develop the method
presented in the paper Akbarov and Farajova (2025) to the case where the
eccentric hollow cylinder containing the compressible inviscid fluid.

Formulation of the problem and solution method. Consider a cir-
cular cylinder of infinite length and assume that this cylinder contains an
eccentric cylindrical hole of also infinite length and this hole is filled with the
compressible inviscid fluid (Fig. 1a). Assume that the central axes of the
cylinder and the cylindrical hole are parallel to each other and that the dis-
tance between these axes isRcb. We connect the coordinates of the cylindrical
O rθzand the Cartesian Ox1x2x3 system with the central axis of the cylinder.
Moreover, assume that z = x3 and the center of the cylindrical hole is on the
coordinate axis Ox1and the distance between this center and the chosen origin
of the coordinate system is Rcb.

We also assume that the cross-section of this hole is a circle and the ra-
dius of this circle is Rb. At the same time, we suppose that the cross-section
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of the cylinder is a double-connected eccentric circle which occupies the area
entering the circle of radius Rc(Rc > Rb), from which a circle of radius Rbis
subtracted (Fig. 1b). We also associate the Cartesian O0x10x20x30 and cylin-
drical O0r0θ0z0coordinate systems with the central axis of the cylindrical hole.
The connection between the selected coordinate systems are the following re-
lations.

Fig. 1. The sketch of the eccentric hollow cylinder contained a fluid and
selected coordinate systems (a) and the geometry of the cross section of this

cylinder (b)

x1 = Rcb + x10; x2 = x20; x3 = x30; r exp(iθ) = Rcb + r0 exp(iθ0), z = z0. (1)

Following the above preparatory procedure, we write the field equations
of the three-dimensional linear theory of elastic waves in the cylindrical co-
ordinate system in the case where the material of the cylinder is isotropic
and homogeneous. These equations can be presented formally as equations of
motion ∂σrr

∂r
+ 1

r
∂σrθ
∂θ

+ ∂σrz
∂z

+ σrr−σθθ
r

= ρ∂
2ur
∂t2

,. . . elasticity relations:. . . .,.Strain-

displacement relations: εrr =
∂ur
∂r

, . . . .
The flow of the fluid filled the hole is described by the following linearized

Euler equations.
Continuity equation, the rheological relations and state equation. We add

to these equations the corresponding boundary and compatibility conditions
This completes the problem formulation. Under solution to the formulated

problem the method proposed in the work Akbarov and Farajova (2025) is
developed and employed.
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Thus, after satisfying the conditions listed above we obtain the infinite sys-
tem linear algebraic equations, according to which, we determine the dispersion
equation which is solved numerically.

In the work it has been also obtained concrete numerical results illustrated
the influence of the eccentricity of the cylinder on the dispersion curves.
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Development of new technologies for oil production and refining, for cre-
ation of new composite materials, heat exchange equipment and energy sys-
tems, necessitates the description of heat conduction processes occurring in
media with complicated internal structure [1, 2]. Such media include high
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viscousity oils, polymer solutions, disperse systems, nanofluids and multicom-
ponent composite materials, where dissolution processes, structural transfor-
mations, phase transitions and chemical reactions occur simultaneously. In
such circumstances, the classical theory of heat conduction based on Fourier’s
law does not always provide an adequate description of the process, because
this theory suggests the instant propagation of heat perturbation and the va-
lidity of the local thermodynamic equilibrium hypothesis [4, 6, 7].

In this work, we offer a new approach to constructing mathematical model
of heat conduction in nonequilibrium multicomponent media based on Gyarmati’s
variational principle (the principle of least dissipation of energy) [3, 5]. This
approach allows to consider relaxation character of internal physical and chem-
ical processes and to obtain a closed system of evolution equations describing
simultaneously both heat conduction and structural transformations inside the
medium. As an initial relation, we consider the following kinetic relaxation
equation of variations of internal structural parameter:

dξ

dt
= f(ξ, F ),

where ξup characterizes the generalized state of internal structure of the medium
(degree of dissolution, destruction, or phase transition), and F is a totality of
all external influences. Such an approach makes it possible to describe a wide
class of processes regardless of the physical nature of internal transformations.

Macroscopic description of the system is based on the Gibbs fundamental
equation in entropic form and Gyarmati’s variational principle [3] expressed by
the formula δ

∫
ν
(σ−Ψ)dV = 0. Applying variational approach and energy con-

servation law, we obtain a system of relaxation equations of heat conduction,
which establishes relationship between heat flow and internal structural trans-
formations [5, 8, 9]. By Gauss-Ostrogradsky theorem and the linear Onsager
relations, this system becomes

q = −λ∇T
τξ
dA
dt

= −A+ χT
,

where λ is a heat transfer coefficient, τξ is a characteristic relaxation time of
the structure, and χ is a thermodynamic coefficient of connectivity.

As the internal structural variable is a state function
.

ξ = ξ(A, T ), the total
differential dξ

dt
is the basis for the phenomenological theory of heat and mass

transfer:
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ρcv
∂T

∂t
+∇ · q = Qv

∂ξ

∂t
,

τξ
∂ξ

∂t
+ ξ = ξ0(T ),

where cv is a specific heat capacity, Qv is an effect of the thermal impact of an
internal phenomenon, and τ is a macroscopic relaxation time.

Based on the relaxation formalism of the thermodynamics of irreversible
processes and the Gyarmati’s variational principle, the suggested method al-
lows to uniformly describe heat conduction processes in the media with internal
structure. The general heat conduction equation of hyperbolic type success-
fully solves the paradox of heat propagation at an infinite speed, characteristic
for the classical parabolic equation.

Stable solution methods have been well developed for the inverse heat con-
duction problems regarding this class of differential equations. These are
of practical interest in design and production of heat exchangers, oil trunk
pipelines, dispersed materials processing systems, other complex engineering
problems of materials science and heat engineering.
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Introduction. Solving dynamic problems for eccentric hollow cylinders is
challenging, yet critically important for shipbuilding, nuclear energy, aerospace,
and engineering applications, despite limited existing research [1-4]. The dis-
persion characteristics of waves propagating along the Oz-axis in an eccentric
hollow cylinder are investigated within the following mathematical model: the
governing equations of three-dimensional linear theory in cylindrical coordi-
nates, a generalized Hooke’s law expressing the relationship between the com-
ponents of the stress and strain tensors for an isotropic material, the Cauchy
relations describing the displacement-strain dependence within the framework
of small deformations, as well as the corresponding boundary conditions.

Formulation of the problem. If we relate the Cartesian O0x10x20x30
and cylindrical O0r0θ0z0 coordinate systems to the center axis of the cylindri-
cal hole, the relationship between the chosen coordinate systems would be as
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follows:

x1 = Rcb + x10; x2 = x20; x3 = x30; r exp(iθ) = Rcb + r0 exp(iθ0), z = z0. (1)

Boundary conditions can be expressed in the following form for the cases
r = Rc and r0 = Rb, respectively in the cylindrical coordinate systems O rθz
and O0r0θ0z0:

σrr|r=Rc
= 0, σrθ|r=Rc

= 0, σrz|r=Rc
= 0,

σrr|r0=Rb
= 0, σrθ|r0=Rb

= 0, σrz|r0=Rb
= 0. (2)

Method of solution. According to [5], potentials are given, through
which the displacements are presented as follows:

ur =
∂

r∂θ
Ψ− ∂2

∂r∂z
X,uθ = −

∂

∂r
Ψ− ∂2

r∂θ∂z
X,

uz = (A13 + A44)
−1(A11∆1 + A44

∂2

∂z2
− ρ

∂2

∂t2
)X,

∆1 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
(3)

By substituting the solution form corresponding to wave propagation along the
Oz axis into the governing equations for these potentials, the following ordinary
differential equations are obtained for the functions Ψ0

n(r0) and X
0
n(r0).(

∆0
1n + ζ21

)
Ψ 0
n = 0,

(
∆0

1n + ζ22
) (

∆0
1n + ζ23

)
X0
n = 0,

∆0
1n =

∂2

∂r20
+

1

r0

∂

∂r0
− n2

r20
. (4)

Numerical results for the dispersion curves of waves propagating along the
axis in an eccentric cylinder are considered. The material is assumed to be
isotropic, and the initial stresses are zero. The eccentricity is characterized by
the ratio Rcb/Rc.

These results show that at relatively small values of the ratio Rcb/Rc (e.g.,
0.15), the eccentricity of the hollow cylinder leads to the formation of new dis-
persion curves, as depicted in Figure 1(a). A similar effect is observed for all
values of Rcb/Rc < 0.17. However, when Rcb/Rc ≥ 0.18, the situation changes:
in this case, the eccentricity leads to the formation of new types of dispersion
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curves, labeled Mode (1 + 2)1 and Mode (1 + 2)2 in Figure 1(b). A compar-
ison between Figure 1(a) and Figure 1(b) shows that as Rcb/Rc increases,
Mode (1 + 2)1and Mode (1 + 2)2 in Figure 1(a) touch each other, resulting in
new types of dispersion curves, labeled Mode (1 + 2)1and Mode (1 + 2)2.

Fig. 1. Dispersion curves obtained in the case
where (a)Rcb/Rc = 0.15 and (b) Rcb/Rc = 0.18

As a result, we can note that, Thus, the conducted numerical studies show
that the eccentricity of the hollow cylinder has a significant effect on the qual-
itative and quantitative characteristics of the dispersion curves and leads to
the formation of new types of dispersion regimes depending on the value of
the parameter Rcb/Rc.
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Mechanical equipment in industry, transport, energy, and automated pro-
duction operates under changing loads and is continuously affected by vibra-
tion, friction, heating, and material ageing. Most faults do not occur without
warning. Corrective maintenance responds only after a failure, whereas main-
tenance at fixed intervals may replace serviceable components too early or
overlook rapidly developing damage. Digital twins combined with artificial
intelligence offer a more responsive alternative.

This study develops a compact assessment framework that combines a
physics-based digital twin, multisensor monitoring, and machine-learning meth-
ods. A representative rotating mechanical system consisting of an electric
motor, coupling, shaft, bearing assemblies, gearbox, and actuating mecha-
nism is considered. Its technical condition is described through six groups of
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data: vibration, temperature, deformation and stress, rotational and loading
parameters, acoustic signals, and lubricant condition. Vibration signals are
processed in the time, frequency, and time-frequency domains. Temperature,
strain, acoustic-emission, and oil-condition measurements provide additional
evidence of increasing friction, structural weakening, impact events, and sur-
face wear.

The digital twin is constructed from the geometric, inertial, stiffness, damp-
ing, friction, transmission, clearance, and loading parameters of the physical
system. Its general dynamic behaviour can be represented as

Mq̈ (t) + Cq̇ (t) +Kq (t) = F (t) (1)

During operation, the model parameters are periodically recalibrated using
sensor measurements. The difference between the measured response and the
response calculated by the digital twin is defined as a residual signal:

ri (t) = xfi (t)− xmi (t) (2)

where xfi (t) and xmi (t) (t) denote the measured and modelled responses, re-
spectively.

For a healthy system, the residual remains within limits determined by
measurement uncertainty and modelling error. A sustained increase in resid-
ual magnitude, or a change in its statistical characteristics, may indicate wear,
stiffness loss, excessive backlash, imbalance, or a sensor malfunction. Rather
than relying on a single signal, the assessment is organised as a closed diagnos-
tic loop. The measurements are filtered and normalised, the digital model is
updated, simulated and measured responses are compared, and the artificial-
intelligence module identifies anomalies, fault classes, and degradation trends.
Supervised algorithms are suitable when labelled fault examples are available.
When such data are limited, clustering, autoencoders, and one-class methods
provide more practical alternatives [2].

Because the diagnostic variables have different units and ranges, they are
normalised to the interval from zero to one and combined into an integral
technical-condition index:

Ktech =
6∑
i=1

wiKi (3)
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In this expression, Ki is a normalised diagnostic indicator and wi is its relative
weight. The weights are non-negative and their sum is equal to one. Values of
the integral index close to one indicate normal operation, while a gradual de-
crease reflects progressive deterioration. The weights can be assigned through
expert judgement, the analytic hierarchy process, entropy-based methods, or
statistical identification. The index should be interpreted together with the
residual signals rather than used as an isolated scalar measure.

The condition index changes with operating time, loading regime, environ-
mental influence, and maintenance history. If degradation is locally close to
linear, the remaining useful life may be estimated as

TRUL ≈
Ktech (t)−Kcr

vd (t)
(4)

where Kcr is the critical condition threshold and vd is the current degradation
rate. When deterioration is nonlinear, forecasting should rely on time-series
methods, recurrent neural networks, long short-term memory networks, or
probabilistic models. This structure supports a gradual shift from reactive
maintenance to condition-based and predictive maintenance, with intervention
scheduled according to the actual equipment state and its expected degradation
trajectory [3].

For illustration, five supervised classifiers were compared at the diagnostic
stage. The linear support vector machine produced the highest overall accu-
racy at 96.37%, followed by the decision tree at 95.76% and the random forest
at 94.92%. The radial-basis support vector machine and k-nearest-neighbour
models achieved 70.40% and 71.47%, respectively. Three condition clusters
were identified with 100% accuracy, while the most difficult cluster was classi-
fied with 96.50% accuracy. The comparison shows that diagnostic performance
is determined not only by the selected algorithm, but also by the physical rel-
evance of the input features and the quality of the data supplied by the digital
twin.

Taken together, the digital-twin residuals and multisensor indicators make
it possible to detect weak fault signatures at an early stage, combine heteroge-
neous diagnostic evidence, and estimate both degradation rate and remaining
useful life. Reliability in practical use will depend on sensor placement, sam-
pling frequency, calibration, model fidelity, and the interpretability of artificial-
intelligence decisions. The framework can be adapted to gearboxes, bearings,
electric drives, pumps, turbines, and other rotating mechanical systems.
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The interaction between floating viscoelastic plates and incompressible flu-
ids is important in marine engineering and offshore structures. Random exter-
nal loading significantly affects wave propagation, damping, and resonance.

Mathematical Formulation. The mathematical expectation of the stochas-
tic load is defined as:

Consider a viscoelastic plate subjected to a non-stationary random force
P (ξ1, ξ2, t), where t-denotes time and (ξ1, ξ2) -represents a random spatial
point. The mathematical expectation (mean value) of a function P (ξ1, ξ2, t)of
two random variables ξ1, ξ2 is defined by the formula [1]

MP (ξ1, ξ2, t) =

∫ +∞

−∞

∫ +∞

−∞
(ξ1, ξ2)P (ξ1, ξ2, t) dξ1dξ2 (1)

(ξ1, ξ2) =

(
xi − ξi
d

)
=

1

πd2
exp

(
−

2∑
i=1

(xi − ξi)2

d2

)
(2)
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In the case of a potential flow of an incompressible viscous fluid, the continuity
equation and the third equation of motion simplify and take the form [2].

∂2φ

∂x21
++

∂2φ

∂x22
+
∂2φ

∂z2
=

(
∆− +

∂2

∂z2

)
φ (3)

−P2 = ρ
∂φ

∂t
+ ρ2gz (4)

The dynamic linearized boundary conditionz = 0 at the undisturbed contact
is determined using the well-known Laplace formula: P 0

2 (w) + P2|z=w − Ppl =
−σR−1

−Ppl = ρ2
∂φ

∂t
+ ρ2gw − σ∆−w (5)

The kinematic condition at the contact is given by: z = 0

∂w

∂t
=
∂φ

∂z
(6)

where φ-is the velocity potential, ρ2- is the fluid density, w - is the plate
deflection, σ - γ is the surface tension coefficient, P2 - is the fluid pressure, and
Ppl- is the pressure on the lower surface of the plate.

Taking into account (1) and (6) in the equation of motion of the viscoelastic
plate, we obtain

D
(
∂2

∂x21
+ ∂2

∂x22

)2
Lw + ρ1h

∂2w
∂t2

+ ρ2gw−

−
(
∂2

∂x21
+ ∂2

∂x22

)
w + ρ2

∂φ
∂t

∣∣
z=0

=
∫ +∞
−∞

∫ +∞
−∞ $

(
xi−ξi
d

)
P (ξi, t) dξi

(7)

where D = Eh3/ (1− ν2)- is the flexural rigidity, - ρ1-is the density, and h-is
the thickness of the plate.

Analytical Solution Using Fourier Transform. To solve the governing
equations, the space–time Fourier transform is applied. After transformation,
the system equations and boundary conditions are simplified into algebraic
form and solve the problem defined by equations (4), (6), and (7), we employ
the space-time Fourier transform, as defined by formula (x = {x1, x2} , k =
{k1, k2})

g
(
k, ω

)
=

∫ +∞

−∞

∫ +∞

−∞
g (x, t) e−i(kx+ωt)dxdt
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φ = 2C2 (ω) e
kHch [k (z + h)]

F (k, ω) = Dk4 + σk2 + ρ2g −
(
ρ1h+

ρ2
kth (kH)

)
ω2 −Dk4H (ω)

H (ω) =

∫ ∞

0

e−iωtH (τ) dτ

Taking into account the integral representation of Bessel functions J0 (kr) =
1
2π

∫ 2π

0
eikr cos θdθ, in the axisymmetric case we have

w (r, t) =
1

(2π)2

∫ ∞

0

∫ ∞

−∞

exp (−d2k2/4)P (k, ω)

F (k, ω)
kJ0 (kr) e

iωtdkdω (8)

Applying the convolution theorem we obtain

w (r, t) =

∫ ∞

0

∫ ∞

−∞
f (r − ρ, t− τ) kP (ρ, t) dρdτ (9)

The Green’s function represents the response of the viscoelastic plate to
stochastic excitation. Axisymmetric assumptions simplify the integral repre-
sentation through Bessel functions.

Moving Load and Resonance For a moving stochastic load with con-
stant velocity v, the governing equations are transformed into moving coordi-
nates. The plate deflection depends strongly on the roots of the characteristic
polynomial.

For a uniformly distributed force q (η) = q0, by integrating expression (9)
with respect to η and taking into account the evenness of the integrand with
respect to k, we obtain

w =
2q

π

∫ ∞

−∞

sin kl
2
cos k (x− vt) exp (−d2k2/4)

kF1 (k, ω)
dk (10)

ξ4 −
(
β2ζ2 − γ2

)
ξ2 + 1− ζ2 = 0

We then determine the roots of this polynomial, which correspond to the char-
acteristic wave numbers or frequencies that govern the bending behavior of
the plate and play a crucial role in analyzing resonance and dynamic response
under various loading conditions.

ξi = ±
√
β2ζ2 − γ2

2

(
1±

√
1− 4 (1− ζ2)

β2ζ2 − γ2

)1/2

(11)
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Numerical analysis shows that resonance occurs when the velocity of the
moving load approaches the wave propagation speed. Complex roots corre-
spond to damped oscillations, while real roots lead to amplification effects.
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The transport of colloidal particles in porous media has attracted con-
siderable attention because of its wide range of applications in groundwater
remediation, enhanced oil recovery, membrane filtration, geothermal engineer-
ing, and environmental protection. Accurate prediction of colloidal transport
is essential for understanding particle migration, permeability reduction, and
the evolution of hydraulic properties in porous formations [1].

Most existing mathematical models assume irreversible deposition of col-
loidal particles on the solid matrix. Although this assumption adequately
describes the initial stage of filtration, numerous experimental investigations
have shown that retained particles may subsequently detach and return to the
flowing suspension under changing hydrodynamic or physicochemical condi-
tions. Consequently, reversible deposition–detachment mechanisms should be
incorporated into transport models to achieve more realistic predictions of long
– term filtration processes [2].
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In heterogeneous porous media, particle transport is strongly influenced by
spatial variations in pore structure and surface properties. Regions with dif-
ferent filtration characteristics exhibit different particle retention and release
intensities, leading to nonuniform concentration distributions and significant
changes in breakthrough behavior. Therefore, the use of two – zone models
provides a more realistic representation of colloidal transport than homoge-
neous formulations [3].

In this study, the transport of colloidal particles in a porous medium is
investigated by considering reversible particle retention in both zones. Each
zone is characterized by different attachment and detachment rates, reflecting
the heterogeneity of the porous structure. Unlike irreversible deposition mod-
els, this approach provides a more realistic description of colloidal transport,
since irreversible retention mainly occurs during the initial stage of filtration.
A one-dimensional mathematical model is solved numerically to evaluate the
influence of reversible retention on the transport behavior and concentration
distribution of colloidal particles.

We use a similar scheme to [4] for a medium with dual porosity (Fig.1).
The first zone, indexed 1 in the notation, has high permeability, while the
second zone has low permeability. In each zone, colloidal particle deposition
is governed by irreversible nonequilibrium kinetics.

Fig.1. Scheme of solute transport in a two-zone medium

The equations of mass transfer in the one-dimensional case are written in the
form [5]

ρ
∂Sal
∂t

+ θl
∂Cl
∂t

= θlDl
∂2Cl
∂x2

− θlvl
∂Cl
∂x

+ α(Cr − Cl), (1)

(l = 1; 2; r = 3− l),
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where t is time, s, x is distance, m, Dl- coefficient of longitudinal dispersion,
m2/s,vl- velocity of liquid movement, m/s, v1 < v2, Cl- volume concentration
of the substance in the liquid, Sal - concentration of the deposited substance,
m3/kg,θl- porosity of zones m3/m3,ρ- density of the medium, kg/m3, α- coef-
ficient of mass transfer between zones, s−1.

The deposition of the substance in each zone occurs reversibly in accordance
with the kinetic equations

ρ
∂Sal
∂t

= θlkalCl − ρkadlSal, (l = 1, 2), (2)

where kal are the coefficients of deposition of a colloidal particles from the
liquid phase l onto the solid phase, s−1, kadlare the coefficients of separation
of a colloidal particles from the solid phase and transition to liquid, s−1.

Let a fluid with a constant concentration of colloidal particles be pumped
into a medium initially saturated with pure liquid from the initial moment
of time C0. Let us consider periods of time where the concentration field
does not reach the right boundary of the medium, x = ∞. Under the above
assumptions, the initial and boundary conditions for the problem have the
form

Cl (0, E) = 0, Sal(0, x) = 0, (3)

Cl(t, 0) = C0, (4)

∂Cl
∂x

(t,∞) = 0, l = 1, 2. (5)

Problem (1)-(5) corresponds to the direct statement. Given the coefficients
in (1),(2) and (4), the solution is determined Cl(x, t), Sal(x, t). When solving
the inverse problem, some coefficients in (1),(2) are unknown and must be
determined.

Solving the inverse problem requires additional information about the so-
lution to the direct problem. Therefore, we first solve the direct problem with
known values of the initial parameters. The additional information here is
the concentration values at certain specified points.xl ∈ (0, L1) which we will
designate as zl(t).

To investigate the inverse problem of colloidal particles transport, the coef-
ficients ka1and ka2 in the system of equations (1), and (2) are determined from
additional information obtained from the solution of the corresponding direct
problem using the methodology presented in [6–10].
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The obtained results demonstrate that incorporating reversible particle re-
tention and zone-dependent kinetic characteristics significantly improves the
accuracy of mass transport modeling in two-zone porous media. The proposed
numerical approach provides reliable solutions to both the direct and inverse
problems, while the accuracy of parameter reconstruction is shown to depend
strongly on measurement errors and the choice of initial approximations.
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Corrosion-Induced Failure of a Circular Concentric
Plate Under Internal Pressure

Hijran Mammadova

Institute of Mathematics, Baku, Azerbaijan
(e-mail: hicranmammadova1967@gmail.com)

A circular concentric plate made of an isotropic elastic material is con-
sidered. The plate is exposed to an aggressive environment and subjected to
internal pressure. The effect of the aggressive environment on the plate is man-
ifested in the form of corrosion uniformly distributed over its entire surface.
Such structures are widely used in mechanical engineering, transportation,
energy systems, and other branches of industry.

Let the inner radius of the plate be a, the outer radius be b, the internal
pressure acting per unit length of the inner circumference be Pa and the plate
thickness be 2h. It is assumed that h = h (t) the plate thickness decreases
with time according to the relation where t is time: h (0) = h0, h (t∗) = 0,
and t∗ denotes the time corresponding to complete corrosion wear of the plate.
Furthermore, let C be the function characterizing the concentration of the
aggressive medium. A cylindrical coordinate system is used: (r, φ, z) . The
plane z = 0 is taken as the middle surface of the plate: −h ≤ z ≤ h. In this
case, the concentration function can be assumed in the form c (z) = z/h for
0 ≤ z ≤ h; c (z) = −z/h for −h ≤ z ≤ 0. The above function satisfies the
diffusion equation in its stationary form, as well as the corresponding boundary
conditions: c (0) = 0, c (±h) = 1.
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A plane stress state is assumed in the plate under consideration. Among
the components of the stress tensor σij (i, j = r, φ, z), only the radial and cir-
cumferential stresses, σrr, σφφ, are nonzero. The boundary conditions are given
by σrr (a) = −Pa/h (t), σrr (b) = 0. It is assumed that the plate boundaries
corresponding to the inner radius r = a and the outer radius r = b are pro-
tected from corrosion. As a result, corrosion uniformly reduces only the plate
thickness, without affecting its inner and outer radii.

The stress components σrr and σφφ are determined by the following expres-
sions:

σrr =
a2Pa

(b2 − a2)h (t)

(
1− b2

r2

)
(1)

σφφ =
a2Pa

(b2 − a2)h (t)

(
1 +

b2

r2

)
(2)

The presence of an aggressive environment reduces the strength of the ma-
terial. The ultimate strength σP in the presence of an aggressive medium is
determined by the expression: σP = σ0 (1− γ c), where σ0 denotes the overall
ultimate strength of the material of the plate, and γ− is a proportionality
coefficient determined experimentally

The following condition is accepted for durability:

σi +

∫ ta

0

M (t− τ) σi = σ0 (1− γ c) . (3)

In addition to the parameters defined above, the following are introduced:

σi- the stress intensity. The quantities σi =
[
σ2
r + σ2

φ − σrσφ
]1/2

included in
it, namely σr and σφ are determined by the previously given formulas (1) and
(2). ta - time to wear (service life until wear).

The case M (t) = m = const is considered. Using equation (3) and tak-
ing into account relations (1) and (2), the time at which the plate begins to
lose its functional capability is determined. On this basis, constraints on the
magnitude of the applied pressure are established.

The time to corrosion-induced cracking t∗ of the plate under the applied
pressure is determined using the formula given in [1].

t∗ = Lt0 (σi (0, r))−M.

Here, t0 denotes the time to corrosion-induced cracking under a stationary
value of σi, i.e., at the initial value of this stress at (t = 0) which arises in
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the plate in the absence of an aggressive environment. The function t0, as
well as the constants L and M are characteristics of the “metal-aggressive
environment” system; they are determined from appropriate corrosion cracking
experiments.

An analytical expression for the fracture front has been obtained as a func-
tion of time, the concentration of the aggressive medium, the applied pressure,
and the mechanical and geometric parameters of the plate. Furthermore, the
time to complete wear of the plate under consideration has been determined.
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Taking Into Account the Influence of Groundwater on
the Durability of a Vertical Well

Mehriban Mammadova

Institute of Mathematics, Baku, Azerbaijan
(e-mail: meri.mammadova@gmail.com)

In the work on the basis of the absent-minded destruction influence of
presence of underground waters on change of contact pressure on a joint of
the cylindrical non-homogeneous environments surrounding a vertical chink is
investigated. The hereditary theory of damageability is put in a research basis.
For a regular kernel of damageability curve relaxations of contact pressure of
the interlaminar surface, filtrations of underground waters reflecting influence
are constructed.

In practice, it is necessary to consider the flow of oil to the oil wells in the
calculation of solidity.

The flow to the well bottom of the oil in the layer is complex flow of the
filtration. Is the complex problem of learning of the learning of the flow of to
be filtering from point of view the hydrodinamic. The causes to be complex
filter of the oil its being in the in the different phases and non-homogeneous is
of the layer.

In spite of be complex of the flow of to be filtering, to separate the possible
to simple flow of the filtering. Because it helps the learning of the complex
flows of the filtering. The following conditions are accepted to simple flow of
filtration when separates:

1) consists of a homogeneous rocks:
2) liquid moving in the layer is homogenous:
3) filtration flow obeys Darcy’s law.
Under the conditions referred to in this one-dimensional, flat radial-flow

filtration non-homogeneous environment in the icinity of the bond studied the
influence of the well. One-dimensional flow filtration has the following features:

A trajectory of fluids or gas in a porous medium consists of lines that are
parallel to each other.

Fluid movement trajectory of the laws of motion are the same for all, by
studying the movement of trajectory and therefore can learn all the filtra-
tion flow. Such motion of the fluids particle only is expressed with radial
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co-ordinate. The perpendicular to the direction of motion of the fluids does
not change the pressure.

If motions of the fluids are stable, then pressure only will depend on in
all points from the radial co-ordinate. It is necessary to note inform that
trajectory of the some fractions falls to on the line of current in the stable
motion.

Given the above, the different permeability of concentric circles, which is in
contact with the water resistant layer between the contact and the flat-radial
flow investigated the effects of stress.

For this environment, consisting of two layers of different permeability is
assumed.

The boundaries of the environment will be composed of cylindrical surfaces.
For a regular kernel of damageability curve relaxations of contact pressure of

the interlaminar surface, filtrations of underground waters reflecting influence
are constructed. The hereditary theory of damageability is put in a research
basis.
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Abstract. When numerically modeling the behavior of underground ob-
jects in an infinite soil environment under the influence of seismic waves, it
is necessary to limit the area under study; therefore, it is necessary to en-
sure that both external and internal waves are not reflected at the boundaries.
Moreover, the incident wavefront relative to the domain may be oblique, which
demands additional transformations for accurate cal culation of the impact on
the structure. In this work, exact non-reflecting boundary conditions for plane
elastic waves with arbitrary incidence angles are presented for the first time.
Based on the proposed mathematical model, the behavior of a parallelepiped
under waves incident at different angles is studied. The dynamic problem
is solved numerically using the finite element method and Bathe’s time in-
tegration method. The presented results show good quality of non-reflection
conditions at artificial boundaries at any angle of wave incidence.

Problem Statement
Consider an infinite half-space in which a parallelepiped is artificially se-

lected. Let a plane elastic wave fall on the parallelepiped, with its wavefront
plane rotated by angle α relative to axis OY ′ and angle β relative to axis OX ′

in the Cartesian coordinate system OX ′Y ′Z ′.
The stress–strain state arising from wave propagation in the domain Ω is

determined by the weak form of the equilibrium equation:∫
Ω

λ divu div δu+ 2µ εT δε− (r − ρü− cu̇)δu dΩ−
∫
Γ

Pδu dΓ = 0 (1)

Applying partial discretization with finite elements yields:

MÜ + CU̇ +KU = P, U(0) = 0, U̇(0) = 0 (2)
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where M, C, K are the mass, damping, and stiffness matrices, respectively;
U is the vector of nodal displacements; and P is the load vector defined by
boundary conditions [1, 2].

Construction of Computational Schemes. A key aspect of calculating
the stress–strain state of a bounded domain under wave propagation is defining
boundary conditions that ensure transparency for incoming waves and waves
reflected from objects inside the domain. Consider a plane wave incident on the
lower left corner of the parallelepiped, with particle velocities (vp, vs) defined
by time functions or digitized earthquake velocigrams:

Particle velocities are defined as:

vp = fp(tp), vs = fs(ts) (3)

where tp, ts is the time representing the difference between the times of ap-
pearance of longitudinal and transverse waves at the observation point and
the current time. In the calculations, the particle velocity wave function was
presented as:

f(t) = An cos(2πωt), An =

A
t

tn
, t < tn

A, t ≥ tn
(4)

Boundary Conditions
For longitudinal wave incidence on the lower boundary, stresses are ex-

pressed as:

Pz′ = −
(
cpρ
(
vz′ − vpz cosα cos β

)
+ λ

∂ux′

∂x′
+
∂uy′

∂y′

−λvpzcp
(
sin 2α cos 2β + sin 2β

)
− cpρvpz cos 2α cos 2β

)
, (5)

Px′ = −
(
csρ
(
vx′ − vpz sinα

)
− (λvpzcp − cpρvpz) sinα cosα cos β

)
, (6)

Py′ = −
(
csρ
(
vy′ + vpz cosα sin β

)
− (λvpzcp − cpρvpz) cos 2α sin β cos β

)
. (7)

Similar conditions are derived for other boundaries.
As an example, Fig. 1 shows the passage of a harmonic longitudinal wave

atα = 0, β = 30◦ at time t = 0.7sec
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Figure 2: Propagation of a harmonic longitudinal wave
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Three -Dimensional Dynamics of Non-Axisymmetric
Moving Load Acting in the Interior of the Bi-Layered

Hollow Cylinder
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In the paper within the model of a piecewise-homogeneous body using the
exact there-dimensional equations and relations of elastodynamics the dynam-
ics of non-axisymmetric circumferentially distributed and point-concentrated
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in the axial direction load moving at a constant velocity V , acting in the
interior of a bi-layerd hollow cylinder, is studied (Fig.1).

Fig. 1. Sketches of a bi-layerd cylinder (a), of non-axisymmetric distributed
loads (b)

This, taking the above into account, a there-dimensional non-axisymmetric
dynamic problem of the stress-strain state in a hollow bi-layered cylinder is
studied using the exact three -dimensional equations and relations of elasto-
dynamics [3]

The equation of motion and the elasticity relation are as follows [1,2]:
Boundary conditions in the interior of hollow cylinder:

σ(2)
rr

∣∣
r=R−h2

=

{
−Pαδ (z − V t) as − α

2
≤ θ ≤ α

2
,

0 as θ ∈
(
[−p, p]−

(
−α

2
, α

2

))
,

σ
(2)
rθ

∣∣∣
r=R−h2

= 0, σ(2)
rz

∣∣
r=R−h2

= 0, (1)

where Pα in (1) is defined from the following relation:∫ +a/2

−α/2
Pα(R− h)cosθdθ = (R− h)P0 = const⇒ Pα = P0/2sin(α/2).

Boundary conditions in the interior of hollow cylinder:

σ(1)
rr

∣∣
r=R+h1

= 0, σ
(1)
rθ

∣∣∣
r=R+h1

= 0, σ(1)
rz

∣∣
r=R+h1

= 0. (2)
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Contact conditions are written in the following form:

σ(2)
rr

∣∣
r=R

= σ(1)
rr

∣∣
r=R

, σ
(2)
rθ

∣∣∣
r=R

= σ
(1)
rθ

∣∣∣
r=R

,

σ(2)
rz

∣∣
r=R

= σ(1)
rz

∣∣
r=R

, u(2)r
∣∣
r=R

= u(1)r
∣∣
r=R

,

u
(2)
θ

∣∣∣
r=R

= u
(1)
θ

∣∣∣
r=R

, u(2)z
∣∣
r=R

= u(1)z
∣∣
r=R

. (3)

So, investigation of the problem is reduced to the boundary-contact problem
(1)-(3), for the solution of which we use the method developed in articles [1-3].

Pass to the moving coordinate system O
′
r
′
z
′
, connected to the moving

load where the coordinates of points in the system are defined by the following
relations:

r
′
= r, z

′
= z − V t θ′

= θ (4)

After transition to a moving coordinate system, the exponential Fourier
transform with respect to the coordinate z

′
is applied to all the above equations

and relations. Using corresponding mathematical transforms the analytical
expressions of Fourier transforms of desired variables are defined, and their
originals are numerically found with the help of algorithm described in [1-3].

As an example, a numerical calculation at E(1)/E(2) = 0.02, ρ(1)/ρ(2) =

0.01, ν(1) = ν(2) = 0.25, c
(1)
2 /c

(2)
2 = 1.4142, is presented, the results of which

are given in the Table for various values of the relations h1/h2 and h2/R. When
Calculating for each specifically selected value of parameters of the problem

two critically velosities are obtained. The maximum values are given in the
numerator, while minimum values are given in the denominator of the fraction
presented in the Table. For all values of the relation h2/R at h1/h2 → ∞
the values of the minimum critical velocity obtained for the system ‘’ hollows
cylinder + infinite surrounding medium”.
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Data-Driven Long-Term Monitoring After Carbon
Monoxide Intoxication: A Framework for Clinical
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1.Introduction. CO poisoning is a critical medical condition characterized
by nonspecific symptoms and frequent diagnostic delays. Despite advances in
acute management, post-acute monitoring remains insufficiently standardized
[1,2]. Delayed complications, particularly delayed neurological sequelae (DNS),
may occur weeks or months after exposure and significantly impact patient
outcomes [3].

In addition to neurological impairment, cardiovascular and renal complica-
tions contribute to long-term morbidity [4,5]. The lack of structured follow-up
systems highlights the need for interdisciplinary approaches integrating clinical
medicine, statistical modelling, and digital technologies.

The aim of this thesis is to develop a data-driven monitoring framework for
early detection of complications and individualized risk prediction.

2. Epidemiology and Clinical Significance. CO poisoning is respon-
sible for substantial global mortality and morbidity. According to the Global
Burden of Disease Study, approximately 28,900 deaths occurred worldwide in
2021 [1]. Mortality rates are highest in older populations and vary significantly
across regions, with Eastern Europe showing the highest burden [1].

In Germany, approximately 3,000–4,000 hospitalizations are recorded an-
nually, with mortality rates reaching up to 15% [6]. In the United States,
around 50,000 cases occur annually, with mortality rates between 1

Pathophysiologically, CO poisoning leads not only to hypoxia but also to
mitochondrial dysfunction and oxidative stress, resulting in multi-organ dam-
age [4,8].

Major complications include: neurological sequelae (up to 40% of cases)
[9,10], cardiovascular events, including myocardial ischemia [11], and renal
injury with risk of chronic kidney disease [5]. These findings emphasize the
importance of long-term monitoring strategies.
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3. Methodology. After discharge, patients undergo structured follow-up
based on repeated measurement of clinical parameters, including vital signs,
laboratory values, and functional indicators. Data are stored and processed
within an electronic health system enabling continuous analysis.

Time series analysis is applied to evaluate longitudinal clinical data and
identify trends, seasonal variations, and prognostic patterns. Smoothing tech-
niques such as moving averages and exponential smoothing are used to reduce
noise and improve interpretability [12]. Analytical models (linear, exponential,
logarithmic) are applied to describe disease progression mathematically.

Regression models are employed to assess relationships between clinical
variables and outcomes.

• Simple linear regression is used for single-parameter analysis
• Multiple regression allows multivariate risk modelling
These approaches support individualized prognosis and early detection of

adverse developments.
Due to the non-normal distribution of clinical data, non-parametric sta-

tistical methods are applied: Mann–Whitney U test, Wilcoxon signed-rank
test, Friedman test and Kruskal–Wallis test. These methods ensure robust
statistical evaluation of heterogeneous datasets.

An intelligent clinical information system integrates all collected data and
provides:

• real-time trend analysis • automated alerts for critical deviations
• visualization of patient trajectories • support for clinical decision-making
This system enables a personalized and data-driven monitoring approach.
4. Results and Clinical Implications. The proposed framework im-

proves: 1) early detection of pathological changes 2) risk stratification 3) plan-
ning of follow-up care 4) prevention of delayed complications Particularly vul-
nerable populations benefit from continuous monitoring and predictive analyt-
ics.

5. Discussion. The integration of mathematical modelling and digital
health technologies represents a significant advancement in post-CO poison-
ing care. Unlike conventional approaches, this framework enables dynamic,
individualized monitoring.

However, implementation requires:
• integration into clinical IT systems
• validation using longitudinal datasets
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• training of medical personnel
• standardization of monitoring protocols
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Let the problem of cyclic alternating torsion of a straight circular bar
made of viscoelastoplastic material. Using V.V.Moskvitin’s constitutive re-

lations with nonlinear function φ(1)(ε
(1)
+ ) relaxation kernel R(t), governing

equations for twist angle and shear stresses are derived. Two criteria of long-
term strength are formulated: damage initiation criterion and cyclic fracture
criterion for variable loading. By approximating material time functions as
exponentials, the criteria are reduced to analytical relations connecting num-
ber of cycles to failure N∗, torque amplitude M0, and material constants
m1,m2, D,A,B, α, β.

The stress-strain of the circle bar of the viscoelastoplastic material for cyclic
torsion is determined. The times of origin of damages in the body and the time
before failure are calculated considering the action of stress-state.
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Abstract. The paper theoretically studies pulsational torsion and fatigue
of a narrow rectangular cross-section elastic-plastic bar. Based in energy based
methods and hysteresis phenomenon, analytic formulas were derived within
elastic-plastic boundaries. The sizes of elasticity and plasticity zones were
related with the amplitude and frequency of the torque. The results show
that under the elastico-plastic torsion, energy dissipation and fatigue strength
is strongly dependent on the loading parameters applied to the bar. The
suggested model can be used in practical engineering applications to make
calculations for real material patterns.
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During reservoir development, various waterflooding methods using seawa-
ter or formation water are applied to maintain reservoir pressure. The incom-
patibility of the injected and displaced fluids, which differ in their physico-
chemical properties, leads to a number of complications accompanied by water
breakthrough through highly permeable channels of the oil-bearing formation,
a decrease in the injectivity of injection wells, and other phenomena [1 - 4].

Changes in the specific electrical conductivity and density of fluids during
displacement in a porous medium were investigated. This phenomenon was ob-
served at different concentration ratios, both at C1 > C2 and at
C2 > C1, where subscripts 1 and 2 refer, respectively, to the concentrations
of the displacing and displaced fluids. At C1,2 = 0 − 2%, an increase in the
flow rate Q occurred when seawater of lower concentration was displaced by a
solution of higher concentration.

When the capillary-osmotic flow (C1/C2 < 1) is directed opposite to the
pressure-driven flow, the flow rate decreases. In the opposite case, (C1/C2 > 1),
this flow coincides in direction with the pressure-driven flow and promotes an
earlier breakthrough of the displacing fluid. Studies conducted at different
NaCl concentration ratios in the displaced and displacing fluids showed that,
at concentrations of 2–4%, a decrease in the flow rate was observed in all
directions, accompanied by fluctuations in the flow-rate values over time.

Accordingly, at the first stage, charge accumulation occurs together with
diffusion, resulting in the formation of a diffuse layer according to the elec-
trostatic principle. Subsequently, NaCl layers are formedm - an adsorption
layer, possibly in the form of alternating “hemimicelles”. In the most general
form, the flow of two miscible fluids with different physicochemical properties
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is described by the following system of differential equations:

m∂C
∂t

+ k
µ(C)

[gradp− gρ (C) gradC]−D∆C = 0,

div
[

k
µ(C)

(gradp− gρ (C))
]
= 0.

Here, C is the concentration of the solution at a given point in the porous
medium; m is the porosity; k is the permeability; p is the pressure; µ (C)
and ρ (C) are, respectively, the viscosity and density of the solution, which
are functions of concentration; and D is the diffusion coefficient. For the
one-dimensional case, the equation describing the change in concentration is
written as follows:

m
∂C

∂t
+
V (t)

xn
∂C

∂x
−D 1

xn
∂

∂x

(
xn
∂C

∂x

)
= 0.

The conducted studies show that an increase in the concentration of elec-
trolytes in the solution leads to compression of the diffuse layer. Such regu-
lation can be carried out by selecting the ratio of NaCl concentrations in the
displaced and displacing fluids. It was established that, at identical displace-
ment coefficients, the value of the accumulated water factor increases with an
increase in the electrical conductivity of the displacing fluid (Fig. 1). Con-
sequently, after the appearance of water in the produced fluid, the efficiency
of oil displacement is lower, the greater the difference between the electrical
conductivities of the displaced and displacing fluids.

Fig. 1. Dependence of the displacement coefficient on NaCl
concentration and the type of displacing fluid
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As can be seen from the experimental results, the counterions, carrying the
fluid particles along with them, begin to move in the direction opposite to the
pressure gradient, which causes retardation of hydrodynamic filtration. The
flow rate in each of the layers, taking into account the electroviscous effect, is
determined by the formula:

Qi = Q0i −∆Qi =
∆PFi
l

ki
µi

(
1− miε

2
i ξ

2
i

kiµiγi

)
, i = 1, 2,

where Q0i is the Darcy fluid flow rate; ∆Qi is the flow rate caused by the elec-
troosmotic flow retarding filtration; εi is the dielectric permittivity; ξi is the
electrokinetic potential; γi is the specific electrical conductivity of the fluid.
Injection into the reservoir of seawater with electrical conductivity correspond-
ing to the electrical conductivity of the displaced fluid will make it possible
to achieve an increase in the injectivity of injection wells, equalization of the
profile, and coverage of the reservoir by waterflooding. Such regulation can be
carried out by selecting the ratio of NaCl concentrations in the displaced and
displacing fluids. When water with an electrolyte additive is injected, due to
the elimination of the electroviscous effect, equalization of the filtration profile
and an increase in the injectivity of injection wells occur.
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The stability of the near-wellbore formation zone is one of the key fac-
tors determining the reliable operation of oil and gas-condensate wells. Near-
wellbore treatment operations may improve fluid inflow while simultaneously
initiating the failure of cementing bonds, sand production, and cavity forma-
tion [1 - 3].

The aim of this study is to provide an integrated assessment of the condi-
tions leading to near-wellbore formation failure under the combined effects of
rock-skeleton consolidation, thermochemical processes during acid treatment,
CO2 evolution, pressure-pulse propagation, and production-induced drawdown.
A decrease in reservoir pressure during field development leads to an increase
in effective stresses and consolidation of the reservoir skeleton. The Terzaghi–
Biot law was used as the basic estimate:

σeff = σtotal − α · Ppore, (1)

where σtotal - total geostatic stress (lithostatic pressure of the overlying rocks),
Ppore - pore pressure, α - the Biot coefficient characterizing the relationship
between pore pressure and effective stress. According to an estimate based on
the Kozeny–Carman model, even a moderate decrease in porosity may lead to
a decrease in permeability by approximately 14%, which leads to a significant
deterioration in well productivity. During acid treatment of carbonate inclu-
sions and the cementing material of sandstone, the reaction is accompanied
by the release of heat and gaseous CO2 directly in the reservoir pores. The
intensity of gas generation is determined by the reaction rate constant. To
account for the influence of temperature and pressure, the modified Arrhenius
equation may be used:

k (T, P ) = A · e
∆V ·P−Eα

R·T . (2)
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The calculation estimates show that an increase in temperature by 30◦C and
pressure by 10 MPa can accelerate the reaction by approximately 4 times. This
significantly increases the intensity of local gas release and the pore-pressure
impulse. In this case, the thermal effect is considered not as an independent
mechanism of formation failure, but as a factor that reduces rock strength and
intensifies the effect of drawdown and impulse pressure. The pressure impulse
arising during gas release is described by a wave equation with attenuation in
a saturated porous medium:

∂2P

∂t2
+ 2γ

∂P

∂t
= c2∇2P + S (r, t) ; Ldecay =

c

γ
, (3)

where: P - formation pressure, Pa; c - speed of sound in a saturated porous
medium, m/s; γ - attenuation coefficient, s−1; S(r, t) - volumetric pressure
source due to gas generation, Pa/s²; Ldecay - attenuation length, i.e., the dis-
tance over which the amplitude decreases by a factor of e ≈ 2, 7.

For a high-frequency impulse, the calculation shows extremely rapid at-
tenuation: in a plane formulation, the characteristic length may amount to
fractions of a millimeter. In a spherical formulation, geometric attenuation is
additionally manifested, and therefore the impulse amplitude decreases even
more rapidly.

The most significant difference between an oil formation and a gas-condensate
formation is associated with the pressure diffusivity coefficient. In an oil for-
mation, k = 200 mD; φ = 0.20; µ = 5 · 10−3 Pa · s and β = 10−9 Pa−1, the
calculated pressure diffusivity is about 0.2m2/s, and the response time at a
distance of 100 m is approximately 3.5 h. In a gas-condensate formation, due
to the lower viscosity and higher compressibility of gas, the pressure diffusiv-
ity increases to ∼0.33 m²/s, and the response time decreases to ∼2.08 h. At
the same well depth and comparable reservoir pressures, in a gas-condensate
formation, a decrease in wellhead pressure leads to a sharper increase in draw-
down in the near-wellbore formation zone. An additional risk factor is the
acoustic resonance of the fluid column in the well during the operation of a
sucker-rod pump (Fig. 1).
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Fig. 1. Resonance effect on the failure of the near-wellbore
formation zone

As a result of the conducted studies, it has been shown that the failure of
the near-wellbore formation zone is the result not of a single factor, but of the
combined action of consolidation, thermochemical weakening, gas generation,
pressure-diffusion redistribution, and production drawdown. The developed
approach makes it possible to consider geomechanical, thermochemical, and
hydrodynamic factors from a unified point of view in the process of assessing
the stability of the near-wellbore formation zone. The operating conditions
requiring a special approach are processes in which acid treatment and gas
generation coincide with high drawdown, rapid well start-up, or resonant os-
cillations of the fluid column.
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Lamb’s problem continues to attract considerable attention among researchers
in Solid Mechanics due to its fundamental significance in elastodynamics and
seismic wave propagation. Originally formulated by Lamb in 1904, this prob-
lem models earthquake-induced wave propagation in the Earth’s crust for both
two-dimensional and three-dimensional configurations.

The first exact analytical solution to the plane Lamb problem was ob-
tained by V.V. Poruchikov [1]. However, this solution is mathematically com-
plicated, requiring the inversion of double integral transforms (Laplace and
Fourier transforms) using the Cagniard method.

In [2], an alternative and more efficient analytical approach was proposed.
This method led not only to a simpler solution of the same problem but also
to the discovery of a completely new class of homogeneous solutions of plane
elastodynamic problems, as well as a new type of Smirnov–Sobolev functionally
invariant solutions.

In the present work, a similar analytical approach is employed to solve
Lamb’s problem for an elastic half-space. Hankel and Laplace transforms are
applied, and the corresponding boundary functions of the unknown solutions
are determined in the transform domain.

The equations of motion are given by

ρ
∂2ur
∂t2

=
∂σrr
∂r

+
σrr − σθθ

r
+
∂σrz
∂z

ρ
∂2uz
∂t2

=
∂σzz
∂z

+
σrz
r

+
∂σrz
∂r

∂2φ

∂t2
= c21∇2φ ;

∂2ψ

∂t2
= c22∇2ψ

d2φ̃

dz2
−
(
k2 +

s2

c21

)
φ̃ = 0
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d2ψ̃

dz2
−
(
k2 +

s2

c21

)
ψ̃ = 0

After applying the Laplace transform with respect to time and the Han-
kel transform with respect to the radial coordinate, the governing equations
become:

ũr = −kφ̃−
∂ψ̃

∂z
; ũz =

∂φ̃

∂z
− kψ̃

ũr = −kAe−az + βBe−βz

ũz = −αAe−αz − kBe−βz

ũr = −
αI0

(
k2 + β2

)
e−az

[(λ+ 2µ) a2 − λk2] (k2 + β2) + 4k2aβ
+

2I0kaβe
−βz

[(λ+ 2µ) a2 − λk2] (k2 + β2) + 4k2aβ

ũz = −
aI0

(
k2 + β2

)
e−az

[(λ+ 2µ) a2 − λk2] (k2 + β2) + 4k2aβ
− 2I0k

2ae−βz

[(λ+ 2µ) a2 − λk2] (k2 + β2) + 4k2aβ

Each term of this formula can be represented in the following form:

ũm =
I · cm
µ
· e

z·
√
k2+ s2

c2m√
c2m·k2 + s2

·

√
1 +

s2

k2c2m
· f(

√
1 +

s2

k2c2m
) m = 1, 2

This makes it possible to apply the method proposed in (2), which enabled
the derivation of an effective solution to Lamb’s problem for a half-plane.
Although the problem in our case is three-dimensional, we have nevertheless
succeeded in constructing a solution for it as well.
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In connection with the demands of technology, studying the dynamic be-
havior of structural elements taking into account their adequate material prop-
erties is of great importance. Modern mechanical engineering very often poses
problems of calculating thin-walled structures with mutually exclusive proper-
ties: on one hand, the structures under study must combine high strength and
on the other hand, efficiency and lightness. To successfully combine the above
properties, it seems entirely justified to use orthotropic materials and plastics
in structures.

Depending on mechanical and thermal processing, the type of technology,
composition of the material, the homogeneity and anisotropy features are cre-
ated in the material of the structure. On the other hand, such constructions
are in contact with different nature media. In many cases, there arises a need
to stiffen such thin-walled structures for increasing their serviceability. The
nonhomogenity of the cylindrical shell change by the linear law in the direc-
tion of the thickness. The fluid was accepted as ideal. Rigid contact condition
between the rods and the cylindrical shell was considered. Using the contact
conditions, the frequency equation was structured, the roots were found im-
plemented by the numerical method, characteristical curves were built. The
conducted analyses show that vibrations of a nonhomogeneous cylindrical shell
dynamically contacting with moving fluid and stiffened with inhomogeneous
rods have not been studied. In the present paper, we consider free vibrations
of an inhomogeneous anisotropic, fluid-contacting cylindrical shell stiffened
with inhomogeneous rods and rings. The Hamilton-Ostogradsky variational
principle was used when solving the problem. It was accepted that the non-
homogeneity of rods and rings used in the strengthening change by the expo-
nential law. The nonhomogenity of the cylindrical shell change by the linear
law in the direction of the thickness. The fluid was accepted as ideal. Rigid
contact condition between the rods and the cylindrical shell was considered.
Using the contact conditions, the frequency equation was structured, the roots
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were found implemented by the numerical method, characteristical curves were
built.

Under the cylindrical shell strengthened with rods and rings we understand
a cylindrical shell and a system consisting of rods and rings rigidly strengthened
to it along the coordinate lines. It is considered that the coordinate axes
coincide with the principal curvature lines of the cylindrical shell, rods and
rings and are in rigid contact along these lines.

Stability of the Plane Form of Bending of Thin-Walled
Rods with Regard to Bimodularity

Tebriz Shamiev, Ruhiyye Zamanova, Rena Ismailova

Azerbaijan Technical University, Baku, Azerbaijan
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Let a rod whose cross-section has one axis of symmetry be subjected to
pure bending by couples applied at its ends; moreover, the bending occurs in
the plane of symmetry of the rod.

Coordinate axes are chosen as follows. oz axis coincides with the central
line of the undeformed rod. x1 and x2 axes lie in the plane of the end cross-
section. Suppose that the rod is fixed in such a way that the end cross-sections
can freely rotate about x1 and x2 axes, but can’t rotate about z axis, i.e. we
have following boundary conditions

w = 0 or z = 0, z = l
w′ = 0 or z = 0, z = l

(1)

where w is deflection.
Assuming that in the precritical state the plane-sections hypothesis holds,

we can write [1-3],

ε21 = ε23 = ε13 = 0, ε11 = ε22 = −
1

2
ε33, ε33 = ε0 − κ0, x1εn = |ε33| .

Here ε0 is relative deformation, κ0 = d2w
dz2

is curvature of the central line
before the loss of stability.
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In the precritical state across the cross-section of the rod, in general, the
following deformation domains will exist: the domains of elastic and plastic
deformations due to tension S+

y and S−
p and the domains of elastic and plastic

deformations due to compression S−
y and S−

p .
Using equilibrium conditions∫∫

δ

σ33dx1dx2 = 0,

∫∫
S

x1σ33dx1dx2 =M (2)

and stress continuity conditions

σ+
y

∣∣
x2=η2

= σ+
p

∣∣
x2=η2

= σ+
S as σ > 0

σ−
y

∣∣
x2=η1

= σ−
p

∣∣
x2=η1

= σ−
S as σ < 0

(3)

we can define ε0, χ0,and also unknown boundaries of elastic and plastic defor-
mations η1and η2. Here σ

+
S and σ

−
S are values of σS as σ > 0, σ < 0 respectively.

In the precritical state the following dependence between stresses and de-
formations holds:

σ33 = Eε33 [1− ω(εu)] (4)

Here ω(εu) is Il’yushin plasticity function which is denoted by ω+(εu), ω
−(εu)

as σ > 0, σ < 0 respectively.
In the domains of elastic deformations it should be assumed in relation (4)

that ω(εu) = 0.
In cases where the bending stiffness of the rod relative to the x1 axis is

small compared to the stiffness relative to the x2-axis, for some critical value
of bending moment Mkp the plane form of bending becomes unstable.

The perturbed stress state of the rod is characterized by the following
stresses:

σ33 + δσ33, δσ23, δσ13, δσu = δ |σ33|
and infinitesimal deformed state in the cases of incompressible materials is
characterized by the following deformations:

ε33 + δε33, δε23, ε22 + δε22 = ε11 + δε11 = −
1

2
(ε33 + δε33) , δε21 = 0.

In the loading domains the connection between variations of deformations and
stresses can be obtained by varying the fundamental law of small elastic-plastic
deformations:
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δσ33 = Eδε33

[
1− w(εu) dwdεu

]
δσ23 =

E
3
δε23 [1− w(εu)]

δσ13 =
E
3
δε13 [1− w(εu)]

(5)

For domains of elastic deformations and elastic unloading the dependence be-
tween variation of stresses and deformations takes the form:

δσ33 = Eδε33, δσ23 =
E

3
δε23, δσ13 =

E

3
δε13

The boundary between the loading and unloading domains is determined from
the condition that the variations of the deformation intensity are equal to zero:

δεu = δ |ε33| = 0.

It is known that the equations for the loss of stability of the plane of bending
within elastic limits have the form [6]

B0
d2u

dz2
= ψM ; C0

dψ

dz
= −du

dz
M

where B0 is a stiffness at elastic bending, C0 is an elastic stiffness at torsion,
and ψ is an angle of relation of cross-section around z0-axis.

Thus the formulated problem amounts to solving the system of two ordinary
differential equations {

B0B∗ d2u
dz2

= ψM

C0C∗ dψ
dz

= −M du
dz

(6)

where B0 is a stiffness at elastic bending, C0 is a stiffness at elastic torsion,
for bimodular materials, B∗ and are C∗ are constant values.

From (6) we obtain

Mkp =M0
kp

√
B∗C∗, lkp = l0kp

√
B∗C∗

where M0
kp, l

0
kp are respectively critical moment and critical length of the rod

at which it loses stability while remaining elastic.
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Longitudinally Supported Cylindrical Envelopes With
Filler at an Axial Compression

Famil Seyfullaeva,b, Alikhan Garayevb

aInstitute of Mathematics, Baku, Azerbaijan
bAzerbaijan University of Architecture and Construction, Baku, Azerbaijan
(e-mail: Familseyfullayev2016@gmail.com, alikhan.karayev60@gmail.com)

This thesis is devoted to the study of free vibrations of cylindrical shells
with a filler reinforced by discretely distributed longitudinal systems of ribs
under axial compression and taking into account friction between the shell
and the filler. The analysis of the influence of environmental parameters on
the frequency parameters of the natural oscillations of the system.

The problem is solved in an energetic way. The potential energy of the
shell loaded with axial compressive forces has the form [1]:

E =
h

2(1− ν2)

∫ ζ1

0

∫ 2π

0

{(
∂u

∂ξ
+
∂ν

∂θ
− w

)2

+ 2(1− ν)∂u
∂ξ

(
∂ν

∂θ
− w

)
−

−1

4

(
∂u

∂θ
+
∂ν

∂ξ

)2
]}

dξdθ +
h

24(1− ν2)R2

∫ ξ1

0

∫ 2π

0

(
∂2w

∂ξ2
+
∂2w

∂θ2
+
∂ν

∂θ

)2

−

September 9-12, 2026 Baku, Azerbaijan



344 Modern problems of Mathematics and Mechanics

−2(1− ν)

[
∂2w

∂ξ2

(
∂2w

∂θ2
+
∂ν

∂θ

)
− 1

4

(
∂2w

∂ξ∂θ
+
∂ν

∂ξ

)2
]}

dξdθ+

+
Ec
2R

k∑
l=1

∫ ξ1

0

[
Fc

(
∂u

∂ξ
− hc
R

∂2w

∂ξ2

)2

+
Iyc
R2

(
∂2w

∂ξ2

)2

+
Gc

Ec
Ikp.c×

×Gc

Ec
Ikp.c

(
∂2w

∂ξ∂θ
+
∂ν

∂ξ

)2
]
θ=θ1

dξ−

−σxh
2

∫ ξ1

0

∫ 2π

0

(
∂w

∂ξ

)2

dξdθ − σxFc
2R

k∑
i=1

∫ ξ1

0

(
∂w

∂ξ

)2
∣∣∣∣∣
θ=θ1

dξ (1)

Here ξ1 = L
R
, ξ = x

R
, θ = y

R
; x, y, z coordinates,Ec, Gc- moduli of elasticity

and shear of the material of the longitudinal ribs, k number of longitudinal
ribs, σx - axial compressive stresses, u, ν, w - components of the shell displace-
ment vector, h and R- shell thickness and radius, respectively, E, ν - Young’s
modulus and Poisson’s ratio of the shell material, Fc, Iyc, Ikp.c - respectively,
the area and moments of inertia of the cross section of the longitudinal rod
relative to the axis OX and OZ, as well as the moment of inertia during torsion.

The kinetic energy of the shell is as follows:

K =
h

2(1− ν2)

∫ ξ1

0

∫ 2π

0

( ∂u

∂t1

)2

+

(
∂ν

∂t1

)2

+

(
∂w

∂t1

) dξdθ+
+

ρcEcFc
2R(1− ν2)

k1∑
i=1

∫ ξ1

0

[(
∂u

∂t1

)2

+

(
∂w

∂t1

)]
θ=θ1

dξ (2)

Here ρc =
ρc
ρ0
, where ρ0, ρc - the density of the shell materials and the longitu-

dinal rod, respectively, θi =
2π
k1
i.

The interaction of the filler with the shell is represented as a surface load
applied to the shell, which performs work on the displacements of the contact
surface when the system is transferred from the deformed state to the initial
undeformed state.

A0 = −
∫ ξ1

0

∫ 2π

0

(qxu+ qθν + qzw)dξdθ +

∫ ξ1

0

∫ 2π

0

fqz(u+ v)dξdθ (3)
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where qx, qθ, qz - pressure from the filler side to the shell, f - coefficient of
friction.

Where a2t = (λ + 2µ)/ρ, a2e = µ/ρ, and at, ae the propagation veloc-
ity of longitudinal and transverse waves in the aggregate, respectively; S =
S(Sx, Sθ, Sz)- displacement vector; λ, µ - Lame coefficients. It is assumed that
the contact between the shell and the aggregate is rigid, i.e. at r = R:

u = Sx; ν = Sθ; w = Sz (4)

qx = −σrx, qy = −σrθ, qz = −σrr, w = Sr (5)

Components σrx, σrθ, σrr - stress tensors are defined as follows [2,3,4]:

σrx = µs

(
∂Sx
∂r

+
∂Sr
∂x

)
; σrθ = µs

[
r
∂

∂r
(
Sr
r
) +

1

r

∂Sr
∂θ

]
,

σrr = λs

(
∂Sr
∂x

+ r
∂

∂r
(
Sr
r
) +

1

r

∂Sθ
∂θ

)
+ 2µs

∂Sr
r

(6)

λs, µs - Lame coefficients for the medium.
As noted, the methodology for determining the optimal reinforcement pa-

rameters is based on comparing the minimum vibration frequencies of the
ribbed and smooth cylindrical shells reinforced with longitudinal systems of
ribs filled with medium [5].

Fig.1. System frequency dependencies ω = ω1ω0 against compressive stress
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NONLINEAR PROBLEMS OF MATHEMATICAL PHYSICS

A Promenade in the Nonlinear World

Attila Aşkar
Koç University, Istanbul, Türkiye

(e-mail: aaskar@ku.edu.tr)

The paper touches on four important areas of Nonlinear Phenomena as:
Chaos, Solitons, Schrödinger equation in the Nonlinear QFD format and the
Large deformations of the Helix. Each of these topics is illustrated by a solu-
tion and the summary of the ideas that lead to the discovery of each. Chaos
is illustrated with the solution of the Henon – Heiles equation; the solution
of the Korteweg - de Vries equation is chosen to display the characteristics
of Solitons; Schrödinger equation in the Nonlinear Quantum Fluid Dynamics
(QFD) format investigates the possibilities of dephasing, dissipation, vorticity
and turbulance; the least analytically studied Helix’s large displacement dy-
namics is presented with numerical results along with possibilities for solitons.

Absence of Global Solutions in an Infinite Domain for a
System of Second-Order Semilinear Equations With

Fractional Time Derivatives

Shirmail Bagirov

Baku State University, Baku, Azerbaijan
Institute of Mathematics, Baku, Azerbaijan

(e-mail: sh bagirov@yahoo.com)

Let R > 0, BR = {x : |x| < R}, B′
R = {x : |x| > R}, ∂BR = {x : |x| = R},

B̄′
R = Rn\BR, QR = BR × (0;+∞), Q′

R = B′
R × (0;+∞),

Q̄′
R = B̄′

R × [0; +∞), x = (x1, ..., xn) ∈ Rn, r = |x| =
√
x21 + ...+ x2n.

September 9-12, 2026 Baku, Azerbaijan



348 Modern problems of Mathematics and Mechanics

In the domain Q′
R we consider the following system of equations:

(
CDα

0+,tu1
)
(x, t) = ∆u1 +

C1

|x|2u1 + |x|
σ1 |u2|q1(

CDα
0+,tu2

)
(x, t) = ∆u2 +

C2

|x|2u2 + |x|
σ2 |u1|q2 ,

(1)

where n > 2, Ci <
(
n−2
2

)2
, σi ∈ R, qi > 1, i = 1, 2.

Here (
CDα

0+,tu
)
(x, t) =

1

(1−α)

t∫
0

us(x, s)

(t− s)α
ds,

(
CDα

T−,tu
)
(x, t) = − 1

(1−α)

T∫
t

us(x, s)

(s− t)α
ds

are the left-sided and the right-sided Caputo fractional derivatives of order

α, us(x, s) =
∂u(x,s)
∂s

, (1− α) is the Gamma function.
We will investigate the issue of the absence of global solutions to the system

(1), satisfying the initial condition

ui|t=0 = u0i(x) ≥ 0, x ∈ B′
R, (2)

u0i(x) ≥ 0, u0i ∈ L∞,loc ∈ (B̄′
R).

A solution is understood in the weak sense, namely a pair of functions
u1(x, t), u2(x, t) ∈ L∞,loc(Q̄′

R) is called a weak solution of problem (1),(2) if

∫
B′

R

T∫
0

|x|σi |uj|qi ηdxdt =

=

∫
B′

R

T∫
0

ui
(
Dα
T−,tη

)
(x, t)dxdt−

∫
B′

R

T∫
0

ui

[
∆η +

Ci

|x|2
η

]
dxdt−

−
∫
B′

R

u0i(x)
1

(1− α)

T∫
0

η(x, t)

tα
dtdx+

∞∫
0

∫
∂B′

R

ui
∂η

∂ν
dsdt
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for any η(x, t) ∈ C2,1(Q̄′
R), η|∂BR

= 0, ∂η
∂ν

∣∣
∂BR
≤ 0, and there exist R1 > R,

T > 0 such that η(x, t) ≡ 0 when |x| > R1 and t > T0, where ν is the unit
vector of the outer normal to ∂BR, i, j = 1, 2, i ̸= j..

The problems of the absence of global solutions for various classes of differ-
ential equations and inequalities play an important role in theory and applica-
tions. Therefore, they are under constant attention from mathematicians, and
many works have been dedicated to them. An overview of such results can be
found in the monograph [1] and in the survey paper [2].

Let us introduce the following notations:

λ±i = −n− 2

2
±
√
Di, Di =

(
n− 2

2

)2

− Ci,

θi =
σi + 2 + qi(σj + 2)

q1q2 − 1
− λ+i − n−

2(1− α)
α

,

where i, j = 1, 2, i ̸= j.
Our main result is the following theorem:

Theorem. Let n ≥ 3, qi > 1, 0 < α < 1, Ci <
(
n−2
2

)2
, σi ∈ R, u0i(x) ≥

0, u0i ∈ L∞,loc

(
B̄′
R

)
, i = 1, 2. If max(θ1, θ2) > 0, then problem (1),(2) has no

non-negative solutions in Q′
R.

To prove this result, we use the test function method developed by Mitidieri
and Pokhozhaev in their work [1].
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On Some Liouville Theorems for p-Laplace Type
Operators

Michel Chipot
Institute for Mathematics University of Zurich Winterthurerstrasse 190

CH-8057 Zurich
(e-mail: m.m.chipot@math.uzh.ch)

The goal of this talk is to consider Liouville type theorem for p-Laplacian
type operators. In particular guided by the Laplacian case one establishes
analogous results for the p-Laplacian and operators of this type.

Stabilization of Damped Nonlinear Wave Equations by
Controllers Depending on Finitely Many Parameters

Varga Kalantarov
Department of Mathematics, Koç University, Istanbul, Türkiye

(e-mail: VKalantarov@ku.edu.tr)

We study the problem of stabilization of solutions of various classes of
damped nonlinear wave equations employing feedback control terms that in-
volve parameters, such as, finitely many Fourier modes, finitely many volume
elements and finitely many nodal observables and controllers. Specifically we
discuss the problem of stabilization to a given steady state solution of initial
boundary value problems for nonlinear weakly damped wawe equation, non-
linear wave euation with structural damping, nonlinear wave equations with
nonlinear damping term (including marine riser equation) and some related
nonlinear wave equations.
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On the Weak Solvability of the Nonlinear Nonuniform
Elliptic Equations with L1(D) Data

Farman Mamedova,b, Khayala Akhundovaa,c

aInstitute of Mathematics, Baku, Azerbaijan
bAzerbaijan State Oil and Industry University, Baku, Azerbaijan
cBaku Higher Oil School (BHOS), SOCAR, Baku, Azerbaijan

(e-mail: mammadovf1357@gmail.com, khayala.gasimova21@gmail.com)

In this paper, we investigate the existence of solutions to the Dirichlet prob-
lem associated with a nonlinear, non-uniformly degenerate elliptic equation of
the form

− div A(z, u,∇u) = f(z), u|∂D = 0, z ∈ D, (1)

where the bounded domainD ⊂ RN . We assume that the right-hand side satis-
fies f(z) ∈ L1(D) (see, e.g., [2]), and the operatorA = (A1(z, s, ζ), . . . , AN(z, s, ζ)) :
D × R× RN → RN .

For a function g : D → R where z = (x, y), we define the weighted gradient
as

∇ωg =
(
ω1/p∇xg, ∇yg

)
and its modulus as

|∇ωg| =
(
ω2/p|∇xg|2 + |∇yg|2

)1/2
.

Furthermore, we assume that there exist positive constants c1, c2 such that the
following structure conditions hold:

A(z, u,∇u) · ∇zu ≥ c1|∇ωu|p,
|A(z, u,∇u)| ≤ c2|∇ωu|p−1, p > 1.

(2)

Let q ≥ p and ω : RN → R+ be a weight function in the Muckenhoupt
Ap class such that, for every function φ ∈ Lip0(D), the following Sobolev-type
nonuniform gradient inequality holds (see [2]):

∥φ∥Lq(D) ≤ c∥∇ωφ∥Lp(D). (3)
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Theorem 1. Let D ⊂ RN be a bounded domain and f ∈ L1(D). Let ω be a
function from the Muckenhoupt Ap-class such that inequality (3) holds. Then
there exists a weak solution u to Problem (1)–(2) satisfying the inequality

∥u∥
WL

q(p−1)
p (D)

+ ∥∇ωu∥
WL

pq(p−1)
p(q+1)−q (D)

≤ c7 ∥f∥
1

p−1

L1(D),

in the weak topology of the Lebesgue spaces. The proofs are similar to [1].
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THEORY OF PROBABILITY AND MATHEMATICAL
STATISTICS

On convergence of branching processes with several
types of particles and migration

Soltan Aliyeva, Irade Ibadovaa,b

aInstitute of Mathematics, Baku, Azerbaijan
bBaku Bussiness University, Baku, Azerbaijan

(e-mail: soltanaliyev@yahoo.com, ibadovairade@yandex.ru)

From the point of view of the general theory of Markov processes, it is
largely immaterial whether one considers a branching process with a single type
of particle or with several particle types, since in the general case the process
has a countable state space. However, from the standpoint of the specialized
theorems of branching processes, this distinction is important. For example,
in the case of several particle types, one can study the relationships among
particles of different types, as well as classify the different types according to
the possibilities of transformation from one type to another.

A detailed exposition of the theory of branching stochastic processes with
several particle types is given in [1].

In this work the convergence of sequence of branching processes with ceveral
types of particles and emigration is investigated.

Let ξn(ε) =
(
ξ1n(ε), . . . , ξ

d
n(ε)

)
, n = 0, 1, 2, . . . be a sequence of discrete

time branching processes with d-types of particle and generating function
Fε(s) =

(
F 1
ε (s), . . . , F

d
ε (s)

)
, where ε ceries parametr, s = (s1, . . . , sj),

F j
ε (s) =Mj

[
s
ξ1(ε)
1 · · · sξd(ε)d

]
.

Here ξjn is interpreted as a number of particles of j-type in the n-th gen-
eration, and Mj is conditional expectation on condition that at the beginning
there was only one particle of j-th type.

Let Q(s) be the generating function of emigrating particles.
The average number of j-type descendants from one particle of i-type de-

note by aij(ε), i.e.

aij(ε) =M
[
ξj1(ε)

∣∣∣ ξ0(ε) = ei

]
, ei =

0, . . . , 0︸ ︷︷ ︸
i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
d−i

 .
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Denote
A(ε) = ∥aij∥di,j=1 .

According to the behavior of matrix A(ε) and some conditions on gener-
ating functions Fε(s), Qε(s) the limit theorems on convergence of branching
processes with many type of particles and emigration are obtained.
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On the Probability Characteristics of the Ruin Moment
of the Risk Process With Erlang(2) Distributed Claim

Sizes

Ulviyya Idrisovaa, Rovshan Aliyevb

aAzerbaijan State Oil and Industry University, Baku, Azerbaijan
bBaku State University, Baku, Azerbaijan
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The study of ruin probabilities is a cornerstone of actuarial science, offering
critical insights into the financial stability of insurance companies. Ruin occurs
when an insurer reserve becomes insufficient to meet claims, making it essential
to predict the likelihood of such an event.

Various models have been proposed to address this problem, with the clas-
sical risk model being a fundamental approach. According to Dickson and
Waters [3]. The distribution of the time of ruin has been further explored by
Lin and Willmot [2], who emphasized the importance of moments such as the
surplus before ruin and the deficit in ruin.

Building on these foundational works, this paper explores the integro-
differential equations governing the moments of the time of ruin. We focus
on the special case where the claim sizes follow an Erlang(2) distribution, ex-
tending previous results through the use of Laplace transforms. The inclusion
of a discount factor, as outlined in the work of Dickson [1], allows for a more
refined analysis of ruin probabilities over finite time horizons.
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Mathematical statement and main results. Let us consider the clas-
sical surplus process U(t)}t ≥ 0, defined as

U(t) = u + ct −
N(t)∑
i=1

ηi

N(t) = max{k :
k∑
i=1

ξi ≤ t},

where u is the initial surplus and c is the insurer’s rate of premium income
per unit of time.

Let us define the Laplace-Stieltjes transform of the ruin time:

φ(u, δ) = E[e−δτuI(τu <∞)], (1)

where is a non-negative parameter of the Laplace transform.
Theorem 1. Let a sequence of independent and identically distributed

pairs of random variables
defined in a probability space (Ω, F ,P ) , such that and are independent

random variables and Let us assume that the claim sizes η follow an Erlang(2)
distribution with density fη(t) = α2te−αt, α > 0, t > 0. Then, the follow-
ing integral equation of the Laplace-Stieltjes transform of the φ(u, δ) will be
derived

∂3

∂u3
φ(u, δ) +

(
2α− λ+ δ

c

)
∂2

∂u2
φ(u, δ)+

+

(
α2 − 2α

λ+ δ

c

)
∂

∂u
φ(u, δ)− α2δ

c
φ(u, δ) = 0. (2)

Theorem 2. Let all the conditions of Theorem 1 be fulfilled. Then the
solution of the differential equation (2) may be written as

φ(u, δ) =
α2

(α + δ)2

(
λ+ δ
c
− r3(δ)

)
er2(δ)u +

(
r2(δ)− λ+ δ

c

)
er3(δ)u

r2(δ)− r3(δ)
, (3)

where r1(δ), r2(δ), r3(δ) are the roots of characteristic equation.
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Differentiating φ(u, δ) once and twice with respect to δ and evaluating at
δ = 0, using the relation E(τnu |τu <∞) = (−1)n dn

dδn
φ(u, δ)|

δ=0
.

Corollary. Let all the conditions of Theorem 2 be satisfied. Then the first
and second moments of the ruin time are obtained as follows,

E (τu|τu <∞) = P1(u)e
r2(0)u +Q1(u)e

r3(0)u, V ar (τu|τu <∞) =

= P2(u)e
r2(0)u +Q2(u)e

r3(0)u −
(
P1(u)e

r2(0)u +Q1(u)e
r3(0)u

)2
.

where P1(u) andQ1(u) are linear functions of the initial surplus u, and r2(0), r3(0)
are the negative roots of the characteristic equation at δ = 0. P2(u) and Q2(u)
are quadratic functions of u derived from the second derivative of φ(u, δ). Full
expressions for the coefficients are given in the paper.

Conclusion. This research provides a detailed analytical framework for
determining the moments of time of ruin in a risk model where interarrival
times follow an Erlang (2) distribution. By employing an integro-differential
equation and Laplace transform techniques, we have successfully transformed
the process into a solvable third-order linear homogeneous differential equation.
The obtained differential equation allowed us to derive explicit expressions
for the moments of the time of ruin. In particular, the first moment and
the variance were calculated by differentiating the Laplace transform with
respect to the transform techniques. These results offer practical tools for risk
assessment and financial stability analysis in the insurance industry.
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Estimation of the Means of Branching Processes With
Immigration

Hurshidjon Jumaqulov

Kokand State University, Kokand, Uzbekistan
(e-mail: xurshid81@gmail.com)

Let for each n ∈ N
{
ξ
(n)
k,j , k, j ∈ N

}
and

{
ε
(n)
k , k ∈ N

}
are independent

sequences of independent identical distributed, nonnegative integer - valued
random variables with finite moment of second order. For each n ∈ N we

define the random process
{
X

(n)
k , k ≥ 0

}
by recursively

X
(n)
0 = 0, X

(n)
k =

X
(n)
k−1∑
j=1

ξ
(n)
k,j + ε

(n)
k , k ∈ N.

We assume that

mn = Eξ
(n)
1,1 , λn = Eε

(n)
1 , σ2

n = var ξ
(n)
1,1 , b

2
n = var ε

(n)
1

are finite for all n ∈ N . Define the step process Xn(t) as an element of the
Skorokhod space D[0, T ] by setting

Xn(t) = X
(n)
[nt], t ≥ 0,

where [a] denotes the integer part of the number a.
The following statement is taken place.
Theorem. Let the following conditions be met:
1)mn = 1 + αd−1

n + o(d−1
n ) when n→∞, α > 0, dn- a sequence of positive

numbers such that nd−1
n →∞ when n→∞;

2)σ2
n → σ2 when n→∞;

3) there is a sequence of positive numbers cn such that

cn →∞ and c−1
n λn → λ, (cndn)

−1b2n → b2 at n→∞;

4) E
(
ξ
(n)
1,1 −mn

)2
I

(∣∣∣ξ(n)1,1 −mn

∣∣∣ > θdnc
1
2
n

)
→ 0 for n→∞ any θ > 0;
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5) (dncn)
−1E

(
ε
(n)
1 − λn

)2
I

(∣∣∣ε(n)1 − λn
∣∣∣ > θdnc

1
2
n

)
→ 0 for n → ∞ any

θ > 0. Then, when , n→∞ weak convergence takes place(
m[nt]
n dnc

1
2
n

)−1

(Xn(t)− EXn(t))→ W
(
2α−1

(
α−1λσ2 + b2

))
W -standard Wiener process in space D[0, T ]
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Predicting Output Contractions in Emerging
Economies: Probit Versus Random Forest

Ulvi Mammadzada
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The subject of this paper is a rule for assigning to each country and each
year in a small macroeconomic panel a probability for the outcome that real
output is contracting in the next year. The rationale for this is oil exporters
with large oil sector share, and for which Azerbaijan serves as the case-in-point
[3]. Let yi,t+1 = 1 if country i experienced a contraction in real GDP in year
t + 1 and yi,t+1 = 0 otherwise. Given a vector xi,t of predictors observable in
year t, we evaluate two methods of predicting the probability of yi,t+1: one a
parametric approach and the other based on decision trees, and we consider a
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very simple question: does the more flexible of the two perform significantly
better on such a dataset [1]

The first estimator is a probit model with a separate intercept for each
country [5],

P (yi,t+1 = 1 | xi,t) = Φ (αi + β′xi,t) , (1)

in which Φ is the standard normal distribution function and αi captures fixed
differences between countries that we do not observe. The second algorithm is a
random forest [2] of 400 classification trees where class weights are balanced to
place a higher weight on the minority class (contraction), where the weighting
increases inversely with the frequency of occurrence so the learner does not
simply default to the stable state always. Consequently, each economy is
omitted in turn and is evaluated against one where training was conducted
over the remaining five economies, in this way all evaluations are out of sample,
including economies previously unused by the learner.

1995-2024 growth rates, as well as a range of other indicators, for Azerbai-
jan, Brazil, India, Indonesia, South Africa, and Türkiye, are from the World
Bank. Once lags are added, the analysis covers 168 country-year observations,
only 15 of which occurred immediately prior to a contraction. Azerbaijan is
among the countries most exposed to external shocks, experiencing contraction
events in 2011, 2016, and 2020 due to its close ties to oil price fluctuations.
In the regression we consider, lagged growth, lagged inflation, the current ac-
count (expressed as a percentage of GDP), trade openness (as a percentage of
GDP), exchange rate depreciation vis-a-vis the U.S. Dollar, and change in the
percentage price of Brent oil are included as predictors.

We measure each model using the area under the receiver operating char-
acteristics curve (AUC) [4]. In the within-sample estimate, the fixed-effects
probit gives an AUC of 0.694 with a pseudo R-squared of only 0.073, and
no coefficient is statistically significant (all p > 0.35). However, this within-
sample performance overestimates the actual usefulness of the model since its
fit is largely due to the country-specific intercepts and not to the economic
predictors. Once these intercepts are dropped and the probit is validated out-
of-sample, under the same leave-one-country-out strategy, its AUC drops to
around 0.43 (i.e., below the chance level of 0.50), and its observed discrimi-
nation does not carry over to an unseen country. By contrast, out-of-sample
(and conditioned on left-out countries), the random forest achieves an AUC
of 0.667. In this like-for-like comparison on the out-of-sample evaluation set,
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the forest performs better than the parametric model. The apparent victory
of the probit was merely the result of comparing a within-sample performance
measure to an out-of-sample measure. Using Youden’s index for identifying
the signaling cutoff, the probit correctly signals 5 true alarms against 46 false
alarms (0.333 recall and 0.098 precision), and the forest signals 13 true alarms
against 75 false alarms (0.867 recall and 0.148 precision). In the random forest,
the most important variables (based on mean feature importance) are lagged
growth (0.248), followed by exchange-rate depreciation (0.172) and the Brent
crude oil price change (0.169).

Result 1. On the 1995–2024 panel of six oil-exporting and emerging
economies, under a common leave-one-country-out out-of-sample protocol, the
probit classifier (1) loses its discriminatory power, while the random forest
retains a modest but genuine out-of-sample signal,

AUC oos
probit ≈ 0.43 < 0.50 < AUC oos

forest ≈ 0.667. (2)

This points to two conclusions. The first is that when both models are
compared on exactly the same out-of-sample exercise, the classical probit fails
to improve upon the random forest. Its substantial within-sample discrimina-
tive power vanishes out of sample, as it is contingent upon country intercepts
that do not generalize to a new economy. Out-of-sample AUC values around
0.667 are merely somewhat better than random, and both models sacrifice high
recall in favour of low precision. The second conclusion is that the probit also
generates useful, readily interpretable coefficients that can be communicated
to policymakers. However, it no longer achieves comparable out-of-sample dis-
criminative ability, meaning it should probably be used for explanation, not
prediction, whereas the forest supplies the nonlinear out-of-sample prediction
power. The dearth of trustworthy credit and fiscal data seems to be a greater
impediment to advances in the field than the selection of prediction algorithm.
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We consider the first-order autoregressive process AR(1) in the form

Xn −m = β (Xn−1 −m) + ξn, n ≥ 1 (1)

where m,β ∈ (−∞,∞) are fixed constants and ξn, n ≥ 1 is a sequence of
independent and identically distributed random variables (innovation) defined
on the probability space (O,F , P ).

Note that the process AR(1) of the form (1) is considered in the works [1]
[2] [3], where are studied tests of statistical hypothesis for unknown parameters
m and β.

Let

Ln =
n∑
k=0

Xk, n ≥ 1
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Ln, n ≥ 1 is Markov random walk, described by sums of values of the process
AR(1) in (1). The definition of a Markov random walk in general case is given
in the work [1] (see also [2] [3] ).

The Markov random walk of the form Ln =
n∑
k=0

Xk, n ≥ 1 is generalization

of the ordinary random walk, described by sums of independent and identically
distributed random walk. In the case β = 0 we have for n ≥ 1

Ln =
n∑
k=0

ηk = Sn, ηk = m+ ξk

where Sn, n ≥ 1− ordinary random walk.
Boundary problems for ordinary random walks where studied in works [4]

[5].
We consider the family of first passage time

τa = inf
{
n ≥ 1 : Ln > a

√
n
}
, a > 0 (2)

In the case β = 0 (Ln = Sn) there exist many results concerning the family
of first passage times (2). The limit theorems (central limit theorem, law of
large numbers, and strong law of large numbers) for the family of stopping
times (2) in the case β = 0 were studied in [4], [5] (see also [2], [3]).

In present paper we prove the strong law of large numbers for the family
{τa , a ≥ 0} defined in (2) for |β| < 1

We assume that Eξ1 = 0, 0 < Eξ21 = σ2 <∞E|X0 −m|2 <∞, |β| < 1 and
initial value of process AR(1) X0 does not depend on the innovation {ξn}.

Under these conditions is well known process AR(1) is stationary and

E|Xn −m|2 → σ2

1−β2 as n→∞ (see [4],[5]).

The following theorem is called the strong law of large numbers for the
family of first passage times τa defined in (2).

Theorem. Let |β| < 1, Eξ1 = 0, Dξ1 = σ2 <∞, E|Xn −m|2 <∞ and

Ln
n

a.s−→m > 0 as n→∞ (3)

Then
τa
Na

a.s−→ 1

m
as a→∞

where Na =
(
a
m

)2
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